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Äëÿ ñëó÷àÿ êîíå÷íûõ äåôîðìàöèé ðàññìàòðèâàåòñÿ ïðèáëèæåííîå àíà-
ëèòè÷åñêîå ðåøåíèå ïëîñêîé çàäà÷è òåîðèè óïðóãîñòè äëÿ áåñêîíå÷íî
ïðîòÿæåííîãî òåëà ñ êðóãîâûì âêëþ÷åíèåì, îêðóæåííûì ìåæôàçíûì
ñëîåì. Ðåøåíèå íàõîäèòñÿ ìåòîäîì âîçìóùåíèé. Ëèíåàðèçîâàííûå çà-
äà÷è ðåøàþòñÿ ñ èñïîëüçîâàíèåì ôóíêöèé êîìïëåêñíûõ ïåðåìåííûõ.

The plane problem of the theory of elasticity is considered for an
in�nite solid with circular inclusion surrounded by interphase layer. The
perturbation technique is used for solution. The solution of linearized
problems is found using functions of complex variables.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ òåîðèÿ óïðóãîñòè, êîíå÷íûå äåôîðìà-
öèè, ïëîñêàÿ çàäà÷à, óïðóãîå âêëþ÷åíèå, ìåæôàçíûé ñëîé, ïðèáëèæåí-
íîå àíàëèòè÷åñêîå ðåøåíèå, ìåòîä âîçìóùåíèé.
Keywords: nonlinear elasticity, �nite strains, plane problem, elastic
inclusion, interphase layer, approximate analytical solution, perturbation
technique.

Ââåäåíèå

Â ñîâðåìåííîé ìåõàíèêå êîìïîçèòîâ ïîëó÷èëà ðàñïðîñòðàíåíèå êîíöåïöèÿ
ìåæôàçíîãî ñëîÿ � îáëàñòè âîêðóã ÷àñòèö íàïîëíèòåëÿ, ìåõàíè÷åñêèå ñâîéñòâà
êîòîðîé ñóùåñòâåííî îòëè÷àþòñÿ êàê îò ñâîéñòâ íàïîëíèòåëÿ, òàê è îò ñâîéñòâ
ìàòðèöû [1]�[8]. Ýòà êîíöåïöèÿ ïîëó÷èëà ýêñïåðèìåíòàëüíîå îáîñíîâàíèå, íàïðè-
ìåð, ïðè èññëåäîâàíèè íàíîñòðóêòóðû íàïîëíåííûõ ýëàñòîìåðíûõ êîìïîçèòîâ ñ
èñïîëüçîâàíèåì àòîìíî-ñèëîâûõ ìèêðîñêîïîâ [9]. Ïðåäñòàâëÿþò èíòåðåñ ðàñ÷å-
òû íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ êîìïîçèòà ñ ó÷åòîì íàëè÷èÿ ýòîãî
ñëîÿ. Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ ïîäõîä ê ðåøåíèþ ìîäåëüíûõ ïëîñêèõ çà-
äà÷ íåëèíåéíîé òåîðèè óïðóãîñòè, ïîçâîëÿþùèõ èññëåäîâàòü âëèÿíèå ìåæôàçíîãî
ñëîÿ ïðè êîíå÷íûõ äåôîðìàöèÿõ.

1. Ïîñòàíîâêà çàäà÷è

Èññëåäóåòñÿ ñòàòè÷åñêîå íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå áåñêîíå÷íî
ïðîòÿæåííîãî óïðóãîãî òåëà (ìàòðèöû), â êîòîðîì èìååòñÿ êðóãîâàÿ îáëàñòü ñ
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äðóãèìè ñâîéñòâàìè. Ýòà îáëàñòü ñîñòîèò èç äâóõ ÷àñòåé, îãðàíè÷åííûõ â íåäå-
ôîðìèðîâàííîì ñîñòîÿíèè êîíöåíòðè÷åñêèìè îêðóæíîñòÿìè � âíóòðåííåé ÷àñòè
(âêëþ÷åíèÿ) è êîëüöåâîãî ìåæôàçíîãî ñëîÿ (ðèñ. 2). Çàäà÷à ðàññìàòðèâàåòñÿ ïðè
êîíå÷íûõ ïëîñêèõ äåôîðìàöèÿõ. Ìàòåðèàëû ìàòðèöû, âêëþ÷åíèÿ è ìåæôàçíîãî
ñëîÿ ñ÷èòàþòñÿ ñæèìàåìûìè, èõ ìåõàíè÷åñêèå ñâîéñòâà îïèñûâàþòñÿ äâóõêîí-
ñòàíòíûì óïðóãèì ïîòåíöèàëîì � ÷àñòíûì ñëó÷àåì ïîòåíöèàëà Ìóðíàãàíà [10].
Ñ÷èòàåòñÿ, ÷òî íà ãðàíèöàõ ìåæôàçíîãî ñëîÿ ñ ìàòðèöåé è âêëþ÷åíèåì âûïîëíå-
íû óñëîâèÿ èäåàëüíîãî êîíòàêòà � óñëîâèÿ íåïðåðûâíîñòè âåêòîðà ïåðåìåùåíèé
è âåêòîðà íîðìàëüíûõ èñòèííûõ íàïðÿæåíèé.

