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Êàôåäðà ôóíêöèîíàëüíîãî àíàëèçà è ãåîìåòðèè

Èññëåäîâàíû íàáëþäàòåëüíûå ïðîÿâëåíèÿ íàéäåííûõ ðàíåå ñòàöèîíàð-
íûõ ðåøåíèé øâàðöøèëüäîâñêîãî òèïà â äèëàòîííîé ãðàâèòàöèîííîé
ìîäåëè. Íàéäåíî âûðàæåíèå äëÿ óãëà îòêëîíåíèÿ ñâåòîâîãî ëó÷à â ãðà-
âèòàöèîííîì ïîëå ìàññèâíîãî òåëà â äàííîé ìîäåëè. Ïðîâåäåíî ñðàâ-
íåíèå ñ àíàëîãè÷íûì âûðàæåíèåì â îáùåé òåîðèè îòíîñèòåëüíîñòè è ñ
äàííûìè íàáëþäåíèé.
For the stationary Schwarzschild type solutions (obtained previously) in the
dilaton gravitational model observational manifestations were investigated.
The expression for the de�ection angle of a light beam in gravitational
�eld of a massive body is deduced in the considered model. The results are
compared with the similar expression from the general relativity theory and
with observational data.
Êëþ÷åâûå ñëîâà: äèëàòîííàÿ ãðàâèòàöèÿ; øâàðöøèëüäîâñêèé òèï
ðåøåíèÿ; òåîðèÿ îòíîñèòåëüíîñòè.
Keywords: dilaton gravitation; Schwarzschild type solution; relativity theory.

Äèëàòîííàÿ ãðàâèòàöèîííàÿ ìîäåëü [1, 2] ÿâëÿåòñÿ ñëåäñòâèåì òåîðèè ñòðóí â
íèçêîýíåðãåòè÷åñêîì ïðåäåëå. Óðàâíåíèÿ ýâîëþöèè ýòîé ìîäåëè

Rµν + 2φ;µν = 0, R + 4(∇φ)2 = 0. (1)
ïîëó÷åíû ñ ïîìîùüþ âàðèàöèè äåéñòâèÿ [1] îòíîñèòåëüíî ãðàâèòàöèîííîãî ïîëÿ
gµν è ñêàëÿðíîãî ïîëÿ äèëàòîíîâ φ. Çäåñü Rµν � òåíçîð Ðè÷÷è n + 1 - ìåðíîãî
ïñåâäîðèìàíîãî ìíîãîîáðàçèÿ (ïðîñòðàíñòâà-âðåìåíè)M1,n, R = Rµ

µ � ñêàëÿðíàÿ
êðèâèçíà.

Â ðàáîòàõ [3, 4] äëÿ ñèñòåìû óðàâíåíèé (1) áûëè íàéäåíû è èññëåäîâàíû ñòà-
öèîíàðíûå ðåøåíèÿ øâàðöøèëüäîâñêîãî òèïà, òî åñòü öåíòðàëüíî - ñèììåòðè÷íûå
ðåøåíèÿ â ïóñòîòå. Äëÿ ìåòðèêè ñôåðè÷åñêè ñèììåòðè÷íîãî ïñåâäîðèìàíîâà ìíî-
ãîîáðàçèÿ M1,n ïðè n ≥ 3

ds2 = e2α(r)dt2 − e2β(r)dr2 − r2dΩ2,

dΩ2 = dθ1
2 + cos2θ1dθ2

2 + · · ·+ cos2θ1 · · · · cos2θn−2dθn−1
2.

t � âðåìåííàÿ, r � ðàäèàëüíàÿ, θk � óãëîâûå êîîðäèíàòû) âûðàæåíèÿ äëÿ α(r)
è β(r) â íàéäåííûõ ðåøåíèÿõ èìåþò ñëåäóþùèé âèä:

e2α = e2α0

∣∣∣∣
γ − γ+

γ − γ−

∣∣∣∣
1/K

, e2β =
(

1− γ

γ+

)(
1− γ

γ−

)
,

r = r0
|γ − γ+|A+ |γ − γ−|A−

|γ|1/(n−2)
, φ = Qα(r) + φ0.

