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Â ðàáîòå äîêàçûâàåòñÿ ôîðìóëà äëÿ ïðåäåëà íîðìèðîâàííîé ðàçíî-
ñòè ìîùíîñòåé íàèëó÷øåãî êðèòåðèÿ è àñèìïòîòè÷åñêè îïòèìàëüíî-
ãî êðèòåðèÿ â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà (ñì. Òåîðåìà 2.4). Ïðè
ýòîì àñèìïòîòè÷åñêè îïòèìàëüíûé êðèòåðèé îñíîâàí íà çíàêîâîé ñòà-
òèñòèêå ñ ðåøåò÷àòûì ðàñïðåäåëåíèåì, â òî âðåìÿ êàê äëÿ ëîãàðèôìà
îòíîøåíèÿ ïðàâäîïîäîáèÿ âûïîëíÿåòñÿ àíàëîã óñëîâèÿ Êðàìåðà (Ñ),
ïîýòîìó íåïîñðåäñòâåííîå ïðèìåíåíèå îáùåé Òåîðåìû 3.2.1 ðàáîòû [1]
íåâîçìîæíî. Â ðàáîòå èñïîëüçóåòñÿ êîìáèíèðîâàííûé ìåòîä, îñíîâàí-
íûé íà ñõîäèìîñòè óñëîâíûõ ìîìåíòîâ è àñèìïòîòè÷åñêèõ ðàçëîæåíè-
ÿõ.
In the paper we prove a formula for the limit of thå normalized di�erence
between the power of the asymptotically most powerful test and the power
of the asymptotically optimal test for the case of Laplace distribution.
The asymptotically optimal test is based on the sign statistic which has
a lattice distribution, and an analog of Cram�er's (C) condition is valid
for the logarithm of the likelihood ratio. Thereby we can not use the main
formula 3.2.1 from [1] directly. In this paper we suggest a combined method
based on the convergence of the conditional moments and on the asymptotic
expansions.
Êëþ÷åâûå ñëîâà: àñèìïòîòè÷åñêîå ðàçëîæåíèå, ðåøåò÷àòàÿ ñòàòè-
ñòèêà, ôóíêöèÿ ìîùíîñòè, óñëîâíûé ìîìåíò, ðàñïðåäåëåíèå Ëàïëàñà.
Keywords: asymptotic expansion, lattice statistic or distribution, power
function, conditional moment, Laplace or double exponential distribution.

1. Ââåäåíèå

Â ðàáîòå èññëåäóåòñÿ ôîðìóëà äëÿ ïðåäåëà íîðìèðîâàííîé ðàçíîñòè ìîùíî-
ñòåé êðèòåðèåâ â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà (ñì. Òåîðåìó 3.2.1 ðàáîòû [1]).
Ñëåäóÿ ðàáîòàì [2] è [3], ðàññìîòðèì çàäà÷ó ïðîâåðêè ïðîñòîé ãèïîòåçû

H0 : θ = 0 (1.1)
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ïðîòèâ ïîñëåäîâàòåëüíîñòè ñëîæíûõ áëèçêèõ àëüòåðíàòèâ âèäà

Hn,1 : θ =
t√
n

, 0 < t ≤ C, C > 0, (1.2)

íà îñíîâå âûáîðêè Xn = (X1, . . . , Xn), ÿâëÿþùåéñÿ ýëåìåíòîì âûáîðî÷íîãî ïðî-
ñòðàíñòâà (Xn,An) è ñîñòîÿùåé èç íåçàâèñèìûõ è îäèíàêîâî ðàñïðåäåëåííûõ íà-
áëþäåíèé ñ ïëîòíîñòüþ

p(x, θ) =
1
2
e−|x−θ|, x, θ ∈ R1.

Îáîçíà÷èì ÷åðåç Pn,0 è Pn,1 ðàñïðåäåëåíèÿ L(Xn) ïðè ãèïîòåçå H0 è àëüòåðíàòèâå
Hn,1, ñîîòâåòñòâåííî, ïëîòíîñòè ðàñïðåäåëåíèé âûáîðêè áóäåì îáîçíà÷àòü pn,0(x)
è pn,1(x).

Â ðàáîòå [3] ñ ïîìîùüþ àñèìïòîòè÷åñêèõ ðàçëîæåíèé áûëà äîêàçàíà ôîðìó-
ëà äëÿ ïðåäåëà îòêëîíåíèÿ ìîùíîñòè àñèìïòîòè÷åñêè îïòèìàëüíîãî êðèòåðèÿ,
îñíîâàííîãî íà ñòàòèñòèêå

Sn =
t√
n

n∑

i=1

sign(Xi) − t2

2
, (1.3)

îò ìîùíîñòè íàèëó÷øåãî êðèòåðèÿ, îñíîâàííîãî íà ëîãàðèôìå îòíîøåíèÿ ïðàâ-
äîïîäîáèÿ

Λn =
n∑

i=1

(|Xi| − |Xi − tn−1/2|). (1.4)

Ïðè ýòîì äëÿ ïîëó÷åíèÿ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ äëÿ ìîùíîñòè àñèìïòî-
òè÷åñêè îïòèìàëüíîãî êðèòåðèÿ áûëà èñïîëüçîâàíà ðàáîòà [4] (ñì. Ëåììó 3.5.1
ðàáîòû [4], ñòð. 56).

Îäíàêî ïðèìåíåíèå ðåçóëüòàòîâ ðàáîòû [4] îãðàíè÷èâàåòñÿ ëèøü ñëó÷àåì áè-
íîìèàëüíîãî ðàñïðåäåëåíèÿ ñòàòèñòèêè Sn ñ òî÷íîñòüþ äî ëèíåéíîãî ïðåîáðàçî-
âàíèÿ. Â ëþáîì äðóãîì ñëó÷àå, â êîòîðîì àñèìïòîòè÷åñêè îïòèìàëüíûé êðèòåðèé
îñíîâàí íà ðåøåò÷àòîé ñòàòèñòèêå ñ ðàñïðåäåëåíèåì, îòëè÷íûì îò áèíîìèàëüíî-
ãî, ðàáîòó ïî ïîñòðîåíèþ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ åãî ìîùíîñòè ïðèõîäèòñÿ
íà÷èíàòü ñ íà÷àëà.

Â íàñòîÿùåé ðàáîòå äîêàçàòåëüñòâî ôîðìóëû äëÿ ïðåäåëà íîðìèðîâàííîé ðàç-
íîñòè ìîùíîñòåé êðèòåðèåâ â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà (ñì. (2.6)) óñòðàíÿåò
ýòîò íåäîñòàòîê. Òåõíèêà äëÿ ðàáîòû ñ ðåøåò÷àòûìè ñëó÷àéíûìè âåëè÷èíàìè èç
ôóíäàìåíòàëüíîé ðàáîòû [7] àäàïòèðóåòñÿ ê ñõåìå äîêàçàòåëüñòâà Òåîðåìû 3.2.1
ðàáîòû [1]. Çàìåòèì, ÷òî ïîñëåäíÿÿ Òåîðåìà íå ìîæåò íåïîñðåäñòâåííî áûòü ïðè-
ìåíåíà ê ñëó÷àþ ðàñïðåäåëåíèÿ Ëàïëàñà, ïîñêîëüêó äîñòàòî÷íîå óñëîâèå 3 (ii) �
àíàëîã óñëîâèÿ Êðàìåðà (Ñ) � íå âûïîëíÿåòñÿ äëÿ ðåøåò÷àòîé ñòàòèñòèêè Sn.
Ïîýòîìó Ëåììà 3.4.4 èç ðàáîòû [1] (â íàñòîÿùåé ðàáîòå Ëåììà 3.7) ïîëíîñòüþ ïå-
ðåñìàòðèâàåòñÿ è äîêàçûâàåòñÿ òîëüêî äëÿ òî÷åê ðàçðûâà ôóíêöèè ðàñïðåäåëåíèÿ
Sn (ñì. (3.14)). Òàêæå ïîòðåáîâàëà èçìåíåíèé Ëåììà 3.5.1 ðàáîòû [1] (â íàñòîÿùåé
ðàáîòå Ëåììà 3.4), áûëè ïîñòðîåíû âñïîìîãàòåëüíûå Ëåììû, ñïðàâåäëèâûå â ñëó-
÷àå ðàñïðåäåëåíèÿ Ëàïëàñà. Ïðè ýòîì ê ëîãàðèôìó îòíîøåíèÿ ïðàâäîïîäîáèÿ Λn

