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Äëÿ êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé â ïðèáëèæåíèè ìåëêîé âîäû
äîêàçàíû òåîðåìû î âîçðàñòàíèè ýíòðîïèè è î åäèíñòâåííîñòè êëàññè-
÷åñêîãî ðåøåíèÿ îñíîâíîé íà÷àëüíî�êðàåâîé çàäà÷è.

For quasi�hydrodynamic equations in shallow water approximation the
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Ââåäåíèå

Óðàâíåíèÿ òåîðèè ìåëêîé âîäû áûëè ïðåäëîæåíû â XIX â. ôðàíöóçñêèì ó÷å-
íûì Áàððå äå Ñåí�Âåíàíîì. Äëÿ îäíîìåðíûõ íåñòàöèîíàðíûõ òå÷åíèé òîíêîãî
ñëîÿ æèäêîñòè ñî ñâîáîäíîé ãðàíèöåé íàä ðîâíûì äíîì îíè ïðèâåäåíû â [1] íà
ñ. 569. Óðàâíåíèÿ äèíàìèêè èäåàëüíîé è âÿçêîé æèäêîñòè â ïðèáëèæåíèè ìåë-
êîé âîäû â îäíîìåðíîì è äâóìåðíîì ñëó÷àå ñòàëè ïðåäìåòîì ìíîãî÷èñëåííûõ
òåîðåòè÷åñêèõ è ÷èñëåííûõ èññëåäîâàíèé [2] � [6]. Èíòåðåñ ê ýòîìó íàïðàâëåíèþ
ñâÿçàí, â ÷àñòíîñòè, ñ íåîáõîäèìîñòüþ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ âîëíîâûõ
ÿâëåíèé è ïðîöåññîâ, ïðîèñõîäÿùèõ â ãèäðîòåõíè÷åñêèõ ñîîðóæåíèÿõ.

Â ðàáîòå [7] àâòîðîì áûëà ôåíîìåíîëîãè÷åñêè âûâåäåíà ñèñòåìà óðàâíåíèé
äëÿ îïèñàíèÿ äâèæåíèé ñæèìàåìîé âÿçêîé òåïëîïðîâîäíîé ñðåäû, ïîëó÷èâøàÿ
íàçâàíèå êâàçèãèäðîäèíàìè÷åñêîé (ÊÃÄ). Îíà îòëè÷àëàñü îò ïîëíîé ñèñòåìû
Íàâüå�Ñòîêñà äèâåðãåíòíûìè ÷ëåíàìè, âêëþ÷àþùèìè õàðàêòåðíîå âðåìÿ ðåëàê-
ñàöèè τ . Ôèçè÷åñêèå ïðèíöèïû, ëåæàùèå â îñíîâå ïîäõîäà, èçëîæåíû â [8], [9].
Òåîðåòè÷åñêîìó è ÷èñëåííîìó èññëåäîâàíèþ ïîëíûõ è óïðîùåííûõ ÊÃÄ óðàâíå-
íèé ïîñâÿùåíà îáøèðíàÿ íàó÷íàÿ ëèòåðàòóðà [7] � [15]. Ãëóáîêèé ìàòåìàòè÷åñ-
êèé àíàëèç ïîëíîé ñèñòåìû ÊÃÄ, åå ëèíåàðèçîâàííîãî âàðèàíòà è áàðîòðîïíîãî
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ïðèáëèæåíèÿ ïðîâåäåí À.À. Çëîòíèêîì â [12]. Â ÷àñòíîñòè, äîêàçàíû òåîðåìû î
ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè.

Êâàçèãèäðîäèíàìè÷åñêàÿ ñèñòåìà â ïðèáëèæåíèè ìåëêîé âîäû áûëà âûïèñàíà
âïåðâûå â [16] � [18]. Äîïîëíèòåëüíûå ê óðàâíåíèÿì Ñåí�Âåíàíà ÷ëåíû âûïîëíÿëè
ðîëü èñêóññòâåííûõ ðåãóëÿðèçàòîðîâ, îáåñïå÷èâàþùèõ óñòîé÷èâîñòü è òî÷íîñòü
êîìïüþòåðíûõ âû÷èñëåíèé. Ýòà íîâàÿ ñèñòåìà íóæäàëàñü â òåîðåòè÷åñêîì îáîñ-
íîâàíèè. Â [16] � [18] ðàññìîòðåí òàêæå äðóãîé ñïîñîá ðåãóëÿðèçàöèè óðàâíåíèé
ìåëêîé âîäû. Äèññèïàòèâíûé õàðàêòåð ñîîòâåòñòâóþùèõ óðàâíåíèé äëÿ îäíîìåð-
íûõ íåñòàöèîíàðíûõ òå÷åíèé óñòàíîâëåí íåäàâíî â [19].

Â íàñòîÿùåé ðàáîòå äëÿ ÊÃÄ ñèñòåìû â ïðèáëèæåíèè ìåëêîé âîäû ïîñòàâëåíà
îñíîâíàÿ íà÷àëüíî�êðàåâàÿ çàäà÷à è äîêàçàíà òåîðåìà î âîçðàñòàíèè ýíòðîïèè.
Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ äîêàçàíà òåîðåìà î åäèíñòâåííîñòè êëàññè-
÷åñêîãî ðåøåíèÿ ïðè ïðîèçâîëüíîì âûáîðå ïîñòîÿííûõ ïîëîæèòåëüíûõ ïàðàìåò-
ðîâ. Òàêîé æå ôàêò äëÿ ÊÃÄ ìîäåëè ñëàáîñæèìàåìîé âÿçêîé æèäêîñòè óñòàíîâ-
ëåí íåäàâíî àâòîðîì â [11].

