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Ïðåäëàãàåòñÿ ñïîñîá ó÷åòà íåìåõàíè÷åñêèõ âîçäåéñòâèé íà òâåðäîå òå-
ëî. Ïðèâåäåíî ðåøåíèå çàäà÷è î öèëèíäðå ñ ó÷åòîì íåîäíîðîäíîãî ðàñ-
ïðåäåëåíèÿ ìîäóëÿ óïðóãîñòè.

The way to account non-mechanical in�uence at solids is considered.
The solution of hollow cylinder problem with account of non-mechanical
in�uence is presented.
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1. Ââåäåíèå

Â ïðîöåññå ýêñïëóàòàöèè êîíñòðóêöèé íà íèõ îêàçûâàþò âîçäåéñòâèå ðàçëè÷-
íûå íåìåõàíè÷åñêèå ôàêòîðû, êîòîðûå ìîãóò ñóùåñòâåííî èçìåíèòü êàê ìåõàíè-
÷åñêèå ñâîéñòâà, òàê è íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå. Ê òàêèì ôàêòî-
ðàì ìîæíî îòíåñòè òåìïåðàòóðó, ðàäèàöèþ, èçìåíåíèå âíóòðåííåé ñòðóêòóðû ìà-
òåðèàëà (îáðàçîâàíèå ïîð è âêëþ÷åíèé [1]). Ó÷åò ýòèõ ôàêòîðîâ âàæåí, íàïðèìåð,
äëÿ èçäåëèé èç ðåçèíû, äëÿ êîíñòðóêöèé, èñïîëüçóåìûõ â àòîìíîé ïðîìûøëåííî-
ñòè. Èñïîëüçóÿ ìåòîä êîíå÷íûõ ýëåìåíòîâ, ìîæíî ó÷åñòü âëèÿíèå ýòèõ ôàêòîðîâ.

2. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà

Áóäåì ðàññìàòðèâàòü ñòàòè÷åñêóþ çàäà÷ó äëÿ ñëó÷àÿ ìàëûõ äåôîðìàöèé. Òåëî
íàõîäèòñÿ â ðàâíîâåñèè. Óðàâíåíèå ðàâíîâåñèÿ:

∇σ = 0. (1)
Ñâÿçü äåôîðìàöèé è íàïðÿæåíèé:

σ = λ(ε · ·I)I + 2Gε, (2)
ãäå
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ε =
1
2

(
∇u + (∇u)T

)
. (3)

Çäåñü G = E
2(1+v) ,λ = 2Gv

1−2v - êîýôôèöèåíòû Ëÿìý, σ- òåíçîð íàïðÿæåíèé, ε

- òåíçîð äåôîðìàöèé, u- âåêòîð ïåðåìåùåíèé, I - åäèíè÷íûé òåíçîð, E- ìîäóëü
óïðóãîñòè, v- êîýôôèöèåíò Ïóàññîíà.

Åñëè íåîáõîäèìî ó÷åñòü òåìïåðàòóðíîå ðàñøèðåíèå, òî òåíçîð äåôîðìàöèé ïî-
ëó÷èò äîáàâêó [2] è ïðèìåò âèä

ε =
1
2

(
∇u + (∇u)T

)
+ αTI, (4)

à òåíçîð íàïðÿæåíèé ïðèìåò âèä

σ = λ(ε · ·I)I + 2Gε (5)

Çäåñü α- êîýôôèöèåíò òåìïåðàòóðíîãî ðàñøèðåíèÿ.
Åñëè òåëî äëèòåëüíîå âðåìÿ íàõîäèëîñü ïîä äåéñòâèåì ðàäèàöèè èëè òåìïåðà-

òóðû, òî ïðîèñõîäèò èçìåíåíèå åãî âíóòðåííåé ñòðóêòóðû, ÷òî ñêàçûâàåòñÿ íà åãî
ìåõàíè÷åñêèõ ñâîéñòâàõ. Ó÷åñòü ýòî âëèÿíèå ìîæíî, ñ÷èòàÿ êîíñòàíòû ìàòåðèàëà
çàâèñÿùèìè îò ïðîñòðàíñòâåííûõ êîîðäèíàò.

Òîãäà âûðàæåíèå äëÿ òåíçîðà äåôîðìàöèé áóäåò èìåòü âèä

ε =
1
2

(
∇u + (∇u)T

)
+ α (r)TI, (6)

à çàâèñèìîñòü ìåæäó íàïðÿæåíèåìè è äåôîðìàöèÿìè çàïèøåòñÿ â âèäå

σ = λ (r) (ε · ·I)I + 2G (r) ε (7)

ãäå r- ðàäèóñ-âåêòîð òî÷êè.

3. Äèñêðåòèçàöèÿ

Ïðè ðåøåíèè çàäà÷è ìåòîäîì êîíå÷íûõ ýëåìåíòîâ óðàâíåíèÿ ðàâíîâåñèÿ ñâî-
äÿòñÿ ê ñèñòåìå ëèíåéíûõ óðàâíåíèé [3-6].