(2)
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Çäåñü èñïîëüçóåòñÿ ïàðàìåòð γ = rα′, ïðîèçâîëüíàÿ êîíñòàíòà Q èìååò ñìûñë
ìåðû ó÷àñòèÿ äèëàòîííîãî ïîëÿ φ â äàííûõ ðåøåíèÿõ (Q � ïîñòîÿííàÿ èíòå-
ãðèðîâàíèÿ, ôèãóðèðóþùàÿ â ðàâåíñòâå φ′ = Qα′), à òàêæå ââåäåíû ñëåäóþùèå

îáîçíà÷åíèÿ: K =

√
1− 4Q(1−Q)

n− 1
,

γ± = (n− 1)
1− 2Q±K

4Q(1−Q)
, A± =

1
2(n− 2)

(
1± 2Q− 1

K

)
.

Ñåìåéñòâî ðåøåíèé (2) îáîáùàåò èçâåñòíûå ðåøåíèÿ Øâàðöøèëüäà äëÿ n+1 -
ìåðíîé ýéíøòåéíîâñêîé ãðàâèòàöèè

ds2 =
[
1− (rg/r)n−2

]
dt2 −

[
1− (rg/r)n−2

]−1

dr2 − r2dΩ2 (3)

è ïåðåõîäÿò â íèõ â ïðåäåëå Q → 0, òàê æå êàê è óðàâíåíèÿ äèëàòîííîé ãðàâèòà-
öèè (1) ïåðåõîäÿò â óðàâíåíèÿ Ýéíøòåéíà â ïóñòîòå Rµν = 0 â ñëó÷àå φ = const.
Íî, â îòëè÷èå îò ðåøåíèé Øâàðöøèëüäà, ðåøåíèÿ (2) îáðàçóþò äâóïàðàìåòðè÷å-
ñêîå ñåìåéñòâî â êëàññå ìåòðèê. Ïàðàìåòð r0 ÿâëÿåòñÿ àíàëîãîì ãðàâèòàöèîííîãî
ðàäèóñà rg, à äîïîëíèòåëüíûé ïàðàìåòð Q õàðàêòåðèçóåò ñòåïåíü èíòåíñèâíîñòè
äèëàòîííîãî ïîëÿ â äàííîì ðåøåíèè. Ðåøåíèÿ, îïèñûâàþùèå ÷åðíóþ äûðó, èìåþò
ìåñòî òîëüêî ïðè Q = 0, φ = const [4].

Â ðàáîòå [3] áûëî èññëåäîâàíî òàêîå íàáëþäàòåëüíîå ïðîÿâëåíèå äàííîé äè-
ëàòîííîé ãðàâèòàöèîííîé ìîäåëè, êàê ñìåùåíèå ïåðèãåëèÿ (ïåðèàñòðèÿ) êâàçè-
ýëëèïòè÷åñêîé îðáèòû ïðîáíîé ÷àñòèöû â ãðàâèòàöèîííîì ïîëå ìàññèâíîãî òåëà.
Çäåñü è íèæå ìû ïîëàãàåì, ÷òî n = 3 � ïðîñòðàíñòâî èìååò ôèçè÷åñêóþ ðàçìåð-
íîñòü.

Â âåäóùåì ïîðÿäêå ìàëîñòè ïî ìàëîìó ïàðàìåòðó (îòíîøåíèþ ãðàâèòàöèîííî-
ãî ðàäèóñà rg ê áîëüøîé ïîëóîñè a îðáèòû) áûëî ïîëó÷åíî ñëåäóþùåå âûðàæåíèå
äëÿ ñäâèãà ïåðèãåëèÿ, òî åñòü äëÿ óãëà ïîâîðîòà ∆θ áîëüøîé îñè ýëëèïñà çà îäèí
îáîðîò:

∆θ ' π(3− 4Q) rg

a(1− ε2)
. (4)

Çäåñü ε � ýêñöåíòðèñèòåò ýëëèïñà (îðáèòû). Â äèëàòîííîé ãðàâèòàöèîííîé ìî-
äåëè âàæíåéøèé íàáëþäàòåëüíûé ïàðàìåòð òåîðèè � ñäâèã ïåðèãåëèÿ ∆θ (4) �
îòëè÷àåòñÿ ìíîæèòåëåì 1− 4

3Q îò àíàëîãè÷íîãî âûðàæåíèÿ â îáùåé òåîðèè îòíî-
ñèòåëüíîñòè.