Ýíåðãåòè÷åñêèé ìåòîä ïðèìåíÿëñÿ ðàíåå Å. Ôîà è Ä.Å. Äîëèäçå (ñì. [20], [21])
ïðè äîêàçàòåëüñòâå åäèíñòâåííîñòè ðåøåíèÿ óðàâíåíèé Íàâüå�Ñòîêñà â ñëó÷àå
íåñæèìàåìîé æèäêîñòè. Àíàëîãè÷íûé ðåçóëüòàò äëÿ ñèñòåìû Íàâüå�Ñòîêñà â
áàðîòðîïíîì ïðèáëèæåíèè áûë îïóáëèêîâàí Ä. Ãðàôôè [21]. Äæ. Ñåððèí [22]
ðàçðàáîòàë âàðèàíò ýíåðãåòè÷åñêîãî ìåòîäà äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè
êëàññè÷åñêîãî ðåøåíèÿ ïîëíûõ óðàâíåíèé Íàâüå�Ñòîêñà. Íå ðåøåííûìè îñòàâà-
ëèñü ñëîæíûå ïðîáëåìû ñóùåñòâîâàíèÿ ðåøåíèé. Îáçîðû íåêîòîðûõ ïîëó÷åííûõ
â ýòîì íàïðàâëåíèè ðåçóëüòàòîâ ïðåäñòàâëåíû â [23] � [25].

1. Êâàçèãèäðîäèíàìè÷åñêèå óðàâíåíèÿ â ïðèáëèæåíèè ìåëêîé âîäû.
Ïîñòàíîâêà íà÷àëüíî�êðàåâîé çàäà÷è

Ñèñòåìà êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé â ïðèáëèæåíèè ìåëêîé âîäû ìî-
æåò áûòü çàïèñàíà â ñëåäóþùåì äèâåðãåíòíîì âèäå:

∂h

∂t
+ div (h~u) = div (h~w), (1.1)

∂(h~u)
∂t

+ div (h~u⊗ ~u) + g∇
(h2

2

)
= 2ν div

(
hσ̂(~u)

)
+ div

(
h~w ⊗ ~u + h~u⊗ ~w

)
. (1.2)

Çäåñü
σ̂(~u) = σ̂ =

1
2
[
(∇⊗ ~u) + (∇⊗ ~u)T

]

� òåíçîð ñêîðîñòåé äåôîðìàöèé,

~w = τ
(
(~u · ∇)~u + g∇h

)
.

Êîýôôèöèåíò êèíåìàòè÷åñêîé âÿçêîñòè æèäêîñòè ν è õàðàêòåðíîå âðåìÿ ðåëàê-
ñàöèè τ ñ÷èòàþòñÿ çàäàííûìè ïîëîæèòåëüíûìè êîíñòàíòàìè. Ïàðàìåòð τ îïðå-
äåëÿåòñÿ ïî ôîðìóëå

τ =
ν

c2
s

=
η

ρc2
s

,

ãäå η � êîýôôèöèåíò äèíàìè÷åñêîé âÿçêîñòè, ρ � ïëîòíîñòü æèäêîñòè, cs � èç-
âåñòíàÿ ñêîðîñòü çâóêà â íåé. Ñèñòåìó (1.1) � (1.2) ìîæíî ðàññìàòðèâàòü êàê äëÿ
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îäíîé (n = 1), òàê è äëÿ äâóõ (n = 2) ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Â ñëó÷àå
n = 2 ýòà ñèñòåìà çàìêíóòà îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé � ~u = ~u(x, y, t) è
h = h(x, y, t). Âåêòîð ~u = (ux(x, y, t), uy(x, y, t))=(u1, u2) � óñðåäíåííàÿ ïî âûñîòå
ñêîðîñòü òå÷åíèÿ. Âåëè÷èíà h = h(x, y, t) èíòåðïðåòèðóåòñÿ êàê ðàññòîÿíèå ïî
âåðòèêàëè îò ðîâíîãî äíà âîäîåìà, ðàñïîëîæåííîãî â ïëîñêîñòè xoy, äî ñâîáîäíîé
ïîâåðõíîñòè æèäêîñòè. Ìîäóëü óñêîðåíèÿ ñâîáîäíîãî ïàäåíèÿ g ðàâåí 9.8 · 102

ñì/c2. Ñèìâîëàìè div è ∇ îáîçíà÷åíû äâóìåðíûå îïåðàòîðû äèâåðãåíöèè è ãðà-
äèåíòà. Âëèÿíèå ñèë Êîðèîëèñà íå ó÷èòûâàåòñÿ.

Â ïðåäåëå ïðè cs → +∞ ÊÃÄ ñèñòåìà ïåðåõîäèò â ñèñòåìó Íàâüå�Ñòîêñà â
ïðèáëèæåíèè ìåëêîé âîäû. Óñòðåìëÿÿ â (1.1) � (1.2) ïàðàìåòð ν ê íóëþ, ïîëó÷èì
êëàññè÷åñêèå óðàâíåíèÿ Áàððå äå Ñåí�Âåíàíà â òåîðèè ìåëêîé âîäû. Ñ íåêîòîðû-
ìè îòëè÷èÿìè â âûáîðå äèññèïàòèâíûõ êîýôôèöèåíòîâ ν = ν(h), τ = τ(h) ñèñòåìà
(1.1) � (1.2) áûëà âûïèñàíà â ðàáîòàõ Ò.Ã. Åëèçàðîâîé ñ ñîàâòîðàìè â [16] � [18].
Ïðè ýòîì äîáàâî÷íûå ê óðàâíåíèÿì Ñåí�Âåíàíà ÷ëåíû â ÊÃÄ ñèñòåìå âûïîëíÿëè
ðîëü èñêóññòâåííûõ ðåãóëÿðèçàòîðîâ, íåîáõîäèìûõ äëÿ îáåñïå÷åíèÿ óñòîé÷èâîñòè
è òî÷íîñòè ÷èñëåííîãî ñ÷åòà ïî ïîñòðîåííîìó íà åå îñíîâå âû÷èñëèòåëüíîìó àë-
ãîðèòìó.