ïî-ïðåæíåìó ïðèìåíÿþòñÿ òåîðåìû îá àñèìïòîòè÷åñêèõ ðàçëîæåíèÿõ ôóíêöèé
ðàñïðåäåëåíèÿ ïðè ãèïîòåçå è àëüòåðíàòèâå èç ðàáîòû [5].
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2. Ôîðìóëà äëÿ ðàçíîñòè ìîùíîñòåé êðèòåðèåâ

Â ýòîì ðàçäåëå äîêàæåì ôîðìóëó äëÿ ïðåäåëà ðàçíîñòè ìîùíîñòåé êðèòåðèåâ
â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü êðèòåðèåâ

Ψ∗n(Λn) =





0, Λn < cn,
γ∗n, Λn = cn,
1, Λn > cn,

(2.1)

îñíîâàííóþ íà ïîñëåäîâàòåëüíîñòè Λn (ñì. (1.4)), è ïîñëåäîâàòåëüíîñòü êðèòåðèåâ

Ψn(Sn) =





0, Sn < d̄n,
γn, Sn = d̄n,
1, Sn > d̄n,

(2.2)

îñíîâàííóþ íà ïîñëåäîâàòåëüíîñòè Sn (ñì. (1.3)), óðîâíÿ α, α ∈ (0, 1), òàê ÷òî

En,0Ψ∗n(Λn) = En,0Ψn(Sn) = α + o(τ2
n), (2.3)

ãäå τn ≡ n−1/4, à En,0 è En,1 ìàòåìàòè÷åñêèå îæèäàíèÿ ïî îòíîøåíèþ ê Pn,0 è
Pn,1, ñîîòâåòñòâåííî.

Îáîçíà÷èì ÷åðåç
β∗n = En,1Ψ∗n(Λn), (2.4)

βn = En,1Ψn(Sn) (2.5)

ìîùíîñòè ñîîòâåòñòâóþùèõ êðèòåðèåâ.
Äîêàæåì, ÷òî â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâà ôîðìóëà äëÿ ïðå-

äåëà ðàçíîñòè ìîùíîñòåé êðèòåðèåâ r â òåðìèíàõ óñëîâíîé äèñïåðñèè

r ≡ lim
n→∞

τ−2
n (β∗n − βn) =

1
2
ebD[∆ | Λ = b]p(b), (2.6)

ãäå ∆ è Λ � ñëó÷àéíûå âåëè÷èíû, òàêèå ÷òî

L((τ−1
n ∆n, Λn) | H0) → L(∆, Λ), (2.7)

∆n =
{

0, Sn = Λn = +∞,
Sn − Λn, â îñòàëüíûõ ñëó÷àÿõ, (2.8)

b = Φ−1
1 (1− α). (2.9)

Çäåñü Φ1(x) îáîçíà÷àåò ïðåäåëüíóþ ôóíêöèþ ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí
Λn ïðè ãèïîòåçå H0 (ñì. (1.1)), p(x) � åå ôóíêöèÿ ïëîòíîñòè.

Ó÷èòûâàÿ, ÷òî â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ïëîòíîñòè pn,0(x), pn,1(x) íå
îáðàùàþòñÿ â íîëü, ò.å.

pn,0(x) > 0, pn,1(x) > 0, ∀x ∈ Xn, (2.10)

èìååì èç (1.3) è (1.4) äëÿ ëþáîãî n

|Sn| < ∞, |Λn| < ∞.



8 ÊÎÐÎËÅÂ Ð.À.

Òîãäà (2.8) çàïèøåòñÿ ñ òî÷íîñòüþ äî ìíîæåñòâ ìåðû íîëü (ñì. (3.4) ðàáîòû [2])

∆n = Sn − Λn = − t2

2
− 2

n∑

i=1

(Xi − tn−1/2)1[0,tn−1/2](Xi). (2.11)

Èç Ëåìì 2.1 è 3.1 ðàáîòû [2] èìååì

L(Λn | H0) → N
(
− t2

2
, t2

)
, (2.12)

L((τ−1
n ∆n, Λn) | H0) → N2

(
0,

2t3

3
, 0,− t2

2
, t2

)
, (2.13)

ãäå N2 - äâóìåðíûé íîðìàëüíûé çàêîí ñ ñîîòâåòñòâóþùèìè ïàðàìåòðàìè.
Òîãäà òðåáóåòñÿ äîêàçàòü, ÷òî (2.9) è (2.6) âû÷èñëÿþòñÿ ïî ôîðìóëàì

b = tuα − t2

2
, r =

t2

3
ϕ(uα − t),

ãäå Φ(x) � ôóíêöèÿ ðàñïðåäåëåíèÿ ñòàíäàðòíîãî íîðìàëüíîãî çàêîíà, ϕ(x) � åãî
ïëîòíîñòü, Φ(uα) = 1− α.

Äëÿ ýòîãî ðàññìîòðèì ñâîéñòâà ñòàòèñòèê Sn è Λn â ñëó÷àå ðàñïðåäåëåíèÿ
Ëàïëàñà. Èç Ëåììû 3.2 ðàáîòû [3] ñëåäóåò

Ëåììà 2.1. Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà äëÿ τn = n−1/4 è íåïðåðûâíî
äèôôåðåíöèðóåìîé ôóíêöèè Φ1(x), íå çàâèñÿùåé îò n è èìåþùåé îãðàíè÷åííóþ
ïðîèçâîäíóþ p(x) = Φ′1(x) > 0, âûïîëíÿåòñÿ

(i) sup
x

∣∣Pn,0{Λn < x} − Φ1(x)
∣∣ = O(τ2

n);

(ii) sup
x≤x0

Pn,1

{
x ≤ Λn ≤ x + τ2+β

n

}
= o(τ2

n)

äëÿ íåêîòîðîãî β > 0 è ëþáîãî x0 ∈ R1.
Ëåììà 2.2. Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà äëÿ τn = n−1/4 è ηn = n−1/8

âûïîëíÿåòñÿ

(i) η−1
n En,0∆2

n1(ηn,∞)(|∆n|) = o(τ2
n);

(ii) En,0e
Λn1(ηn,∞)(|∆n|) = o(τ2

n),

ãäå 1A(·) � èíäèêàòîðíàÿ ôóíêöèÿ ìíîæåñòâà A.
Äîêàçàòåëüñòâî. Ñ ó÷åòîì Ëåììû 3.5 ðàáîòû [3] èìååì

η−1
n En,0∆2

n1(ηn,∞)(|∆n|) = η−1
n En,0

∆4
n

∆2
n

1(ηn,∞)(|∆n|) ≤

≤ η−3
n En,0∆4

n = η−3
n O(τ4

n) = o(τ2
n).
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Èç (2.9) ðàáîòû 2 (ñì. òàì Ëåììó 2.1) äëÿ s = −ix ñëåäóåò

En,0e
xΛn → e−

t2
2 (x−x2),

äëÿ ëþáîãî ôèêñèðîâàííîãî x. Îòñþäà ñ ó÷åòîì íåðàâåíñòâà Ã�åëüäåðà ïîëó÷èì

En,0e
Λn1(ηn,∞)(|∆n|) ≤ (En,0e

pΛn)1/p(Pn,0(|∆n| > ηn))1/q = O(e−ηnτ−1
n /q) = o(τ2

n).