Ðèñ. 1: Ñõåìà íàãðóæåíèÿ òåëà ñ âêëþ÷åíèåì è ìåæôàçíûì ñëîåì

Ðàññìîòðèì ìàòåìàòè÷åñêóþ ïîñòàíîâêó çàäà÷è â êîîðäèíàòàõ íåäåôîðìèðî-
âàííîãî ñîñòîÿíèÿ. Óðàâíåíèå ðàâíîâåñèÿ èìååò âèä

0

∇ ·
[ 0

Σ ·Ψ
]

= 0, (1)
çäåñü

0

Σ =
(
1 + ∆

)
Ψ∗−1 · σ ·Ψ−1. (2)

Îïðåäåëÿþùèå ñîîòíîøåíèÿ çàïèñûâàþòñÿ â ôîðìå [10]
0

Σ = λ(
0

E : I)I + 2G
0

E. (3)

Â ýòèõ ñîîòíîøåíèÿõ ìîäóëè λ è G ïðèíèìàþò ðàçíûå çíà÷åíèÿ â ðàçíûõ
îáëàñòÿõ:

λ = λi, G = Gi â îáëàñòè Si, i = 0, 1, 2.

Êèíåìàòè÷åñêèå ñîîòíîøåíèÿ èìåþò âèä
0

E =
1
2

(Ψ ·Ψ∗ − I) , Ψ = I +
0

∇u. (4)

Â ïîñòàíîâêó çàäà÷è âõîäÿò òàêæå óñëîâèÿ íà áåñêîíå÷íîñòè
0

Σ

∣∣∣∣
∞

=
0

Σ∞ (5)

à òàêæå óñëîâèÿ íåïðåðûâíîñòè âåêòîðà ïåðåìåùåíèé u è âåêòîðà íîðìàëüíûõ
íàïðÿæåíèé

0

N ·
0

Σ ·Ψ íà ãðàíèöàõ ìåæôàçíîãî ñëîÿ ñ ìàòðèöåé è âêëþ÷åíèåì â
íåäåôîðìèðîâàííîì ñîñòîÿíèè [11, 12].
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Èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ [10, 14]: u � âåêòîð ïåðåìåùåíèé, Ψ �
àôôèíîð äåôîðìàöèé,

0

E � òåíçîð äåôîðìàöèé Ãðèíà,
0

Σ � òåíçîð íàïðÿæåíèé
Ïèîëû�Êèðõãîôà âòîðîãî ðîäà, σ � òåíçîð èñòèííûõ íàïðÿæåíèé,

0

∇ � ãðàäèåíò
â áàçèñå íåäåôîðìèðîâàííîãî ñîñòîÿíèÿ, I � åäèíè÷íûé òåíçîð,

0

N � íîðìàëü ê
ãðàíèöå â êîîðäèíàòàõ íåäåôîðìèðîâàííîãî ñîñòîÿíèÿ; S0, S1, S2 � îáëàñòè, çàíÿ-
òûå â íåäåôîðìèðîâàííîì ñîñòîÿíèè âêëþ÷åíèåì, ìåæôàçíûì ñëîåì è ìàòðèöåé
ñîîòâåòñòâåííî.