Ïóñòü V � îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü â åâêëèäîâîì ïðîñòðàíñòâå R2
x,y

ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂V , V = V ∪ ∂V � åå çàìûêàíèå, ~n = ~n(x, y) � âåêòîð
âíåøíåé åäèíè÷íîé íîðìàëè ê ∂V â òî÷êå (x, y) ∈ ∂V , Q = V × [0, T ] � îãðàíè-
÷åííûé öèëèíäð â R2

x,y × Rt, Q = V × [0, T ] � åãî çàìûêàíèå, T � ôèêñèðîâàííîå
ïîëîæèòåëüíîå ÷èñëî. Ïàðàìåòð t ∈ [0, T ] èíòåðïðåòèðóåòñÿ êàê âðåìÿ. Äîáàâèì
ê ñèñòåìå (1.1) � (1.2) íà÷àëüíûå óñëîâèÿ

~u
∣∣∣
t=0

= ~u0(x, y), h
∣∣∣
t=0

= h0(x, y), (x, y) ∈ V , (1.3)

à òàêæå ãðàíè÷íûå óñëîâèÿ

~u
∣∣∣
∂V

= ~0, (~w · ~n)
∣∣∣
∂V

= 0, t ∈ [0, T ], (1.4)

âûðàæàþùèå ñâîéñòâî ïðèëèïàíèÿ æèäêîñòè ê ãðàíèöå ∂V è îòñóòñòâèå åå ïîòîêà
÷åðåç ∂V . Çäåñü ~u0(x, y) è h0(x, y) � çàäàííûå ôóíêöèè.

Ââåäåì äëÿ óäîáñòâà âåêòîð ~x = (x, y) = (x1, x2). Ñèìâîëîì C2α,α
~x, t (Q), ãäå α

� íàòóðàëüíîå ÷èñëî, îáîçíà÷èì êëàññ íåïðåðûâíûõ â Q ôóíêöèé f = f(~x, t),
èìåþùèõ íåïðåðûâíûå â Q ÷àñòíûå ïðîèçâîäíûå

∂α1+α2+βf

∂xα1
1 ∂xα2

2 ∂tβ

äëÿ ëþáûõ öåëûõ è íåîòðèöàòåëüíûõ ÷èñåë α1, α2, è β, ïîä÷èíÿþùèõñÿ íåðàâåí-
ñòâó α1 + α2 + 2β 6 2α. Ìíîæåñòâî C2α,α

~x, t (Q) ñîñòîèò èç âåêòîð�ôóíêöèé ~f =
~f(~x, t) = (f1(~x, t), f2(~x, t)), êàæäàÿ êîìïîíåíòà fi êîòîðûõ ïðèíàäëåæèò C2α,α

~x, t (Q).

Îïðåäåëåíèå. Ðåøåíèåì (â êëàññè÷åñêîì ñìûñëå) íà÷àëüíî�êðàåâîé çàäà÷è
(1.1)− (1.4) íàçîâåì ôóíêöèþ ~u = ~u(x, y, t) ∈ C2,1

~x,t(Q) ∩C1(Q) è ïîëîæèòåëüíóþ
â Q ôóíêöèþ h = h(x, y, t) ∈ C2,1

~x,t (Q) ∩ C1(Q), êîòîðûå óäîâëåòâîðÿþò ïðè âñåõ
(x, y, t) ∈ Q óðàâíåíèÿì (1.1)− (1.2), à òàêæå óñëîâèÿì (1.3)− (1.4).
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2. Îñíîâíîå ýíåðãåòè÷åñêîå ðàâåíñòâî. Âîçðàñòàíèå ýíòðîïèè

Ïîêàæåì, ÷òî ÊÃÄ ñèñòåìà â ïðèáëèæåíèè ìåëêîé âîäû ÿâëÿåòñÿ äèññèïàòèâ-
íîé è äëÿ íåå ñïðàâåäëèâî ñâîéñòâî âîçðàñòàíèÿ ñïåöèôè÷åñêîé ýíòðîïèè. Ïðåä-
ñòàâèì óðàâíåíèå (1.2) â íåäèâåðãåíòíîé ôîðìå

h
∂~u

∂t
+ h(~u− ~w) · ∇~u + gh∇h = 2ν div (hσ̂(~u)) + div (h~u⊗ ~w). (2.1)

Óìíîæèì ñêàëÿðíî îáå ÷àñòè ðàâåíñòâà (2.2) íà ~u. Áóäåì èìåòü

h~u · ∂~u

∂t
+ h~u · ((~u− ~w) · ∇)

~u + gh(~u · ∇)h =

= 2ν ~u · div (hσ̂) + ~u · div (h~u⊗ ~w). (2.2)