2

Èç Ëåììû 2.1 äëÿ ìîùíîñòè β∗n ñëåäóåò ðàâåíñòâî

β∗n = Pn,1

{
Λn > cn

}
+ o(τ2

n). (2.14)

Èç (2.10), (2.14), Ëåììû 2.1 è îãðàíè÷åííîñòè d̄n (ñì. (3.11)) ðàçíîñòü β∗n − βn

ìîæåò áûòü ïðåäñòàâëåíà â âèäå

β∗n − βn = En,0e
Λn(1(cn,∞)(Λn)−Ψn(Sn)) + o(τ2

n) =

= En,0(eΛn − ed̄n)(1(cn,∞)(Λn)−Ψn(Sn)) + o(τ2
n) ≡

≡ An + Bn + o(τ2
n),

ãäå
An = En,0(eΛn − ed̄n)(1(−∞,d̄n)(Λn)− 1(−∞,cn)(Λn)), (2.15)

Bn = En,0(eΛn − ed̄n)(1−Ψn(Sn)− 1(−∞,d̄n)(Λn)). (2.16)

Ââåäåì â ðàññìîòðåíèå ñëó÷àéíûå âåëè÷èíû

Λ̃n = Λn + ξn, ξn ∼ N (0, σ2
n), (2.17)

ãäå
σ2

n = O(τ4+4β
n ), (2.18)

β > 0 � ïîñòîÿííàÿ, òàêàÿ æå êàê â Ëåììå 2.1, ïðè÷åì ñëó÷àéíàÿ âåëè÷èíà ξn

íå çàâèñèò îò Xn ïðè H0, è N (µ, σ2) � íîðìàëüíûé çàêîí ñ ïàðàìåòðàìè µ è σ2.
Îïðåäåëèì

Ãn = En,0(eΛ̃n − ed̄n)(1(−∞,d̄n)(Λ̃n)− 1(−∞,cn)(Λ̃n)). (2.19)

Ñïðàâåäëèâîñòü ñëåäóþùåé Ëåììû ñëåäóåò èç Ëåìì 2.1, 2.2, îãðàíè÷åííîñòè cn è
d̄n (ñì. (3.11)).

Ëåììà 2.3. Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâî ñîîòíîøåíèå

An = Ãn + o(τ2
n).

Îáîçíà÷èì
Dn = cn − d̄n. (2.20)

Â Ëåììàõ 3.5-3.7 ñëåäóþùåãî ðàçäåëà ïîêàçàíî, ÷òî

Dn = −τnE
[
∆ | Λ = b

]
+ o(τn), (2.21)
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Ãn = −1
2
D2

nebp(b) + o(τ2
n), (2.22)

Bn =
1
2
τ2
nebE

[
∆2 | Λ = b

]
p(b) + o(τ2

n), (2.23)

ãäå b = Φ−1
1 (1− α) (ñì. 2.9).

Èç Ëåììû 2.3, (2.21)-(2.23) ñëåäóåò
Òåîðåìà 2.4. Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâà ôîðìóëà äëÿ ïðå-

äåëà ðàçíîñòè ìîùíîñòåé êðèòåðèåâ

lim
n→∞

τ−2
n (β∗n − βn) =

1
2
ebD[∆ | Λ = b]p(b).

3. Äîêàçàòåëüñòâî âñïîìîãàòåëüíûõ ëåìì

Äëÿ äîêàçàòåëüñòâà Ëåìì 3.5-3.7 òðåáóþòñÿ Ëåììû 3.1�3.4.
Ââåäåì îáîçíà÷åíèÿ äëÿ ìîìåíòîâ ñëó÷àéíûõ âåëè÷èí Y1 = |X1| − |X1 − θ| è

Z1 = θsign(X1), θ = tn−1/2, ïðè ãèïîòåçå è àëüòåðíàòèâå

αk(θ) ≡ E0Y
k
1 , βk(θ) ≡ E0

∣∣Y1

∣∣k,

α̂k(θ) ≡ E0Z
k
1 , α̂∗k(θ) ≡ E1Z

k
1 , k = 1, 2, . . . .

Îáû÷íûìè ïðèåìàìè, èñïîëüçóÿ ðàçëîæåíèå ýêñïîíåíòû â ðÿä Òåéëîðà è òåîðåìó
î ñðåäíåì çíà÷åíèè, íåñëîæíî ïîêàçàòü, ÷òî äëÿ ìîìåíòîâ ñëó÷àéíûõ âåëè÷èí Y1

è Z1 ñïðàâåäëèâà ñëåäóþùàÿ
Ëåììà 3.1. Äëÿ ðàñïðåäåëåíèÿ Ëàïëàñà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

(i)
∣∣α1(θ)

∣∣ ≤ θ2

2
eθ,

∣∣α1(θ) +
θ2

2

∣∣ ≤ θ3

6
eθ, |α2(θ)| ≤ θ2eθ,

∣∣α2(θ)− θ2
∣∣ ≤ θ3

3
eθ, |α3(θ)| ≤ θ4

2
eθ;

(ii) βk(θ) ≤ θk, k = 1, 2, 3, . . . ;

(iii) |α̂∗1(θ)| ≤ θ2eθ, |α̂∗3(θ)| ≤ θ4eθ,
∣∣α̂∗1(θ)− θ2 +

θ3

2

∣∣ ≤ θ4

6
eθ.

Ïîëó÷èì òåïåðü àñèìïòîòè÷åñêèå ðàçëîæåíèÿ â íóëå õàðàêòåðèñòè÷åñêèõ ôóí-
êöèé ñëó÷àéíûõ âåëè÷èí Λn è Sn ïðè ãèïîòåçå è àëüòåðíàòèâå, èñïîëüçóÿ îöåíêè
äëÿ ìîìåíòîâ èõ âêëàäîâ èç ïðåäûäóùåé Ëåììû.

Ëåììà 3.2. Äëÿ ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâû ñîîòíîøåíèÿ:

(i) ïðè |s| ≤ T ′n =
√

n
6te3t è äîñòàòî÷íî áîëüøèõ n èìååò ìåñòî íåðàâåíñòâî

∣∣∣∣En,0e
isΛn − e−is t2

2 − s2t2
2

∣∣∣∣ ≤
C1(t)√

n

(|s|+ s2 + |s|3)e− s2t2
4 ;
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(ii) ïðè |s| ≤ T ′′n =
√

n
3t èìåþò ìåñòî íåðàâåíñòâà
∣∣∣∣En,0e

isSn − e−is t2
2 − s2t2

2

∣∣∣∣ ≤
C2(t)

n
s4e−

s2t2
4 ,

∣∣∣∣En,1e
isSn − eis t2

2 − s2t2
2

{
1− ist3

2
√

n

}∣∣∣∣ ≤
C∗2 (t)

n
(|s|+s2 + |s|3 +s4 + |s|5 +s6)e−

s2t2
4 ,

ãäå âòîðîå íåðàâåíñòâî âûïîëíÿåòñÿ äëÿ äîñòàòî÷íî áîëüøèõ n.

Äîêàçàòåëüñòâî. Îáîçíà÷èì θ = tn−1/2.
(i) Îáîçíà÷èì

f0(s) = E0e
is(|X1|−|X1−θ|),

fn
0 (s) = En,0e

isΛn .

Âîñïîëüçóåìñÿ ôîðìóëîé (ñì. Ëåììà 4.5 èç ðàáîòû [6])

eix =
k−1∑
ν=0

(ix)ν

ν!
+ Θ

xk

k!
, |Θ| ≤ 1, (3.1)

êîòîðàÿ âåðíà äëÿ ëþáîãî äåéñòâèòåëüíîãî x è ëþáîãî öåëîãî ïîëîæèòåëüíîãî k.
Òîãäà èìååì

U ≡ f0(s)− 1 =
2∑

k=1

αk

k!
(is)k + Θ1

α3

6
s3, |Θ1| ≤ 1.

Òàê êàê |αk| ≤ βk è β1 ≤ β
1/2
2 ≤ β

1/3
3 , òî ïðè |s| ≤ T ′n ñ ó÷åòîì Ëåììû 3.1(ii) èìååì

|U | ≤
∞∑

k=1

|αk|
k!
|s|k ≤

∞∑

k=1

βk

k!
|s|k ≤

∞∑

k=1

(β1/3
3 |s|)k

k!
≤

∞∑

k=1

( 1
6 )k

k!
= e

1
6 − 1 ≤ 0.2.

Ñëåäîâàòåëüíî ëîãàðèôì log(1+U) ìîæíî ðàçëîæèòü â ðÿä Òåéëîðà â òî÷êå U = 0
ñ äîïîëíèòåëüíûì ÷ëåíîì â ôîðìå Êîøè

log f0(s) = log(1 + U) = U + r1(U),

ãäå
r1(U) = − 1−Θ

(1 + ΘU)2
U2, 0 < Θ < 1.

Ðåøàÿ êâàäðàòíîå óðàâíåíèå ΘU2 + 2U + 1, ïîëó÷àåì, ÷òî îíî áîëüøå íóëÿ äëÿ
|U | < 0.5, òî åñòü

1−Θ
(1 + ΘU)2

< 1.