Èñïîëüçóÿ òåîðåòè÷åñêîå è ýêñïåðèìåíòàëüíûå çíà÷åíèÿ óãëà ñìåùåíèÿ ïåðè-
ãåëèÿ Ìåðêóðèÿ ïîëó÷èì îãðàíè÷åíèÿ äëÿ ïàðàìåòðà Q. Ðàññìîòðåíèå ýêñïåðè-
ìåíòàëüíûõ äàííûõ ïðîâåäåì â ðàìêàõ ïàðàìåòðèçîâàííîãî ïîñòíüþòîíîâñêîãî
ôîðìàëèçìà (ÏÏÍ) [5], ïðåäïîëàãàþùåãî ââåäåíèå ïàðàìåòðîâ β̃, γ̃ ðàâíûõ â ÎÒÎ
åäèíèöå, ñìûñë êîòîðûõ ñëåäóþùèé: γ̃ � ìåðà êðèâèçíû ïðîñòðàíñòâà, β̃ � ñòå-
ïåíü íåëèíåéíîñòè â ãðàâèòàöèîííîì ïîëå. Èñïîëüçóÿ äàííûå ïàðàìåòðû ìîæíî
çàïèñàòü âûðàæåíèå (4) â ñëåäóþùåì âèäå [5]:

∆θ ' (2 + 2γ̃ − β̃)
πrg

a(1− ε2)
. (5)

Èñïîëüçóÿ òåîðåòè÷åñêîå çíà÷åíèå óãëà ñìåùåíèÿ ïåðèãåëèÿ Ìåðêóðèÿ çà 100
ëåò ðàâíîå 42.98′′ è ýêñïåðèìåíòàëüíûå çíà÷åíèÿ ïàðàìåòðîâ β̃ = 1 ± 3 · 10−3 è
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γ̃ = 1± 3 · 10−4 [5] ìîæíî ïîëó÷èòü ñëåäóþùèå îãðàíè÷åíèÿ äëÿ ïàðàìåòðà Q:

−0.0009 ≤ Q ≤ 0.0009. (6)

Ðàññìîòðèì äðóãîå âàæíåéøåå íàáëþäàòåëüíîå ïðîÿâëåíèå, ïîçâîëÿþùåå âû-
ÿâèòü íàëè÷èå äèëàòîííîé ñîñòàâëÿþùåé â ãðàâèòàöèè, à èìåííî, îòêëîíåíèå ñâå-
òîâîãî ëó÷à â ãðàâèòàöèîííîì ïîëå ìàññèâíîãî òåëà (Ñîëíöà). Â ðàáîòàõ [3, 4] áûë
èññëåäîâàí ïðåäåë r →∞ äëÿ ðåøåíèé øâàðöøèëüäîâñêîãî òèïà (2), íàçûâàåìûé
íèæå íüþòîíîâñêèì ïðåäåëîì, òàê êàê îí îòâå÷àåò ñëàáîìó ãðàâèòàöèîííîìó ïî-
ëþ. Â ýòîì ïðåäåëå, ýêâèâàëåíòíîì γ → +0, áûëè ïîëó÷åíû ñëåäóþùèå àñèìïòî-
òè÷åñêèå ñîîòíîøåíèÿ äëÿ ìåòðè÷åñêèõ êîýôôèöèåíòîâ:

e−2α = 1 + ρ + (1−Q)ρ2 + (1−Q)
(
1− 13

12Q
)
ρ3,

e−2β = 1− (1− 2Q) ρ + 1
2Q(1−Q)ρ2 + 1

4Q(1−Q)(1− 2Q)ρ3.
(7)