Ïðåîáðàçóåì ïîñëåäîâàòåëüíî âñå ÷ëåíû, âõîäÿùèå â (2.2):

h~u · ∂~u

∂t
=

h

2
∂

∂t
(~u · ~u) = h

∂

∂t

(~u2

2

)
, (2.3)

h~u · ((~u− ~w) · ∇)
~u = h

2∑

i=1

ui

2∑

j=1

(uj − wj)
∂ui

∂xj
=

= h

2∑

j=1

(uj − wj)
2∑

i=1

∂

∂xj

(u2
i

2

)
=

= h

2∑

j=1

(uj − wj)
∂

∂xj

2∑

i=1

(u2
i

2

)
= h

(
(~u− ~w) · ∇)(~u2

2

)
, (2.4)

gh(~u · ∇)h = gh
(
(~u− ~w) · ∇)

h + gh(~w · ∇)h, (2.5)

2ν ~u · div (hσ̂) = 2ν

2∑

i=1

ui

2∑

j=1

∂(hσij)
∂xj

= 2ν

2∑

i,j=1

ui
∂(hσij)

∂xj
=

= 2ν

2∑

i,j=1

∂

∂xj
(hσijui)− 2νh

2∑

i,j=1

σij
∂ui

∂xj
=

= 2ν

2∑

j=1

∂

∂xj

(
h

2∑

i=1

σijui

)
− νh

2∑

i,j=1

σij

( ∂ui

∂xj
+

∂uj

∂xi

)
=

= 2ν div
(
hσ̂ · ~u)− 2νh

(
σ̂ : σ̂

)
, (2.6)
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~u · div (h~u⊗ ~w) =
2∑

i=1

ui

2∑

j=1

∂(hujwi)
∂xj

=

=
2∑

i,j=1

∂

∂xj
(hujwiui)− h

2∑

i,j=1

wiuj
∂ui

∂xj
=

=
2∑

j=1

∂

∂xj

(
huj

2∑

i=1

(wiui)
)
− h

2∑

i=1

wi

2∑

j=1

uj
∂ui

∂xj
=

= div
(
h~u(~w · ~u)

)− h~w · (~u · ∇)~u. (2.7)

Çäåñü
(
σ̂ : σ̂

)
=

2∑

i,j=1

σ2
ij =

1
4

2∑

i,j=1

( ∂ui

∂xj
+

∂uj

∂xi

)2

� äâîéíîå ñêàëÿðíîå ïðîèçâåäåíèå îäèíàêîâûõ òåíçîðîâ. Ïðè ïðîâåäåíèè âû÷èñ-
ëåíèé ó÷òåíà ñèììåòðè÷íîñòü ìàòðèöû σij . Ïîäñòàíîâêà (2.3) � (2.7) â (2.2) äàåò

h
∂

∂t

(~u2

2

)
+ h

(
(~u− ~w) · ∇)(~u2

2

)
− div

[
2νh

(
σ̂ · ~u)

+ h~u(~w · ~u)
]
+

+gh
(
(~u− ~w) · ∇)

h = −2νh
(
σ̂ : σ̂

)− h~w · ((~u · ∇)~u + g∇h
)
. (2.8)

Ïðèíèìàÿ âî âíèìàíèå (1.1) è âñïîìèíàÿ, ÷òî

~w = τ
(
(~u · ∇)~u + g∇h

)
,

çàïèøåì (2.8) â ýêâèâàëåíòíîì âèäå

∂

∂t

(
h

~u2

2

)
+ div

[
h(~u− ~w)

(~u2

2

)
− 2νh

(
σ̂ · ~u)− h~u(~w · ~u)

]
+

+gh
(
(~u− ~w) · ∇)

h = −Φ. (2.9)

Çäåñü
Φ = 2νh

(
σ̂ : σ̂

)
+ h

~w2

τ
(2.10)

� íåîòðèöàòåëüíûé äèññèïàòèâíûé ôóíêöèîíàë.
Óìíîæèì òåïåðü óðàâíåíèå (1.1) íà âåëè÷èíó gh è ïðåîáðàçóåì ðåçóëüòàò ê

âèäó
∂

∂t

(
g
h2

2

)
+ div

[
gh2(~u− ~w)

]− gh
(
(~u− ~w) · ∇)

h = 0. (2.11)

Ñêëàäûâàÿ (2.9) è (2.11), âûâîäèì îñíîâíîå ýíåðãåòè÷åñêîå ðàâåíñòâî

∂

∂t

(
h

~u2

2
+ g

h2

2

)
+ div

[
h(~u− ~w)

(~u2

2
+ gh

)
− 2νh

(
σ̂ · ~u)− h~u(~w · ~u)

]
= −Φ, (2.12)

êîòîðîå âûïîëíÿåòñÿ íà ðåøåíèÿõ ñèñòåìû (1.1) � (1.2).
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Äëÿ ëþáîãî t ∈ [0, T ] íà ðåøåíèè ïîñòàâëåííîé íà÷àëüíî�êðàåâîé çàäà÷è îïðå-
äåëèì ñâÿçàííóþ ñ óêàçàííîé ñèñòåìîé ýíòðîïèþ

S(t) = −1
2

∫

V

(
h~u2 + gh2

)
dV. (2.13)

Çäåñü dV = dxdy � ýëåìåíò ïëîùàäè. Ñïðàâåäëèâà

Òåîðåìà 1. Ïóñòü ~u = ~u(x, y, t), h = h(x, y, t) � êëàññè÷åñêîå ðåøåíèå íà÷àëü-
íî-êðàåâîé çàäà÷è (1.1) − (1.4). Òîãäà ýíòðîïèÿ S(t) ÿâëÿåòñÿ ôóíêöèåé êëàññà
C1([0, T ]) è ïðè êàæäîì t ∈ [0, T ] âûïîëíÿåòñÿ íåðàâåíñòâî

dS(t)
dt

> 0. (2.14)