Òîãäà èìååì
log f0(s) = U + Θ2U

2 =

= −is
θ2

2
+ (is)2

θ2

2
+ is

(
α1 +

θ2

2
)

+ (is)2
(α2 − θ2)

2!
+ Θ1(is)3

α3

3!
+
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+Θ2

{
(is)2α2

1 +(is)4
α2

2

4
+Θ2

1s
6 α2

3

36
+ (is)3α1α2 +Θ1is

4 α1α3

3
+Θ1i

2s5 α2α3

6

}
≡ (3.2)

≡ −is
θ2

2
− s2 θ2

2
+ R,

ãäå |Θ2| < 1. Òîãäà

log fn
0 (s) = −is

t2

2
− s2t2

2
+ nR.

Îáîçíà÷èì
V ≡ log

(
eis t2

2 + s2t2
2 fn

0 (s)
)

= nR

è èñïîëüçóåì íåðàâåíñòâî, âåðíîå äëÿ ëþáîãî êîìïëåêñíîãî v:

|ev − 1| ≤ |v|e|v|.

Ñ ó÷åòîì Ëåììû 3.1 èç (3.2) ïðè |s| ≤ T ′n èìååì äëÿ |V| äâå îöåíêè

|V | ≤ C(t)√
n

(|s|+ s2 + |s|3), (3.3)

|V | ≤ 0.04 +
t3etn−1/2

6
√

n
s2 +

t2s2

8
. (3.4)

Èñïîëüçóÿ îöåíêè (3.3) è (3.4), ïîëó÷èì
∣∣∣∣eis t2

2 + s2t2
2 fn(s)− 1

∣∣∣∣ ≤
C1(t)√

n

(|s|+ s2 + |s|3)e( t3etn−1/2

6
√

n
+ t2

8 )s2

.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà îñòàåòñÿ ïîòðåáîâàòü, ÷òîáû n áûëî äîñòàòî÷íî
áîëüøèì, ïî êðàéíåé ìåðå, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

n >
16
9

t2e2t.

(ii) Îáîçíà÷èì

ĝ0(s) = E0e
isθsign(X1), ĝn

0 (s) = En,0e
is

∑n
i=1 θsign(Xi),

ĝ1(s) = E1e
isθsign(X1), ĝn

1 (s) = En,1e
is

∑n
i=1 θsign(Xi),

ïðÿìûå âû÷èñëåíèÿ äàþò

α̂1(θ) = 0, α̂2(θ) = θ2, α̂3(θ) = 0, β̂4(θ) = θ4,

α̂∗1(θ) = θ(1− e−θ), α̂∗2(θ) = θ2, α̂∗3(θ) = θ3(1− e−θ), β̂∗3(θ) = θ3.

Ñëó÷àé ãèïîòåçû H0 (ñì. (1.1)) íå âûçûâàåò çíà÷èòåëüíûõ çàòðóäíåíèé, ñëåäóÿ
ñõåìå ðàññóæäåíèé â ïóíêòå (i), èìååì îêîí÷àòåëüíóþ îöåíêó

∣∣∣∣e
s2t2

2 gn
0 (s)− 1

∣∣∣∣ ≤
C(t)
n

s4e
s2t2

4 ,



ÔÎÐÌÓËÀ ÄËß ÏÐÅÄÅËÀ ÍÎÐÌÈÐÎÂÀÍÍÎÉ ÐÀÇÍÎÑÒÈ ÌÎÙÍÎÑÒÅÉ... 13

÷òî äîêàçûâàåò ïåðâóþ ÷àñòü óòâåðæäåíèÿ (ii).
Ðàññìîòðèì òåïåðü ñëó÷àé ïðè àëüòåðíàòèâå. Èìååì êàê è âûøå

log ĝ1(s) = log(1 + U) = U + Θ2U
2 =

= isα̂∗1 + (is)2
α̂∗2
2

+ Θ1
α̂∗3
6

s3+

+Θ2

{
(is)2α̂∗21 + (is)4

α̂∗22

4
+ Θ2

1

α̂∗23

36
s6 + (is)3α̂∗1α̂

∗
2 + Θ1is

4 α̂∗1α̂
∗
3

3
+ Θ1i

2s5 α̂∗2α̂
∗
3

6

}
≡

≡ is(θ2 − θ3

2
) + (is)2

θ2

2
+ R,

ãäå |Θ1| ≤ 1, |Θ2| ≤ 1.
Òîãäà

log ĝn
1 (s) = ist2 − s2t2

2
− ist3

2
√

n
+ nR.

Îáîçíà÷èì
V ≡ log

(
e−ist2+ s2t2

2 ĝn
1 (s)

)
= − ist3

2
√

n
+ nR.

Èñïîëüçóåì íåðàâåíñòâî, âåðíîå äëÿ ëþáûõ êîìïëåêñíûõ z è y:

|ez − 1− y| ≤ |z − y|+ z2e|z|.

Îöåíèì îñòàòî÷íûå ÷ëåíû ñ ïîìîùüþ Ëåììû 3.1, ïðè |s| ≤ T ′′n èìååì

|V +
ist3

2
√

n
| = n|R| ≤ C(t)

n
(|s|+ s2 + |s|3 + s4),

V 2 ≤ C ′(t)
n

(|s|+ s2 + |s|3 + s4 + |s|5 + s6),

|V | ≤ C ′′(t) +
(32

81
tet

√
n

+
1
36

)
t2s2.

Îòñþäà ïîëó÷àåì
∣∣∣∣e−ist2+ s2t2

2 ĝn
1 (s)−

{
1− ist3

2
√

n

}∣∣∣∣ ≤
C∗3 (t)

n
(|s|+ s2 + |s|3 + s4 + |s|5 + s6)e( 32

81
tet√

n
+ 1

36 )t2s2

.

Îñòàåòñÿ ïîòðåáîâàòü, ÷òîáû âûïîëíÿëîñü ïî êðàéíåé ìåðå

n >
256
81

t2e2t.

2

Äëÿ ñòàòèñòèêè Λn ïîëó÷èì îöåíêó äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè, àíàëî-
ãè÷íóþ óñëîâèþ Êðàìåðà (Ñ), â ñëó÷àå ãèïîòåçû H0 (ñì. (1.1)).

Ëåììà 3.3. Äëÿ ëîãàðèôìà îòíîøåíèÿ ïðàâäîïîäîáèÿ Λn â ñëó÷àå ðàñïðåäå-
ëåíèÿ Ëàïëàñà äëÿ |s| ≥ π

√
n/2t ñóùåñòâóþò n0 è ïîñòîÿííàÿ C, çàâèñÿùàÿ îò

n0 è ïàðàìåòðà t òàêèå, ÷òî äëÿ âñåõ n > n0 âûïîëíÿåòñÿ íåðàâåíñòâî

sup
|s|≥π

√
n/2t

∣∣∣En,0e
isΛn

∣∣∣ ≤ e−C
√

n.
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Äîêàçàòåëüñòâî. Îáîçíà÷èì

Λn = Λn(t) ≡ 1√
n

n∑

i=1

hn,t(Xi),

ãäå

hn,t(x) =
√

n(|x| − |x− t√
n
|) =




−t, x < 0,
2
√

nx − t, 0 ≤ x ≤ t√
n
,

t, x > t√
n
.

Ñëó÷àéíàÿ âåëè÷èíà hn,t(X1) èìååò ôóíêöèþ ðàñïðåäåëåíèÿ

Fn,t(x) ≡ P0{hn,t(X1) < x} =





0, x ≤ −t,
1
2 +

∫ x

−t
1

4
√

n
e
− x+t

2
√

n , −t < x ≤ t,

1, x > t.

Ïîñëåäíÿÿ ìîæåò áûòü ïðåäñòàâëåíà â âèäå ñìåñè àáñîëþòíî íåïðåðûâíîãî,
Fn,t,1(x), è äèñêðåòíîãî, Fn,t,2(x), ðàñïðåäåëåíèé (0 < κn,t < 1)

Fn,t(x) = κn,tFn,t,1(x) + (1− κn,t)Fn,t,2(x) =

=
1− e−t/

√
n

2

∫ x

−∞
fn,t,1(u)du +

1 + e−t/
√

n

2
Fn,t,2(x),

ãäå

fn,t,1(x) =

{
2

1−e−t/
√

n
1

4
√

n
e
− x+t

2
√

n , x ∈ [−t, t],
0, x /∈ [−t, t],

Fn,t,2(x) =





0, x ≤ −t,
1

1+e−t/
√

n , −t < x ≤ t,

1, x > t.