Çäåñü ââåäåí ìàëûé ïàðàìåòð ρ = rg/r. Àñèìïòîòèêè (7) ïîêàçûâàþò, ÷òî ðåøåíèÿ
(2) àñèìïòîòè÷åñêè ïëîñêèìè â ïðåäåëå r → ∞, ïåðåõîäÿò â øâàðöøèëüäîâñêîå
ðåøåíèå (3) ïðè Q = 0, à ïàðàìåòð, èãðàþùèé ðîëü ãðàâèòàöèîííîãî ðàäèóñà â
äèëàòîííîì ðåøåíèè (2) èìååò âèä

rg = 2r0|γ+|A+ |γ−|A− . (8)

Äëÿ àíàëèçà ýôôåêòà îòêëîíåíèÿ ñâåòîâîãî ëó÷à â äèëàòîííîé ãðàâèòàöèè
ðàññìîòðèì ñâåòîïîäîáíûå ãåîäåçè÷åñêèå, îïèñûâàåìûå óðàâíåíèåì ds2 = 0. Äâè-
æåíèå ðàññìàòðèâàåì â ïëîñêîñòè θ1 = 0, θ ≡ θ2.

Èñïîëüçóÿ ïåðâûå èíòåãðàëû dt
ds = Ae−2α, dθ

ds = Cθ/r2, êîòîðûå ïîëó÷åíû ïîñëå
èíòåãðèðîâàíèÿ óðàâíåíèé ñîîòâåòñòâóþùèõ ãåîäåçè÷åñêèõ [3, 4]

d2t

ds2
+ 2α′

dt

ds

dr

ds
= 0,

d2θ

ds2
+

2
r

dθ

ds

dr

ds
= 0,

ïîëó÷èì îòíîøåíèå ìåæäó âðåìåíåì t è óãëîì θ:

dt =
A

Cθ
r2e−2α(r)dθ.

Çäåñü A � ýíåðãèÿ è Cθ � óãëîâîé ìîìåíò íà åäèíèöó ìàññû ÷àñòèöû.
Ïîäñòàâëÿåì ýòî ðàâåíñòâî â âûðàæåíèå äëÿ ìåòðèêè, ïðèðàâíèâàÿ åãî ê íóëþ

ds2 = e2αdt2 − e2βdr2 − r2dθ2 = 0,

ïîëó÷èì óðàâíåíèå äëÿ óãëà θ = θ(r):

dθ =
eβdr

r
√

e−2αp2r2 − 1
, p =

A

Cθ
= const. (9)

Òîãäà óãîë îòêëîíåíèÿ ñâåòîâîãî ëó÷à ïðè äâèæåíèè �èç −∞ äî +∞� ìîæåò áûòü
íàéäåí ïî ñëåäóþùåé ôîðìóëå

∆θ = 2




+∞∫

r0

eβdr

r
√

e−2αp2r2 − 1
− π

2


 . (10)
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Çäåñü ïðåäåë èíòåãðèðîâàíèÿ r0 � ìèíèìàëüíîå çíà÷åíèå �ðàññòîÿíèÿ� r îò öåíòðà
ïðèòÿæåíèÿ äî òðàåêòîðèè ñâåòîâîãî ëó÷à. Âåëè÷èíà r äîñòèãàåò ìèíèìóìà r0 â
òî÷êå, â êîòîðîé dr

dθ = 0, òî åñòü îáðàùàåòñÿ â íóëü ïîäêîðåííîå âûðàæåíèå â (9),
÷òî ïðèâîäèò ê óñëîâèþ

e−2α(r0)p2r2
0 = 1, (11)

îïðåäåëÿÿþùåå çíà÷åíèå r0.
Ñìûñë ïàðàìåòðà p = A/Cθ ìîæíî ïðîÿñíèòü, åñëè ðàññìîòðåòü ðàâåíñòâî (11)

ïðè îòñóòñòâèè ïðèòÿæåíèÿ, òî åñòü ïðè α = 0. Â ýòîì ñëó÷àå

r0 =
1
p
.