Äîêàçàòåëüñòâî. Ïóñòü (~u, h) � ðåøåíèå ïîñòàâëåííîé íà÷àëüíî�êðàåâîé çà-
äà÷è. Ïîäñòàâèì åãî â (2.12) è ïðîèíòåãðèðóåì ïîëó÷åííîå ðàâåíñòâî ïî îáëàñòè
V . Âîñïîëüçîâàâøèñü ïðàâèëîì Ëåéáíèöà, ôîðìóëîé Ãàóññà�Îñòðîãðàäñêîãî (ñì.,
íàïðèìåð, [10]) è îïðåäåëåíèåì (2.13), áóäåì èìåòü áóäåì èìåòü

dS(t)
dt

+
∮

γ

( ~A · ~n) dl =
∫

V

Φ dV.

Ñèìâîëîì γ îáîçíà÷åíà ãðàíèöà îáëàñòè ∂V , dl � ýëåìåíò äëèíû êðèâîé γ. Âåê-
òîðíîå ïîëå ~A âû÷èñëÿåòñÿ ïî ôîðìóëå

~A = 2νh
(
σ̂ · ~u)

+ h~u(~w · ~u)− h(~u− ~w)
(~u2

2
+ gh

)
.

Êðîìå òîãî, S(t) ∈ C1([0, T ]). Â ñèëó êðàåâûõ óñëîâèé (1.4) êðèâîëèíåéíûé èíòå-
ãðàë ∮

γ

( ~A · ~n) dl

îáðàùàåòñÿ â íóëü è ñïðàâåäëèâî ñîîòíîøåíèå

dS(t)
dt

=
∫

V

Φ dV. (2.15)

Íåðàâåíñòâî (2.14) âûòåêàåò èç (2.15), åñëè ïðèíÿòü âî âíèìàíèå íåîòðèöàòåëü-
íîñòü Φ. ¥

Ñëåäñòâèå. Ýíòðîïèÿ S(t) âîçðàñòàåò íà ïðîìåæóòêå [0, T ].

Çàìåòèì, ÷òî íåðàâåíñòâî (2.14) âûïîëíÿåòñÿ è íà ðåøåíèÿõ àíàëîãè÷íî ïîñ-
òàâëåííîé çàäà÷è äëÿ óðàâíåíèé Íàâüå�Ñòîêñà â ïðèáëèæåíèè ìåëêîé âîäû.
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3. Åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ

Èçó÷èì âîïðîñ î åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ ïîñòàâëåííîé íà÷àëü-
íî�êðàåâîé çàäà÷è, èñõîäÿ èç ïðåäïîëîæåíèÿ î òîì, ÷òî ïðè íåêîòîðûõ ~u0(x, y),
h0(x, y) îíî ñóùåñòâóåò. Ñïðàâåäëèâà

Òåîðåìà 2. Êëàññè÷åñêîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è (1.1)− (1.4) ÿâëÿ-
åòñÿ åäèíñòâåííûì ïðè ëþáîì âûáîðå ïîëîæèòåëüíûõ ïàðàìåòðîâ ν è τ .

Äîêàçàòåëüñòâî. Äîïóñòèì, ÷òî íàðÿäó ñ (~u, h) ñóùåñòâóåò äðóãîå ðåøåíèå
(~u1, h1) çàäà÷è (1.1) � (1.4). Òîãäà

∂h1

∂t
+ div (h1~u1) = div (h1 ~w1), (3.1)

∂(h1~u1)
∂t

+ div (h1~u1 ⊗ ~u1) + g∇
(h2

1

2

)
=

+2ν div
(
h1σ̂(~u1)

)
+ div

(
h1 ~w1 ⊗ ~u1 + h1~u1 ⊗ ~w1

)
, (3.2)

~u1

∣∣∣
t=0

= ~u0(x, y), h1

∣∣∣
t=0

= h0(x, y), (x, y) ∈ V , (3.3)

~u1

∣∣∣
∂V

= ~0, (~w1 · ~n)
∣∣∣
∂V

= 0, t ∈ [0, T ]. (3.4)

Çäåñü

σ̂(~u1) =
1
2
[
(∇⊗ ~u1) + (∇⊗ ~u1)T

]
, ~w1 = τ

(
(~u1 · ∇)~u1 + g∇h1

)
.

Ïðèíèìàÿ âî âíèìàíèå (3.1), ïðåäñòàâèì (3.2) â íåäèâåðãåíòíîì âèäå

h1
∂~u1

∂t
+ h1(~u1 − ~w1) · ∇~u1 + gh1∇h1 = 2ν div (h1σ̂(~u1)) + div (h1~u1 ⊗ ~w1). (3.5)

Ïóñòü
δ~u = ~u1 − ~u, δh = h1 − h. (3.6)

Âû÷òåì èç (3.1), (3.5), (3.3), (3.4) ñîîòâåòñòâåííî ðàâåíñòâà (1.1), (2.1), (1.3), (1.4).
Ñ ó÷åòîì îáîçíà÷åíèé (3.6) áóäåì èìåòü

∂δh

∂t
+ div

[
(h + δh)(δ~u− δ ~w) + δh(~u− ~w)