Òàê êàê äëÿ x ∈ [−t, t] èìååì fn,t,1 → 1
2t ïðè n →∞, è, çíà÷èò,

sup
x ∈ [−t,t]

fn,t,1(x) < M/2t < ∞,

òî ñ ó÷åòîì íåðàâåíñòâà (1.16) èç ðàáîòû [5] (ñì. [5], ñòð. 421, è ëèòåðàòóðó òàì)
ïîëó÷àåì ðàâíîìåðíóþ îöåíêó äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè ñëó÷àéíîé âåëè-
÷èíû hn,t(X1) äëÿ |s| ≥ π/2t è íåêîòîðîé ïîñòîÿííîé C1 > 0

sup
|s|≥π/2t

∣∣E0e
ishn,t(X1)

∣∣ ≤ κn,t

∣∣
∫

eisxFn,t,1(dx)
∣∣ + (1− κn,t) ≤

≤ 1− e−t/
√

n

2
(
1− C1M

−2
)

+
1 + e−t/

√
n

2
= 1− C1

M−2t

2
√

n
+O(n−1).

Òîãäà, íà÷èíàÿ ñ íåêîòîðîãî n0, íàéäåòñÿ ïîñòîÿííàÿ C > 0 òàêàÿ, ÷òî äëÿ âñåõ
n > n0 âûïîëíÿåòñÿ

sup
|s|≥π

√
n/2t

∣∣E0e
i s√

n
hn,t(X1)

∣∣
√

n ≤ e−C ,
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îòêóäà ñëåäóåò óòâåðæäåíèå Ëåììû. 2

Îáîçíà÷èì

Q̄n,0(x) =
∫

|z|≤ηnτ−1
n

[
Pn,0

{
τ−1
n ∆n < z

∣∣ Λ̃n = x− τnz
} − 1(0,∞)(z)

]
pn(x− τnz)dz,

Q̃n,0(x) =
∫ ∞

−∞

[
Pn,0

{
τ−1
n ∆n < z

∣∣ Λ̃n = x− τnz
} − 1(0,∞)(z)

]
pn(x− τnz)dz,

ãäå ñëó÷àéíàÿ âåëè÷èíà ∆n = Sn − Λn (ñì. 2.11), è pn(x) � ïëîòíîñòü ñëó÷àéíîé
âåëè÷èíû Λ̃n = Λn+ξn (ñì. 2.17). Äàëåå ïðåäïîëàãàåì, ÷òî ñóùåñòâóþò ñëó÷àéíûå
âåëè÷èíû ∆ è Λ (ñì. (2.7) è (2.13)) òàêèå, ÷òî Λ èìååò ïëîòíîñòü p(x), ñóùåñòâóåò
ôóíêöèÿ

Q0(x) ≡ p(x)
∫ ∞

−∞

[
P
{
∆ < z

∣∣ Λ = x
} − 1(0,∞)(z)

]
dz =

= −E
(
∆

∣∣ Λ = x
)
p(x).

Ââåäåì òàêæå îáîçíà÷åíèÿ äëÿ ïðåîáðàçîâàíèé Ôóðüå ñîîòâåòñòâóþùèõ ôóíêöèé,

q̃n,0(s) ≡
∫

eisxQ̃n,0(x)dx = En,0e
isΛ̃n

∫ 0

τ−1
n ∆n

eisτnzdz,

qn,0(s) ≡ En,0e
isΛn

∫ 0

τ−1
n ∆n

eisτnzdz,

ωn(s) = E exp{isξn} = exp
{
−1

2
s2σ2

n

}
,

q0(s) ≡
∫

eisxQ0(x)dx = −EeisΛ∆.

Ëåììà 3.4. Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâî ñîîòíîøåíèå

sup
x

∣∣Q̄n,0(x) − Q0(x)
∣∣ → 0.

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà, ÷òî

sup
x

∣∣Q̄n,0(x) − Q̃n,0(x)
∣∣ → 0. (3.5)

∣∣Q̄n,0(x) − Q̃n,0(x)
∣∣ =

=
∫

|z|≥ηnτ−1
n

[
Pn,0

{
τ−1
n ∆n < z

∣∣ Λ̃n = x− τnz
} − 1(0,∞)(z)

]
pn(x− τnz)dz ≡

≡ I+
n,0 + I−n,0,

ãäå
I+
n,0 =

∫ ∞

ηnτ−1
n

Pn,0

{
τ−1
n ∆n ≥ z

∣∣ Λ̃n = x− τnz
}
pn(x− τnz)dz
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è ñ çàìåíîé z = −u

I−n,0 =
∫ ∞

ηnτ−1
n

Pn,0

{−τ−1
n ∆n > u

∣∣ Λ̃n = x + τnu
}
pn(x + τnu)du.

Îöåíèì I+
n,0 è I−n,0 ñ ïîìîùüþ íåðàâåíñòâà ×åáûø�åâà âèäà

P{X > x | Y } ≤ E
[|X|1(x,∞)(|X|) | Y

]

x
, x > 0,

ïîëó÷èì

I+
n,0 ≤ τnη−1

n

∫ ∞

−∞
En,0

[|τ−1
n ∆n|1(ηn,∞)(|∆n|)

∣∣ Λ̃n = x− τnz
]
pn(x− τnz)dz =

ñ çàìåíîé v = x− τnz

= η−1
n

∫ ∞

−∞
En,0

[|τ−1
n ∆n|1(ηn,∞)(|∆n|)

∣∣ Λ̃n = v
]
pn(v)dv =

= η−1
n En,0|τ−1

n ∆n|1(ηn,∞)(|∆n|).
Òà æå îöåíêà ñïðàâåäëèâà äëÿ I−n,l, è äëÿ äîêàçàòåëüñòâà (3.5) äîñòàòî÷íî ïî-
êàçàòü, ÷òî ïðàâàÿ ÷àñòü ïîñëåäíåãî íåðàâåíñòâà ñòðåìèòñÿ ê íóëþ. Èñïîëüçóÿ
Ëåììó 2.2 (i), èìååì

η−1
n En,0|τ−1

n ∆n|1(ηn,∞)(|∆n|) = η−1
n τ−1

n En,0
∆2

n

|∆n|1(ηn,∞)(|∆n|) ≤

≤ η−2
n τ−1

n En,0∆2
n1(ηn,∞)(|∆n|) = o(n−1/8) → 0.

Äîêàæåì òåïåðü, ÷òî

sup
x

∣∣Q̃n,0(x) − Q0(x)
∣∣ → 0. (3.6)

Ôîðìóëà èíâåðñèè äëÿ ïðåîáðàçîâàíèÿ Ôóðüå äàåò
∣∣Q̃n,0(x) − Q0(x)

∣∣ ≤
∫ ∣∣q̃n,0(s) − q0(s)

∣∣ds.

Â ñèëó ñâîéñòâà ëèíåéíîñòè èíòåãðàëà èìååì
∫ ∣∣q̃n,0(s)−q0(s)

∣∣ds ≤
∫

|s|≤n/t

∣∣q̃n,0(s)−q0(s)
∣∣ds+

∫

|s|>n/t

∣∣q̃n,0(s)
∣∣ds+

∫

|s|>n/t

∣∣q0(s)
∣∣ds.