Òàêèì îáðàçîì p−1 � ïðèöåëüíûé ïàðàìåòð. Èñïîëüçóåì äàëåå âìåñòî r âåëè÷èíó
ρ = rg/r è âîñïîëüçóåìñÿ ôîðìóëàìè (7) ðàçëîæåíèÿ ìåòðè÷åñêèõ êîýôôèöèåíòîâ
ïî ρ. Ïîñëå ñîîòâåòñòâóþùåé ïîäñòàíîâêè èíòåãðàë â ôîðìóëå (10) ïðèìåò âèä

+∞∫

r0

eβdr

r
√

e−2αp2r2 − 1
=

ρ0∫

0

dρ√
f(ρ)

. (12)

Ôóíêöèÿ

f(ρ) = (1− 2Q)ρ3 − ρ2 +
[
Q

2
(3−Q)ρ2 + 2Qρ + 1

]
δ2 (13)

ïîëó÷åíà ñ ïîìîùüþ ïîäñòàíîâêè ðàçëîæåíèé (7) â èíòåãðàë (12) ñ ó÷åòîì ìàëîñòè
ρ, ρ0, à òàêæå è ìàëîãî ïàðàìåòðà

δ = prg.

Ïðåäåë èíòåãðèðîâàíèÿ ρ0 = rg/r0 â âûðàæåíèè (12) íàõîäèì èç ðàâåíñòâà
(11), ïðèâîäÿùåãî ê òîìó, ÷òî ρ0 ÿâëÿåòñÿ íóëåì ôóíêöèè (13), ò.å. f(ρ0) = 0.
Èñõîäÿ èç òîãî, ÷òî èìåþò ìåñòî íåðàâåíñòâà

rg ¿ r0 ⇒ ρ0 ¿ 1, δ ¿ 1, ρ ¿ 1,

íàõîäèì ðàçëîæåíèå äëÿ ρ0 ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà δ

ρ0 = δ + B1δ
2 + B2δ

3 + o(δ3). (14)

Ýòî ðàâåíñòâî ðàâíîñèëüíî ñîîòíîøåíèþ

r−1
0 = p + B1pδ + B2pδ2. (15)

Ïîñëå ïîäñòàíîâêè âûðàæåíèÿ (14) â óðàâíåíèå f(ρ0) = 0 íàéäåì êîýôôèöè-
åíòû B1 è B2:

B1 =
1
2
, B2 =

5
8
− Q

4
(1 + Q).



118 ÂÎÐÎÍÖÎÂÀ Å.Ã., ØÀÐÎÂ Ã.Ñ.

Èñïîëüçóÿ çàìåíó x = ρ
ρ0

= ρ/(δ + B1δ
2 + B2δ

3) çàïèøåì âûðàæåíèå (10) ñëå-
äóþùèì îáðàçîì:

∆θ = 2




1∫

0

(1 + B1δ + B2δ
2)dx√

1− x2 + f1(x)
−

1∫

0

dx√
1− x2


 . (16)

f1(x) = x(x− 1)
[
δ(−2Q + (1− 2Q)x) + δ2(−Q +

3(1− 2Q)
2

x)
]
.

Âû÷èñëÿÿ èíòåãðàë (16) ñ ïîìîùüþ ðàçëîæåíèÿ

∆θ ' 2

1∫

0

[
(B1δ + B2δ

2)√
1− x2

− (1 + B1δ + B2δ
2)f1(x)

2(1− x2)3/2

(
1− 3f1(x)

4(1− x2)

)]
dx.