]
= 0, (3.7)

h
∂δ~u

∂t
+ δh

∂(~u + δ~u)
∂t

+ h(~u− ~w) · ∇δ~u+

+δh
(
~u− ~w + (δ~u− δ ~w)

) · ∇(~u + δ~u) + h(δ~u− δ ~w) · ∇(~u + δ~u)+

+g(h + δh)∇δh + gδh∇h = 2ν div
[
(h + δh)σ̂(δ~u) + δhσ̂(~u)

]
+

+div
[
h~u⊗ δ ~w + δ(h~u)⊗ δ ~w + δ(h~u)⊗ ~w

]
, (3.8)
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δ~u
∣∣∣
t=0

= ~0, δh
∣∣∣
t=0

= 0, (x, y) ∈ V , (3.9)

δ~u
∣∣∣
∂V

= ~0, (δ ~w · ~n)
∣∣∣
∂V

= 0, t ∈ [0, T ]. (3.10)

Çäåñü èñïîëüçîâàíû îáîçíà÷åíèÿ

δ(h~u) = (h + δh)δ~u + δh~u, σ̂(δ~u) =
1
2
[
(∇⊗ δ~u) + (∇⊗ δ~u)T

]
,

δ ~w = τ
[
(δ~u · ∇)δ~u + (~u · ∇)δ~u + (δ~u · ∇)~u + g∇δh

]
. (3.11)

Óìíîæèì ñêàëÿðíî îáå ÷àñòè ðàâåíñòâà (3.8) íà âåêòîð δ~u, à çàòåì ïðåîáðàçóåì
ðåçóëüòàò ê âèäó

hδ~u · ∂δ~u

∂t
+ hδ~u · (~u− ~w) · ∇δ~u + δh(δ~u · ~B)+

+hδ~u · ((δ~u− δ ~w) · ∇)
(~u + δ~u) + g(h + δh)(δ~u · ∇)δh =

= 2νδ~u · div((h + δh)σ̂(δ~u)
)

+ 2νδ~u · div(δhσ̂(~u)
)
+

+δ~u · div((h + δh)~u⊗ δ ~w
)

+ δ~u · div((h + δh)δ~u⊗ δ ~w
)
+

+δ~u · div((h + δh)δ~u⊗ ~w
)

+ δ~u · div(δh~u⊗ ~w
)
, (3.12)

ãäå
~B =

∂(~u + δ~u)
∂t

+
(
~u− ~w + (δ~u− δ ~w)

) · ∇(~u + δ~u) + g∇h.

Ñïðàâåäëèâû ðàâåíñòâà

hδ~u · ∂δ~u

∂t
=

h

2
∂

∂t
(δ~u · δ~u) = h

∂

∂t

(δ~u2

2

)
, (3.13)

hδ~u · ((~u− ~w) · ∇)
δ~u = h

2∑

i=1

δui

2∑

j=1

(uj − wj)
∂δui

∂xj
=

= h

2∑

j=1

(uj − wj)
2∑

i=1

∂

∂xj

(δu2
i

2

)
=

= h

2∑

j=1

(uj − wj)
∂

∂xj

2∑

i=1

(δu2
i

2

)
= h

(
(~u− ~w) · ∇)(δ~u2

2

)
, (3.14)

2ν δ~u · div((h + δh)σ̂(δ~u)
)

= 2ν

2∑

i=1

δui

2∑

j=1

∂

∂xj

(
(h + δh)σij(δ~u)

)
=

= 2ν

2∑

i,j=1

δui
∂

∂xj

(
(h + δh)σij(δ~u)

)
= 2ν

2∑

i,j=1

∂

∂xj

(
(h + δh)σij

(
δ~u)δui

)
−



ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÐÅØÅÍÈß ÊÂÀÇÈÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÈÕ... 15

−2ν(h + δh)
2∑

i,j=1

σij(δ~u)
∂δui

∂xj
= 2ν

2∑

j=1

∂

∂xj

(
(h + δh)

2∑

i=1

σij(δ~u)δui

)
−

−ν(h + δh)
2∑

i,j=1

σij(δ~u)
(∂δui

∂xj
+

∂δuj

∂xi

)
= 2ν div

[
(h + δh)

(
σ̂(δ~u) · δ~u)]−

−2ν(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
, (3.15)

2ν δ~u · div(δhσ̂(~u)
)

= 2ν

2∑

i=1

δui

2∑

j=1

∂

∂xj

(
δhσij(~u)

)
=

= 2ν

2∑

i,j=1

δui
∂

∂xj

(
δhσij(~u)

)
= 2ν

2∑

i,j=1

∂

∂xj

(
δhσij

(
~u)δui

)
−

−2νδh

2∑

i,j=1

σij(~u)
∂δui

∂xj
= 2ν div

[
δh

(
σ̂(~u) · δ~u)]− 2ν δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
, (3.16)

δ~u · div
(
(h + δh)~u⊗ δ ~w

)
=

2∑

i=1

δui

2∑

j=1

∂

∂xj

(
(h + δh)ujδwi

)
=

=
2∑

i,j=1

∂

∂xj

(
(h + δh)ujδwiδui

)− (h + δh)
2∑

i,j=1

δwiuj
∂δui

∂xj
=

=
2∑

j=1

∂

∂xj

(
(h + δh)uj

2∑

i=1

(δwiδui)
)
− (h + δh)

2∑

i=1

δwi

2∑

j=1

uj
∂δui

∂xj
=

= div
(
(h + δh)~u(δ ~w · δ~u)

)− (h + δh)δ ~w · (~u · ∇)δ~u, (3.17)