Ïîñëåäíèé èíòåãðàë ïðàâîé ÷àñòè â ñèëó èíòåãðèðóåìîñòè ôóíêöèè q0(s) ≡ 0 (ñì.
(2.13)) è îãðàíè÷åííîñòè ïàðàìåòðà t ñòðåìèòñÿ ê íóëþ ñ ðîñòîì n. Îöåíèì âòîðîé
èíòåãðàë ïðàâîé ÷àñòè, ïðèìåíÿÿ Ëåììó 3.5 èç ðàáîòû [3] è (2.18),

∫

|s|>n/t

∣∣q̃n,0(s)
∣∣ds =

∫

|s|>n/t

∣∣En,0e
isΛ̃n

∫ 0

τ−1
n ∆n

eisτnzdz
∣∣ds =
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=
∫

|s|>n/t

ωn(s)
∣∣En,0e

isΛn

∫ 0

τ−1
n ∆n

eisτnzdz
∣∣ds ≤

≤
∫

|s|>n/t

ωn(s)En,0

(
τ−1
n |∆n|

)
ds = C

∫

|s|>n/t

ωn(s)ds =

= Cσ−1
n

∫

|y|>nσn/t

e−
y2

2 dy ≤ C · tσ−2
n n−1 exp

{
− 1

2t
n2σ2

n

}
−→ 0

äëÿ 0 < β < 1.
Ðàññìîòðèì ïåðâûé èíòåãðàë. Òàê êàê â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà q0(s) ≡

0 (ñì. (2.13)), èìååì
∫

|s|≤n/t

∣∣q̃n,0(s) − q0(s)
∣∣ds ≤

∫

|s|≤n/t

∣∣qn,0(s)
∣∣ds =

∫

|s|≤n/t

∣∣En,0e
isΛn

∫ 0

τ−1
n ∆n

eisτnzdz
∣∣ds =

= τ−1
n

∫

|s|≤n/t

∣∣∣∣
En,0e

isΛn − En,0e
isSn

s

∣∣∣∣ds ≤ (3.7)

≤ τ−1
n

∫

|s|≤δ
√

n/t

∣∣∣∣
En,0e

isΛn − e−is t2
2 − s2t2

2

s

∣∣∣∣ds + (3.7a)

+ τ−1
n

∫

|s|≤δ
√

n/t

∣∣∣∣
e−is t2

2 − s2t2
2 − En,0e

isSn

s

∣∣∣∣ds + (3.7b)

+ τ−1
n

∫

δ
√

n/t<|s|≤n/t

∣∣∣∣
En,0e

isΛn

s

∣∣∣∣ds + (3.7c)

+ τ−1
n

∫

δ
√

n/t<|s|≤n/t

∣∣∣∣
e−is t2

2 dn(st) − En,0e
isSn

s

∣∣∣∣ds + (3.7d)

+ τ−1
n

∫

δ
√

n/t<|s|≤n/t

∣∣∣∣
dn(st)

s

∣∣∣∣ds, (3.7e)

ãäå èç Ëåììû 3.2 âåëè÷èíà 0 < δ = δ(t) ≤ 1
6e3t < 1

3 ïðè 0 < t ≤ C (ñì. (1.2)), à
ðàçðûâíûé ÷ëåí dn(s) îïðåäåëÿåòñÿ ïî ôîðìóëå (ñì. ôîðìóëó (4.25) â ðàáîòå [7])

dn(st) = − st

π
√

n

∞∑′

ν=−∞

1
ν

e−
1
2 (st+πν

√
n)2 , (3.8)

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì ν 6= 0.
Èç Ëåììû 3.2 ñëåäóåò, ÷òî èíòåãðàë â (3.7a) åñòü âåëè÷èíàO(n−1/2), à èíòåãðàë

â (3.7b) � âåëè÷èíà O(n−1). Èç Ëåììû 3.3 è èç ñâîéñòâ õàðàêòåðèñòè÷åñêîé ôóíê-
öèè íà ïðîìåæóòêå δ

√
n

t < |s| < π
√

n
2t ñëåäóåò, ÷òî èíòåãðàë â (3.7c) åñòü âåëè÷èíà

o(n−1/2). Ïðîèçâåäåì â èíòåãðàëå èç (3.7d) çàìåíó ïåðåìåííûõ u = st (ñì. (3.8))
è ïðèìåíèì òåîðåìó 4.3 ðàáîòû [7] â ÷àñòè îöåíêè èíòåãðàëà (4.38) ðàáîòû [7] ê
ñëó÷àéíîé âåëè÷èíå sign(X1), ïîëó÷àåì, ÷òî èíòåãðàë â (3.7d) ïðåäñòàâëÿåò ñîáîé
âåëè÷èíó o(n−1/2).
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Èñïîëüçóÿ òåõíèêó ðàáîòû [7] äëÿ îöåíêè ðàçðûâíîãî ÷ëåíà â èíòåãðàëå (3.7e),
èìååì ñ ó÷åòîì çàìåíû u = st

τ−1
n

∫

δ
√

n/t<|s|≤n/t

∣∣∣∣
dn(st)

s

∣∣∣∣ds =
τ−1
n

π
√

n

∫

δ
√

n<|s|≤n

∣∣∣∣
∞∑′

ν=−∞

1
ν

e−
1
2 (s+πν

√
n)2

∣∣∣∣ds =

= O( log n

n1/4

) → 0.

Óòâåðæäåíèå Ëåììû ñëåäóåò èç ïîëó÷åííûõ îöåíîê.

2

Ñëåäóþùèå äâå Ëåììû âçÿòû èç ðàáîòû [1] (ñì. Ëåììû 3.4.2-3.4.3 ðàáîòû [1],
ñòð. 92-98) è ïðîâåðÿþòñÿ äëÿ ñëó÷àÿ ðàñïðåäåëåíèÿ Ëàïëàñà.

Ëåììà 3.5 Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâî ñîîòíîøåíèå

Dn = −τnE
[
∆ | Λ = b

]
+ o(τn)

è d̄n → b.
Äîêàçàòåëüñòâî. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ (ñì. ðàáîòó [1], ñòð. 92-94)

FΛn(x) = Pn,0{Λn < x}, FΛ̃n
(x) = Pn,0{Λ̃n < x},

FSn(x) = Pn,0{Sn < x}, FS̃n
(x) = Pn,0{S̃n < x},

ãäå
S̃n = Sn + ξn.

Îòñþäà èìååì
S̃n = Λ̃n + ∆n,

ñëåäîâàòåëüíî
∣∣∣FS̃n

(x)− Pn,0{S̃n < x, x− ηn < Λ̃n < x + ηn} − FΛ̃n
(x− ηn)

∣∣∣ ≤ Pn,0{|∆n| > ηn}.

Èç Ëåììû 2.2 (i) ñëåäóåò

Pn,0{|∆n| > ηn} ≤ η−2
n En,0∆2

n1(ηn,∞)(|∆n|) = η−1
n o(τ2

n) = o(τn).

Òîãäà, ñëåäóÿ ðàáîòå [1], èìååì

FS̃n
(x) = FΛ̃n

(x) + τnQ̄n,0(x) + o(τn).

Â ñèëó Ëåììû 2.2 (i), Ëåììû 2.1 (ii) è èç îïðåäåëåíèÿ äëÿ ξn (ñì. (2.17)) ïîëó÷àåì

FΛ̃n
= FΛn(x) + o(τn)

ðàâíîìåðíî ïî x ∈ R1.
Îòñþäà è èç Ëåììû 3.4 ñëåäóåò

FS̃n
(x) = FΛn(x)− τnE[∆ | Λ = x]p(x) + o(τn), (3.9)
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ãäå ôóíêöèÿ E[∆ | Λ = x]p(x) íåïðåðûâíàÿ è îãðàíè÷åííàÿ.
Òîãäà èç (3.9), íåïðåðûâíîñòè ôóíêöèè E[∆ | Λ = x]p(x) (ñì. (2.12), (2.13)) è

Ëåììû 2.1 (ii) ïîëó÷àåì

FS̃n
(x) = FSn

(x) + o(τn).

Èç Ëåììû 2.1 (ii) è îïðåäåëåíèÿ äëÿ êðèòåðèÿ Ψ∗n(Λn) (ñì. (2.1)) èìååì

Pn,0{Λn = cn} = o(τn)

è
Pn,0{Λn > cn} = 1− Φ1(cn) + o(τn) = α + o(τn).

Òàêèì îáðàçîì,
Φ1(cn) = 1− α + o(τn).

Òàê êàê
Φ′1(x) = p(x) > 0,

òî
cn → Φ−1

1 (1− α). (3.10)

Ïîêàæåì, ÷òî
d̄n → Φ−1

1 (1− α). (3.11)

Òàê êàê
Pn,0{Sn = d̄n} = O(n−1/2) = o(τn),

òî
FΛn(cn)− FΛn(d̄n) = −τnE[∆ | Λ = d̄n]p(d̄n) + o(τn). (3.12)

Ñ äðóãîé ñòîðîíû èç Ëåììû 2.1 (ii) ñëåäóåò

FΛn(cn)− FΛn(d̄n) = Φ1(cn)− Φ1(d̄n) + o(τn). (3.13)

Òàê êàê E[∆ | Λ = x]p(x) îãðàíè÷åíà (ñì. (2.12), (2.13)), èç ïîñëåäíèõ äâóõ ñîîò-
íîøåíèé èìååì

Φ1(cn)− Φ1(d̄n) = O(τn),

÷òî ïðè óñëîâèè (3.10) äàåò (3.11).
Áîëåå òîãî, èç (3.13) òàêæå ñëåäóåò, ÷òî

FΛn(cn)− FΛn(d̄n) = Dnp(d̃n), d̃n ∈ [d̄n, cn].