2. Ìåòîä ðåøåíèÿ

Äëÿ ðåøåíèÿ çàäà÷è ïðèìåíÿåòñÿ ìåòîä âîçìóùåíèé (ìàëîãî ïàðàìåòðà) [10,
14]. Âûáèðàåòñÿ ìàëûé ïàðàìåòð q â âèäå

q = max
i,j

∣∣∣ 0

Σ∞ij
∣∣∣/G2 (6)

è äëÿ âñåõ âåëè÷èí, âõîäÿùèõ â ïîñòàíîâêó çàäà÷è, çàïèñûâàåòñÿ ðàçëîæåíèå â
ðÿä ïî ýòîìó ïàðàìåòðó. Íàïðèìåð, äëÿ âåêòîðà ïåðåìåùåíèé u òàêîå ðàçëîæåíèå
ìîæåò áûòü çàïèñàíî â ôîðìå

u = u(0) + u(1) + . . . , u(j) ∼ qj+1. (7)

Â ðåçóëüòàòå ðåøåíèå íåëèíåéíîé çàäà÷è ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó ðåøå-
íèþ ëèíåàðèçîâàííûõ çàäà÷.

Ðåøåíèå ëèíåàðèçîâàííîé çàäà÷è äëÿ êàæäîãî ïðèáëèæåíèÿ îïðåäåëÿåòñÿ ìå-
òîäîì Êîëîñîâà�Ìóñõåëèøâèëè [13] ñ èñïîëüçîâàíèåì àëãîðèòìîâ, èçëîæåííûõ â
[14]�[16].

Ïóñòü u(j,k) � âåêòîð ïåðåìåùåíèé â j-ì ïðèáëèæåíèè äëÿ k-é îáëàñòè (k =
0, 1, 2). Ââîäèòñÿ â ðàññìîòðåíèå êîìïëåêñíàÿ ïåðåìåííàÿ z = x+iy è êîìïëåêñíûé
âåêòîð ïåðåìåùåíèé w(j,k) = u

(j,k)
1 + iu

(j,k)
2 , êîòîðûé ïðåäñòàâëÿåòñÿ â âèäå

w(j,k) = w(j,k)
í. + w(j,k)

îäí. ,

ãäå w
(j,k)
í. � ÷àñòíîå ðåøåíèå íåîäíîðîäíîé ñèñòåìû óðàâíåíèé, à w

(j,k)
îäí. � ðåøåíèå

îäíîðîäíîé ñèñòåìû óðàâíåíèé, îïðåäåëÿåìîå èç ãðàíè÷íûõ óñëîâèé ñ ïîìîùüþ
êîìïëåêñíûõ ïîòåíöèàëîâ ϕj,k(z), ψj,k(z):

w(j,k)
îäí. =

1
Gk

[
ækϕj,k(z)− zϕ′j,k(z)− ψj,k(z)

]
.

Ýòè ïîòåíöèàëû èùóòñÿ â âèäå

ϕj,0(z) =
∞∑

m=0

a
(m)
j,0 zm, ψj,0(z) =

∞∑
m=0

b
(m)
j,0 zm, (8)

ϕj,1(z) =
∞∑

m=−∞
a
(m)
j,1 zm, ψj,1(z) =

∞∑
m=−∞

b
(m)
j,1 zm, (9)
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ϕj,2(z) =
∞∑

m=−1

a
(m)
j,2 z−m, ψj,2(z) =

∞∑
m=−1

b
(m)
j,2 z−m. (10)

Ïîäñòàíîâêà êîìïëåêñíûõ ïîòåíöèàëîâ ϕj,k(z), ψj,k(z) â ãðàíè÷íûå óñëîâèÿ
ëèíåàðèçîâàííîé çàäà÷è äëÿ j-ãî ïðèáëèæåíèÿ ïîçâîëÿåò çàïèñàòü ñèñòåìó ëè-
íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ a

(m)
j,k , b

(m)
j,k

(k = 0, 1, 2). Îòìåòèì, ÷òî äëÿ êàæäîãî ïðèáëèæåíèÿ ìîæíî îãðàíè÷èòüñÿ â ñóì-
ìàõ (8)�(10) êîíå÷íûì ÷èñëîì ñëàãàåìûõ áåç ïîòåðè òî÷íîñòè.

3. Ðåçóëüòàòû ðàñ÷åòîâ

Äëÿ ðåøåíèÿ çàäà÷è áûëî ðàçðàáîòàíî ïðîãðàììíîå îáåñïå÷åíèå â ñðåäå ñèñòå-
ìû êîìïüþòåðíîé àëãåáðû Maple [17]. Áûëè âû÷èñëåíû ïåðâûå äâà ïðèáëèæåíèÿ:
ëèíåéíîå è êâàäðàòè÷íîå.