ïîëó÷èì ñ òî÷íîñòüþ äî δ2 ñëåäóþùåå âûðàæåíèå:

∆θ ' (2− 2Q)δ +
[
π
(
− 9

16
+

9Q

4
−Q2

)
+ (8− 12Q)

]
δ2, (17)

â òî âðåìÿ êàê â ÎÒÎ óãîë îòêëîíåíèÿ ëó÷à ñâåòà â ïîëå Ñîëíöà îïèñûâàåòñÿ
ñëåäóþùèì âûðàæåíèåì

∆θ ' 2rg

r0
' 2δ. (18)

Ñðàâíèâàÿ îáà âûðàæåíèÿ (17) è (18) ìîæíî îòìåòèòü, ÷òî â äèëàòîííîé ãðà-
âèòàöèè ïàðàìåòð ∆θ îòëè÷àåòñÿ îò âûðàæåíèÿ äëÿ ÎÒÎ ìíîæèòåëåì 1 − Q (ñ
òî÷íîñòüþ äî δ2).

Ïîëó÷èì îãðàíè÷åíèÿ äëÿ ïàðàìåòðà Q â ñëó÷àå äàííîãî íàáëþäàòåëüíîãî ýô-
ôåêòà, âîñïîëüçîâàâøèñü äëÿ ýòîãî ïàðàìåòðèçîâàííûì ïîñòíüþòîíîâñêèì ôîð-
ìàëèçìîì. Òîãäà âûðàæåíèå (18) ìîæåò áûòü çàïèñàíî â âèäå [5]

∆θ '
(

1 + γ̃

2

)
2rg

r0
, (19)

çíà÷åíèå ïàðàìåòðà γ̃ â ÎÒÎ ñ÷èòàåòñÿ ðàâíûì åäèíèöå, γ̃ � ìåðà êðèâèçíû ïðî-
ñòðàíñòâà.

Èñïîëüçóÿ òåîðåòè÷åñêîå çíà÷åíèå óãëà îòêëîíåíèÿ ñâåòîâîãî ëó÷à 1.7505′′ è
ýêñïåðèìåíòàëüíîå çíà÷åíèå ïàðàìåòðà γ̃ = 1 ± 3 · 10−4 [5] ïîëó÷èì ñëåäóþùèå
îãðàíè÷åíèÿ äëÿ ïàðàìåòðà Q:

−0.0002 ≤ Q ≤ 0.0002. (20)
Âêëàä êâàäðàòè÷íîé ïîïðàâêè δ2 â (17) ìîæíî îöåíèòü, ïîëàãàÿ ïàðàìåòð Q

â âûðàæåíèè (17) ìàëûì. Òîãäà

∆θ ' 2δ +
(
−9π

16
+ 8

)
δ2. (21)

Òàê êàê
∆θ = 1, 7505′′ ± 0, 0003′′ ' 8 · 10−6(1± 0, 0002) ðàä,
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òî δ ' 4·10−6, è âêëàä êâàäðàòè÷íîãî ÷ëåíà â âûðàæåíèè (21) ñîñòàâëÿåò' 1·10−10

ðàä, ÷òî ìåíüøå ýêñïåðèìåíòàëüíîé ïîãðåøíîñòè. Ïîýòîìó ïðè îöåíêå ïàðàìåòðà
Q â (17) âêëàä êâàäðàòè÷íîé ïîïðàâêè íå ó÷èòûâàëñÿ.

Ñðàâíèâàÿ ýòó îöåíêó ñ îãðàíè÷åíèÿìè (6) ïîëó÷åííûìè èç ýêñïåðèìåíòàëü-
íûõ äàííûõ ïî ñìåùåíèþ ïåðèãåëèÿ Ìåðêóðèÿ, âèäèì, ÷òî äàííûå ïî ýôôåêòó
îòêëîíåíèÿ ñâåòîâîãî ëó÷à íàëàãàþò áîëåå æåñòêèå îãðàíè÷åíèÿ íà âîçìîæíûå
çíà÷åíèÿ ïàðàìåòðà Q. Íàïîìíèì, ÷òî äëÿ ðåøåíèé øâàðöøèëüäîâñêîãî òèïà (2)
ïàðàìåòð Q õàðàêòåðèçóåò èíòåíñèâíîñòü äèëàòîííîãî ïîëÿ.
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