Èç íåïðåðûâíîñòè è îãðàíè÷åííîñòè ôóíêöèé p(x) > 0, E[∆ | Λ = x]p(x) è èç (3.12)
ñëåäóåò óòâåðæäåíèå Ëåììû.

2

Äîñëîâíî ïîâòîðÿÿ äîêàçàòåëüñòâî Ëåììû 3.4.3 èç ðàáîòû [1], èç ïðåäûäóùåé
Ëåììû, Ëåììû 2.1 (i) ñëåäóåò ñïðàâåäëèâîñòü ñëåäóþùåé Ëåììû.

Ëåììà 3.6 Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâî ñîîòíîøåíèå

Ãn = −1
2
D2

ned̄np(d̄n) + o(τ2
n).
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Ëåììà 3.7 Â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ñïðàâåäëèâî ñîîòíîøåíèå

Bn =
1
2
τ2
ned̄nE[∆2 | Λ = d̄n]p(d̄n) + o(τ2

n),

ãäå d̄n � çíà÷åíèå ðåøåò÷àòîé ñëó÷àéíîé âåëè÷èíû Sn.
Äîêàçàòåëüñòâî.
Èç (2.2) è (2.3)

Pn,0{Sn ≤ d̄n} − γnPn,0{Sn = d̄n} = 1− α + o(τ2
n)

áóäåì ñ÷èòàòü, ÷òî

d̄n = min{x : Pn,0{Sn ≤ x} ≥ 1− α + o(τ2
n)}, (3.14)

γn =
Pn,0{Sn ≤ d̄n} − (1− α + o(τ2

n))
Pn,0{Sn = d̄n}

.

Òàê îïðåäåëåííîå êðèòè÷åñêîå çíà÷åíèå d̄n (ñì. (3.14)), î÷åâèäíî, åñòü òî÷êà ðàç-
ðûâà ôóíêöèé ðàñïðåäåëåíèÿ Pn,0{Sn ≤ x} è Pn,1{Sn ≤ x}.

Èç (2.16) èìååì

Bn = En,0

(
eΛn−ed̄n

)(
1(−∞,d̄n]

(
Sn

)−1(−∞,d̄n)

(
Λn

))
+ γnEn,0

(
eΛn−ed̄n

)
1{d̄n}

(
Sn

)
.

Ïîëó÷èì àñèìïòîòè÷åñêèå ðàçëîæåíèÿ äëÿ âåëè÷èí ñêà÷êîâ ôóíêöèé ðàñïðå-
äåëåíèÿ ñëó÷àéíîé âåëè÷èíû Sn ïðè ãèïîòåçå è àëüòåðíàòèâå. Èç ïðåäñòàâëåíèÿ

Sn = − t2

2
− t

√
n +

2t√
n

ν, ν = 0, 1, . . . , n,

è èç Òåîðåìû 1.8 ðàáîòû [6] èìååì ôîðìóëû îáðàùåíèÿ äëÿ ðåøåò÷àòîé ñëó÷àéíîé
âåëè÷èíû Sn â òî÷êå ðàçðûâà d̄n ïðè ãèïîòåçå è àëüòåðíàòèâå

Pn,0{Sn = d̄n} =
t

π
√

n

∫

|s|< π
√

n
2t

gn,0(s)e−isd̄nds,

Pn,1{Sn = d̄n} =
t

π
√

n

∫

|s|< π
√

n
2t

gn,1(s)e−isd̄nds,

ãäå
gn,0(s) = En,0e

isSn , gn,1(s) = En,1e
isSn .

Ðàññìîòðèì äåòàëüíî ñëó÷àé àëüòåðíàòèâû, ïðè ãèïîòåçå ðàññóæäåíèÿ àíàëîãè÷-
íû. Ñ ó÷åòîì äîêàçàòåëüñòâà Òåîðåìû 4.5 ðàáîòû [7] èìååì

Pn,1{Sn = d̄n} =
t

π
√

n

∫

|s|< π
√

n
2t

(
gn,1(s) − eis t2

2 − s2t2
2

{
1− ist3

2
√

n

})
e−isd̄nds +

+
t

π
√

n

∫

|s|< π
√

n
2t

eis t2
2 − s2t2

2

{
1− ist3

2
√

n

}
e−isd̄nds ≡ J1 + J2.
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Òàê êàê äëÿ
√

n
3t ≤ |s| ≤ π

√
n

2t

|gn,1(s)| ≤
(
cos2

1
3

+ sin2 1
3
(
1− e−tn−1/2)2

)n/2

< e−Cn, C > 0, (3.15)

òî ñ ó÷åòîì Ëåììû 3.2 (ii) èìååì

J1 = o(n−1).

Äëÿ âòîðîãî èíòåãðàëà èìååì

J2 =
t

π
√

n

∫ ∞

−∞
eis t2

2 − s2t2
2

{
1− ist3

2
√

n

}
e−isd̄nds + o(n−1) =

=
2√
n

ϕ
( d̄n − t2

2

t

)
+ o(n−1/2).

Çàìåòèì, ÷òî â ñëó÷àå ãèïîòåçû Òåîðåìà 4.5 ðàáîòû [7] ïðèìåíèìà íåïîñðåä-
ñòâåííî. Îêîí÷àòåëüíî èìååì

Pn,0{Sn = d̄n} = Pn,0

{
1√
n

n∑

i=1

sign(Xi) =
d̄n + t2

2

t

}
=

=
2√
n

ϕ
( d̄n + t2

2

t

)
+ o(n−1/2),

Pn,1{Sn = d̄n} =
2√
n

ϕ
( d̄n − t2

2

t

)
+ o(n−1/2).

Òåïåðü, ïîñêîëüêó

ed̄nϕ
( d̄n + t2

2

t

)
= ϕ

( d̄n − t2

2

t

)
,

ïîëó÷àåì

Bn = En,0

(
eΛn − ed̄n

)(
1(−∞,d̄n]

(
Sn

)− 1(−∞,d̄n)

(
Λn

))
+ o(τ2

n) =

= τ2
ned̄nτ−2

n

(
e−d̄nPn,1{Sn ≤ d̄n} − Pn,0{Sn ≤ d̄n} −

− e−d̄nPn,1{Λn < d̄n} + Pn,0{Λn < d̄n}
)

+ o(τ2
n) ≡ τ2

ned̄nQn,1(d̄n) + o(τ2
n).

Ðàññìîòðèì Qn,1(d̄n) îòäåëüíî. Èç Ëåììû 4.3 ðàáîòû [7] ñëåäóåò, ÷òî

Pn,0{Sn ≤ d̄n} =
t

π
√

n

∫

|s|< π
√

n
2t

gn,0(s)
( ∑

− t2
2 −t

√
n≤ζ≤d̄n

e−isζ
)
ds,

∑

− t2
2 −t

√
n≤ζ≤d̄n

e−isζ =
ν0∑

ν=0

e
−is(− t2

2 −t
√

n+ 2t√
n

ν) =
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= e−is(− t2
2 −t

√
n)

(
1 +

ν0∑
ν=1

cos
2st√

n
ν − i

ν0∑
ν=1

sin
2st√

n
ν
)

=
e
−is(− t2

2 −t
√

n− t√
n

) − e
−is(d̄n+ t√

n
)

2i sin st√
n

.

Â òàêîì ñëó÷àå èìååì

Pn,0{Sn ≤ d̄n} =
t

π
√

n

∫

|s|< π
√

n
2t

gn,0(s)
(e

−is(− t2
2 −t

√
n− t√

n
) − e

−is(d̄n+ t√
n

)

2i sin st√
n

)
ds.

Àíàëîãè÷íî, â ñëó÷àå àëüòåðíàòèâû ïîëó÷àåì ôîðìóëó îáðàùåíèÿ

Pn,1{Sn ≤ d̄n} =
t

π
√

n

∫

|s|< π
√

n
2t

gn,1(s)
(e

−is(− t2
2 −t

√
n− t√

n
) − e

−is(d̄n+ t√
n

)

2i sin st√
n

)
ds. (3.16)

Îáîçíà÷èì ÷åðåç
ḡn,0(s) ≡ e−is t2

2 − s2t2
2 ,

ḡn,1(s) ≡ eis t2
2 − s2t2

2 − ist3

2
√

n
eis t2

2 − s2t2
2 .