δ~u · div
(
(h + δh)δ~u⊗ δ ~w

)
=

2∑

i=1

δui

2∑

j=1

∂

∂xj

(
(h + δh)δujδwi

)
=

=
2∑

i,j=1

∂

∂xj

(
(h + δh)δujδwiδui

)− (h + δh)
2∑

i,j=1

δwiδuj
∂δui

∂xj
=

=
2∑

j=1

∂

∂xj

(
(h + δh)δuj

2∑

i=1

(δwiδui)
)
− (h + δh)

2∑

i=1

δwi

2∑

j=1

δuj
∂δui

∂xj
=

= div
(
(h + δh)δ~u(δ ~w · δ~u)

)− (h + δh)δ ~w · (δ~u · ∇)δ~u, (3.18)
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δ~u · div
(
(h + δh)δ~u⊗ ~w

)
=

2∑

i=1

δui

2∑

j=1

∂

∂xj

(
(h + δh)δujwi

)
=

=
2∑

i,j=1

∂

∂xj

(
(h + δh)δujwiδui

)− (h + δh)
2∑

i,j=1

wiδuj
∂δui

∂xj
=

=
2∑

j=1

∂

∂xj

(
(h + δh)δuj

2∑

i=1

(wiδui)
)
− (h + δh)

2∑

i=1

wi

2∑

j=1

δuj
∂δui

∂xj
=

= div
(
(h + δh)δ~u(~w · δ~u)

)− (h + δh)~w · (δ~u · ∇)δ~u, (3.19)

δ~u · div
(
δh~u⊗ ~w

)
=

2∑

i=1

δui

2∑

j=1

∂

∂xj

(
δhujwi

)
=

=
2∑

i,j=1

∂

∂xj

(
δhujwiδui

)− δh

2∑

i,j=1

wiuj
∂δui

∂xj
=

=
2∑

j=1

∂

∂xj

(
δhuj

2∑

i=1

(wiδui)
)
− δh

2∑

i=1

wi

2∑

j=1

uj
∂δui

∂xj
=

= div
(
δh~u(~w · δ~u)

)− δh~w · (~u · ∇)δ~u. (3.20)

Â (3.15) ó÷òåíà ñèììåòðè÷íîñòü ìàòðèöû σij(δ~u). Ïîäñòàíîâêà (3.13) � (3.20) â
(3.12) äàåò

h
∂

∂t

(δ~u2

2

)
+ h

(
(~u− ~w) · ∇)(δ~u2

2

)
−

−div
[
2ν(h + δh)

(
σ̂(δ~u) · δ~u)

+ 2νδh
(
σ̂(~u) · δ~u)

+

+(h + δh)(~u + δ~u)(δ ~w · δ~u)
)

+ δ(h~u)(~w · δ~u)
]
+

+2ν(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
+ (h + δh)δ ~w · [(δ~u · ∇)δ~u + (~u · ∇)δ~u

]
+

+g(h + δh)(δ~u · ∇)δh = −hδ~u · (δ~u · ∇)
(~u + δ~u)+

+hδ~u · (δ ~w · ∇)
(~u + δ~u)− (h + δh)~w · (δ~u · ∇)δ~u−

−2ν δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
− δh(δ~u · ~B)− δh ~w · (~u · ∇)δ~u. (3.21)

Çäåñü
(
σ̂(δ~u) : σ̂(δ~u)

)
=

2∑

i,j=1

σ2
ij(δ~u)
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� äâîéíîå ñêàëÿðíîå ïðîèçâåäåíèå îäèíàêîâûõ òåíçîðîâ. Ïðåîáðàçóåì (3.21) ê ýê-
âèâàëåíòíîìó âèäó

h
∂

∂t

(δ~u2

2

)
+ h

(
(~u− ~w) · ∇)(δ~u2

2

)
−

−div
[
2ν(h + δh)

(
σ̂(δ~u) · δ~u)

+ 2νδh
(
σ̂(~u) · δ~u)

+

+(h + δh)(~u + δ~u)(δ ~w · δ~u)
)

+ δ(h~u)(~w · δ~u)
]
+

+2ν(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
+

+(h + δh)δ ~w · [(δ~u · ∇)δ~u + (δ~u · ∇)~u + (~u · ∇)δ~u + g∇δh
]
+

+g(h + δh)(δ~u− δ ~w) · ∇δh = −hδ~u · (δ~u · ∇)
(~u + δ~u)+

+hδ~u · (δ ~w · ∇)
(~u + δ~u) + (h + δh)δ ~w · (δ~u · ∇)

~u−

−(h + δh)~w · (δ~u · ∇)δ~u− 2ν δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
−

−δh(δ~u · ~B)− δh ~w · (~u · ∇)δ~u. (3.22)

Ïðèíèìàÿ âî âíèìàíèå (1.1) è (3.11), èç (3.22) íàõîäèì

∂

∂t

(
h

δ~u2

2

)
+ div

[
h
(
~u− ~w)

(δ~u2

2

)
− 2ν(h + δh)

(
σ̂(δ~u) · δ~u)−

−2νδh
(
σ̂(~u) · δ~u)− (h + δh)(~u + δ~u)(δ ~w · δ~u)

)− δ(h~u)(~w · δ~u)
]
+

+2ν(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
+ (h + δh)

δ ~w2

τ
+

+g(h + δh)(δ~u− δ ~w) · ∇δh = −hδ~u · (δ~u · ∇)
(~u + δ~u)+

+hδ~u · (δ ~w · ∇)
(~u + δ~u) + (h + δh)δ ~w · (δ~u · ∇)