Â îáùåì ñëó÷àå äëÿ ëèíåéíîé çàäà÷è ñâÿçü íàïðÿæåíèé è äåôîðìàöèé ìîæíî
ïðåäñòàâèòü â òàêîì âèäå:

{σ} = [D] ({ε} − {ε0}) + {σ0} , (8)

Çäåñü [D] - ìàòðèöà óïðóãîñòè [3]. {ε0}è{σ0}ïðåäñòàâëÿþò ñîáîé ñîáñòâåííûå
äåôîðìàöèè è íàïðÿæåíèÿ, çàäàâàÿ êîòîðûå ìîæíî ó÷åñòü âëèÿíèå òåìïåðàòóðû,
ðàäèàöèè è äðóãèõ íåìåõàíè÷åñêèõ ôàêòîðîâ. Â ñëó÷àå íåîäíîðîäíîãî ìàòåðèà-
ëà ìàòðèöà [D]áóäåò çàâèñåòü îò ïðîñòðàíñòâåííûõ êîîðäèíàò. Äëÿ òðåõìåðíîé
çàäà÷è åñëè
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
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, (9)

òî

[D] = E(1−v)
(1+v)(1−2v)×

×




1 v
1−v

v
1−v 0 0 0

1 v
1−v 0 0 0
1 0 0 0

1−2v
2(1−v) 0 0

1−2v
2(1−v) 0

1−2v
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(10)

Ìàòðèöà æåñòêîñòè ýëåìåíòà [3]

[k]e =
∫

[B]T [D] [B]dV, (11)
ãäå

[B] = [Bi, Bj , Bm, Bp] , (12)

Bi =




∂Ni

∂x 0 0
0 ∂Ni

∂y 0
0 0 ∂Ni

∂z
∂Ni
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∂x 0
0 ∂Ni

∂z
∂Ni

∂y
∂Ni
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∂x




. (13)

Ni - ôóíêöèÿ ôîðìû â óçëå i. {ε0} è {σ0} ó÷èòûâàþòñÿ ÷åðåç óçëîâûå ñèëû,
âû÷èñëÿåìûå ïî ôîðìóëàì

{F}ε0
=

∫
[B]T [D] {ε0}dV, (14)

{F}σ0
= −

∫
[B]T {σ0}dV. (15)

Òàêèì îáðàçîì, çàâèñèìîñòü êîýôôèöèåíòîâ ìàòåðèàëà îò ïðîñòðàíñòâåííûõ
êîîðäèíàò íóæíî ó÷åñòü ïðè èíòåãðèðîâàíèè (10), (13) è (14). Ýòî ìîæíî ñäåëàòü
ñ ïîìîùüþ êâàäðàòóðíûõ ôîðìóë Ãàóññà [7].

4. Çàäà÷à î ïîëîì öèëèíäðå

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó. Èìååòñÿ òîëñòîñòåííûé ïîëûé öèëèíäð, íà-
ãðóæåííûé ïî âíóòðåííåé è âíåøíåé ïîâåðõíîñòè äàâëåíèåì P = 0.1. Âíåøíèé
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ðàäèóñ öèëèíäðà R=6, ðàäèóñ îòâåðñòèÿ R/6, âûñîòà 2R. Êîýôôèöèåíò Ïóàññîíà
v = 0.25. Ïðèâîäèòñÿ ñðàâíåíèå ðåøåíèé äëÿ îäíîðîäíîãî ðàñïðåäåëåíèÿ ìîäó-
ëÿ óïðóãîñòè E = 2 è ñëó÷àÿ, êîãäà ìîäóëü óïðóãîñòè çàâèñèò îò êîîðäèíàò ïî
çàêîíó E(r) = 0.1 + 0.06r2.

Ðèñ. 1: Öèëèíäð â íà÷àëüíîì ñîñòîÿíèè è â äåôîðìèðîâàííîì (ïîëîâèíà)

Ðèñ. 2: Ðàñïðåäåëåíèå ðàäèàëüíîãî íàïðÿæåíèÿ íà ïîâåðõíîñòè öèëèíäðà

Íà ãðàôèêàõ 5-8 ïóíêòèðîì îáîçíà÷åíû íàïðÿæåíèÿ â ñëó÷àå îäíîðîäíîãî ìà-
òåðèàëà, ñïëîøíîé ëèíèåé � â ñëó÷àå íåîäíîðîäíîãî ìàòåðèàëà.
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Ðèñ. 3: Ðàñïðåäåëåíèå êðóãîâîãî íàïðÿæåíèÿ íà ïîâåðõíîñòè öèëèíäðà

Ðèñ. 4: Ðàñïðåäåëåíèå íàïðÿæåíèÿ âäîëü îñè Z íà ïîâåðõíîñòè öèëèíäðà
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Ðèñ. 5: Ëèíèÿ, âäîëü êîòîðîé ïðèâåäåíû ãðàôèêè

Ðèñ. 6: Ðàäèàëüíîå íàïðÿæåíèå
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Ðèñ. 7: Êðóãîâîå íàïðÿæåíèå

Ðèñ. 8: Íàïðÿæåíèå âäîëü îñè Z
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Çàêëþ÷åíèå

Ðàññìîòðåííûé ïðèìåð ïîêàçûâàåò, ÷òî íåìåõàíè÷åñêèå âîçäåéñòâèÿ ìîãóò
îêàçàòü ñóùåñòâåííîå âëèÿíèå íà íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå. Ïî-
ýòîìó èõ ó÷åò, íåñîìíåííî, âàæåí. Â ñòàòüå ïðåäëàãàåòñÿ ïðîñòîé äëÿ ïîíèìàíèÿ
è ðåàëèçàöèè ñïîñîá ó÷åòà ýòèõ ôàêòîðîâ ïðè ðåøåíèè çàäà÷ ìåõàíèêè äåôîðìè-
ðóåìîãî òâåðäîãî òåëà.

Ðàçðàáàòûâàåìûé ïðîãðàììíûé ìîäóëü è ðåçóëüòàòû ðàñ÷åòîâ ìîãóò áûòü èñ-
ïîëüçîâàíû ïðè ðàçðàáîòêå îòðàñëåâûõ êîäîâ â ðàçëè÷íûõ îòðàñëÿõ ïðîìûøëåí-
íîñòè.
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