Ïîñêîëüêó â ñëó÷àå ãèïîòåçû ðàññóæäåíèÿ ðàáîòû [7] ïðèìåíÿþòñÿ íåïîñðåä-
ñòâåííî, òî ïîäðîáíîãî èçó÷åíèÿ òðåáóåò ñëó÷àé àëüòåðíàòèâû.

Â (3.16) îáîçíà÷èì

Pn,1{Sn ≤ d̄n} =
t

π
√

n

(∫ −
√

n
3t

−π
√

n
2t

+
∫ √

n
3t

−
√

n
3t

+
∫ π

√
n

2t

√
n

3t

)
≡ I1 + I2 + I3,

ãäå ñ ó÷åòîì (3.15)
I1 + I3 = O(n−1).

Òåïåðü

I2 =
t

π
√

n

∫

|s|<
√

n
3t

(
gn,1(s) − ḡn,1(s)

)(e
−is(− t2

2 −t
√

n− t√
n

) − e
−is(d̄n+ t√

n
)

2i sin st√
n

)
ds +

+
t

π
√

n

∫

|s|<
√

n
3t

ḡn,1(s)
(e

−is(− t2
2 −t

√
n− t√

n
) − e

−is(d̄n+ t√
n

)

2i sin st√
n

)
ds ≡ I ′2 + I ′′2 .

Èç Ëåììû 3.2 (ii) èìååì
I ′2 = o(n−1/2).

Èñïîëüçóÿ ðàçëîæåíèå 1
sin x = 1

x +O(x) äëÿ |x| ≤ π
2 , ïîëó÷àåì

I ′′2 =
t

2π
√

n

√
n

t

∫

|s|<
√

n
3t

ḡn,1(s)
e
−is(− t2

2 −t
√

n− t√
n

) − e
−is(d̄n+ t√

n
)

is
ds + O(n−1) =

=
1
2π

∫ ∞

−∞
ḡn,1(s)

e
−is(− t2

2 −t
√

n− t√
n

) − e
−is(d̄n+ t√

n
)

is
ds + O(n−1).
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I ′′2 = Ḡn,1

(
d̄n +

t√
n

) − Ḡn,1

(− t2

2
− t
√

n− t√
n

)
+ O(n−1),

è îêîí÷àòåëüíî, ïðèìåíÿÿ ïîõîæèå ðàññóæäåíèÿ â ñëó÷àå ãèïîòåçû, èìååì

Pn,0{Sn ≤ d̄n} = Ḡn,0

(
d̄n +

t√
n

) − Ḡn,0

(− t2

2
− t
√

n− t√
n

)
+ o(n−1/2),

Pn,1{Sn ≤ d̄n} = Ḡn,1

(
d̄n +

t√
n

) − Ḡn,1

(− t2

2
− t
√

n− t√
n

)
+ o(n−1/2),

ãäå

Ḡn,0(x) =
1√
2πt

∫ x

−∞
e−

(u+ t2
2 )2

2t2 du = Φ
(x + t2

2

t

)
,

Ḡn,1(x) =
1√
2πt

∫ x

−∞
e−

(u− t2
2 )2

2t2 du +
t2

2
√

n

1√
2π

e−
(x− t2

2 )2

2t2 =

= Φ
(x− t2

2

t

)
+

t2

2
√

n
ϕ
(x− t2

2

t

)
.

Èç ñâîéñòâ ôóíêöèé Φ(x) è ϕ(x), à òàêæå èç îãðàíè÷åííîñòè d̄n (ñì. 3.11) èìååì

Pn,0{Sn ≤ d̄n} = Φ
( d̄n + t2

2

t

)
+

1√
n

ϕ
( d̄n + t2

2

t

)
+ o(n−1/2),

Pn,1{Sn ≤ d̄n} = Φ
( d̄n − t2

2

t

)
+

( t2

2
√

n
+

1√
n

)
ϕ
( d̄n − t2

2

t

)
+ o(n−1/2).

Äëÿ ñëó÷àéíîé âåëè÷èíû Λn ìîæíî ñðàçó ïðèìåíèòü òåîðåìû ðàáîòû [5] îá àñèìï-
òîòè÷åñêîì ðàçëîæåíèè ôóíêöèé ðàñïðåäåëåíèÿ ïðè ãèïîòåçå è àëüòåðíàòèâå (ñì.
òàêæå Ëåììó 3.2 ðàáîòû [3])

Pn,0{Λn < d̄n} = Φ
( d̄n + t2

2

t

)
+

t

6
√

n

( d̄n − t2

2

t

)
ϕ
( d̄n + t2

2

t

)
+ o(n−1/2),

Pn,1{Λn < d̄n} = Φ
( d̄n − t2

2

t

)
+

t

6
√

n

( d̄n + t2

2

t

)
ϕ
( d̄n − t2

2

t

)
+ o(n−1/2).

Èç àñèìïòîòè÷åñêèõ ðàçëîæåíèé è èç (3.11) èìååì

Qn,1(d̄n) =
t2

3
ϕ
( d̄n + t2

2

t

)
+ o(1).

Èç (2.12) è (2.13) îêîí÷àòåëüíî ïîëó÷àåì

1
2
E[∆2 | Λ = d̄n]p(d̄n) =

1
2
E∆2p(d̄n) =

t2

3
ϕ
( d̄n + t2

2

t

)
,

÷òî çàâåðøàåò äîêàçàòåëüñòâî. 2
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4. Çàêëþ÷åíèå

Ñïðàâåäëèâîñòü ôîðìóëû (2.6) â ñëó÷àå ðàñïðåäåëåíèÿ Ëàïëàñà ïîäòâåðæäà-
ëàñü â ðàííèõ ðàáîòàõ (ñì. [2], [3]) ëèáî íà ýâðèñòè÷åñêîì óðîâíå, ëèáî ñ èñ-
ïîëüçîâàíèåì ñïåöèôè÷åñêîé òåõíèêè àñèìïòîòè÷åñêèõ ðàçëîæåíèé äëÿ ìîùíî-
ñòè àñèìïòîòè÷åñêè îïòèìàëüíîãî êðèòåðèÿ. Â íàñòîÿùåé ðàáîòå â äîêàçàòåëü-
ñòâå Òåîðåìû 2.4 ñîäåðæèòñÿ îáùèé àëãîðèòì âû÷èñëåíèÿ íîðìèðîâàííîé ðàçíî-
ñòè ìîùíîñòåé êðèòåðèåâ, êîòîðûé ìîæåò áûòü ïðèìåíåí êî âñåì ñëó÷àÿì, êîãäà
ñòàòèñòèêà àñèìïòîòè÷åñêè îïòèìàëüíîãî êðèòåðèÿ èìååò ðåøåò÷àòûé õàðàêòåð.
Çàìåòèì òàêæå, ÷òî âñå äîêàçàòåëüñòâà íàñòîÿùåé ðàáîòû, êàñàþùèåñÿ àñèìïòî-
òè÷åñêèõ ðàçëîæåíèé, ìîãóò áûòü ïðîäîëæåíû äî ëþáîãî ïîðÿäêà. Âñå ýòî äàåò
ïðåäïîñûëêè äëÿ ôîðìóëèðîâêè Òåîðåìû 2.4 â îáùåì âèäå. Çàäà÷à âû÷èñëåíèÿ
íîðìèðîâàííîé ðàçíîñòè ìîùíîñòåé êðèòåðèåâ èìååò ïðàêòè÷åñêîå ïðèìåíåíèå â
ðàñ÷åòå äåôåêòà àñèìïòîòè÷åñêè îïòèìàëüíîãî êðèòåðèÿ (ñì. ðàçäåë 1.5.3 ðàáî-
òû [1] è ëèòåðàòóðó òàì).

Àâòîð âûðàæàåò áëàãîäàðíîñòü ïðîôåññîðó Áåíèíãó Âëàäèìèðó Åâãåíüåâè÷ó
çà âíèìàíèå è ðåêîìåíäàöèè, èñïîëüçóåìûå ïðè ïîäãîòîâêå äàííîé ðàáîòû.
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