Áûëè âûïîëíåíû ðàñ÷åòû ïðè ñëåäóþùèõ çíà÷åíèÿõ êîíñòàíò ìàòåðèàëà:
λ0/G2 = 5, G0/G2 = 4, λ1/G2 = 3, G1/G2 = 2, λ2/G2 = 2. Íà áåñêîíå÷íîñòè ïðè-
ëîæåíà îäíîîñíàÿ ðàñòÿãèâàþùàÿ íàãðóçêà âäîëü îñè x:

0

Σ11 = p,
0

Σ12 =
0

Σ22 = 0,
p/G2 = 0.2. Ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè â íåäåôîðìèðîâàííîì ñîñòîÿíèè:
R2/R1 = 2, çäåñü R1 � ðàäèóñ âêëþ÷åíèÿ, R2 � âíåøíèé ðàäèóñ ìåæôàçíîãî
ñëîÿ.

Ðèñ. 2: Ðàñïðåäåëåíèå íàïðÿæåíèé
0

Σ11 è
0

Σ22 âäîëü îñè x ïðè R2/R1 = 2

Íà ðèñ. 2 ïîêàçàíî ðàñïðåäåëåíèå íàïðÿæåíèé
0

Σ11 è
0

Σ22 âäîëü îñè x (ñ÷èòà-
åòñÿ, ÷òî íà÷àëî êîîðäèíàò ñîâïàäàåò ñ öåíòðîì âêëþ÷åíèÿ). Ñïëîøíàÿ ëèíèÿ
ñîîòâåòñòâóåò ëèíåéíîìó ðåøåíèþ, ïóíêòèðíàÿ � ðåøåíèþ ñ ó÷åòîì íåëèíåéíûõ
ýôôåêòîâ.

Íà ðèñ. 3 ïðèâåäåíû ðåçóëüòàòû ðåøåíèÿ àíàëîãè÷íîé çàäà÷è äëÿ ñëó÷àÿ
R2/R1 = 1.2 (êîíñòàíòû ìàòåðèàëà è íàãðóçêè òå æå, ÷òî è íà ïðåäûäóùåì ðè-
ñóíêå). Ìîæíî âèäåòü, ÷òî óìåíüøåíèå øèðèíû ìåæôàçíîãî ñëîÿ îòíîñèòåëüíî
ðàäèóñà âêëþ÷åíèÿ ïðèâîäèò ê íåêîòîðîìó óâåëè÷åíèþ ìàêñèìàëüíîãî íàïðÿæå-
íèÿ

0

Σ11. Ïîïðàâêà îò ó÷åòà íåëèíåéíûõ ýôôåêòîâ äëÿ ýòîé êîìïîíåíòû òåíçîðà
íàïðÿæåíèé â äàííîì ñëó÷àå íå ïðåâîñõîäèò 10 %.
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Ðèñ. 3: Ðàñïðåäåëåíèå íàïðÿæåíèé
0

Σ11 è
0

Σ22 âäîëü îñè x ïðè R2/R1 = 1.2

Çàêëþ÷åíèå

Ðàçðàáîòàíû ìåòîä, àëãîðèòì è ïðîãðàììíîå îáåñïå÷åíèå äëÿ ïðèáëèæåííî-
ãî àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è î ðàñïðåäåëåíèè íàïðÿæåíèé âáëèçè óïðóãîãî
âêëþ÷åíèÿ â áåñêîíå÷íî ïðîòÿæåííîì óïðóãîì òåëå, îêðóæåííîãî ìåæôàçíûì
ñëîåì, ïðè êîíå÷íûõ ïëîñêèõ äåôîðìàöèÿõ. Ðåçóëüòàòû ðåøåíèÿ ýòîé çàäà÷è ìî-
ãóò áûòü èñïîëüçîâàíû ïðè ìîäåëèðîâàíèè ìåõàíè÷åñêîãî ïîâåäåíèÿ íàïîëíåí-
íûõ ýëàñòîìåðíûõ êîìïîçèòîâ ñ íàíîðàçìåðíûìè ÷àñòèöàìè íàïîëíèòåëÿ. Äàíà
îöåíêà íåëèíåéíûõ ýôôåêòîâ, èññëåäîâàíî âëèÿíèå øèðèíû ìåæôàçíîãî ñëîÿ íà
íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå.
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