~u−

−(h + δh)~w · (δ~u · ∇)δ~u− 2ν δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
−

−δh(δ~u · ~B)− δh ~w · (~u · ∇)δ~u. (3.23)

Óìíîæèì òåïåðü íà gδh ðàâåíñòâî (3.7). Ïîñëå ïðåîáðàçîâàíèé áóäåì èìåòü

∂

∂t

(
g
δh2

2

)
+ div

[
g
δh2

2
(~u− ~w) + gδh(h + δh)(δ~u− δ ~w)

]
−

−g(h + δh)(δ~u− δ ~w) · ∇δh + g
δh2

2
div(~u− ~w) = 0. (3.24)

Èç (1.1) ïîëó÷àåì

div(~u− ~w) = − 1
h

(∂h

∂t
+ (~u− ~w) · ∇h

)
. (3.25)
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Êîìáèíàöèÿ (3.24) è (3.25) äàåò

∂

∂t

(
g
δh2

2

)
+ div

[
g
δh2

2
(~u− ~w) + gδh(h + δh)(δ~u− δ ~w)

]
−

−g(h + δh)(δ~u− δ ~w) · ∇δh =
g

2h
δh2

(∂h

∂t
+ (~u− ~w) · ∇h

)
. (3.26)

Ñêëàäûâàÿ (3.23) è (3.26), ïîëó÷èì

∂

∂t

(
h

δ~u2

2
+ g

δh2

2

)
+ div ~Aδ+

+2ν(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
+ (h + δh)

δ ~w2

τ
=

= −hδ~u · (δ~u · ∇)
(~u + δ~u) + hδ~u · (δ ~w · ∇)

(~u + δ~u) + (h + δh)δ ~w · (δ~u · ∇)
~u−

−(h + δh)~w · (δ~u · ∇)δ~u− 2ν δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
−

−δh(δ~u · ~B)− δh ~w · (~u · ∇)δ~u +
g

2h
δh2

(∂h

∂t
+ (~u− ~w) · ∇h

)
, (3.27)

ãäå
~Aδ =

(
~u− ~w)

(
h

δ~u2

2
+ g

δh2

2

)
+ gδh(h + δh)(δ~u− δ ~w)−

−2ν(h + δh)
(
σ̂(δ~u) · δ~u)− 2νδh

(
σ̂(~u) · δ~u)−

−(h + δh)(~u + δ~u)(δ ~w · δ~u)
)− δ(h~u)(~w · δ~u).

Ïðîèíòåãðèðóåì (3.27) ïî îáëàñòè V :
∫

V

∂

∂t

(
h

δ~u2

2
+ g

δh2

2

)
dV +

∫

V

div ~Aδ dV +

+2ν

∫

V

(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
dV +

1
τ

∫

V

(h + δh)δ ~w2 dV =

= −
∫

V

hδ~u · (δ~u · ∇)
(~u + δ~u) dV +

∫

V

hδ~u · (δ ~w · ∇)
(~u + δ~u) dV +

+
∫

V

(h + δh)δ ~w · (δ~u · ∇)
~u dV −

∫

V

(h + δh)~w · (δ~u · ∇)δ~u dV−

−2ν

∫

V

δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
dV −

∫

V

δh(δ~u · ~B) dV−

−
∫

V

δh ~w · (~u · ∇)δ~u dV +
g

2

∫

V

δh2

h

(∂h

∂t
+ (~u− ~w) · ∇h

)
dV. (3.28)
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Ïðåîáðàçóåì ëåâóþ ÷àñòü (3.28), èñïîëüçóÿ ïðàâèëî Ëåéáíèöà è ôîðìóëó Ãàóññà�
Îñòðîãðàäñêîãî:

d

dt

∫

V

(
h

δ~u2

2
+ g

δh2

2

)
dV +

∮

γ

( ~Aδ · ~n) dl+

+2ν

∫

V

(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
dV +

1
τ

∫

V

(h + δh)δ ~w2 dV =

= −
∫

V

hδ~u · (δ~u · ∇)
(~u + δ~u) dV +

∫

V

hδ~u · (δ ~w · ∇)
(~u + δ~u) dV +

+
∫

V

(h + δh)δ ~w · (δ~u · ∇)
~u dV −

∫

V

(h + δh)~w · (δ~u · ∇)δ~u dV−

−2ν

∫

V

δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
dV −

∫

V

δh(δ~u · ~B) dV−

−
∫

V

δh ~w · (~u · ∇)δ~u dV +
g

2

∫

V

δh2

h

(∂h

∂t
+ (~u− ~w) · ∇h

)
dV. (3.29)

Â ñèëó êðàåâûõ óñëîâèé (1.4), (3.10) è ñâîéñòâ ãëàäêîñòè ïîëåé (~u, h) è (δ~u, δh)
êðèâîëèíåéíûé èíòåãðàë ∮

γ

( ~Aδ · ~n) dl

ðàâåí íóëþ. Ñ ó÷åòîì ýòîãî ôàêòà èç (3.29) âûâîäèì íåðàâåíñòâî

d

dt

∫

V

(
h

δ~u2

2
+ g

δh2

2

)
dV +

+2ν

∫

V

(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
dV +

1
τ

∫

V

(h + δh)δ ~w2 dV 6

6
∣∣∣
∫

V

hδ~u · (δ~u · ∇)
(~u + δ~u) dV

∣∣∣ +
∣∣∣
∫

V

hδ~u · (δ ~w · ∇)
(~u + δ~u) dV

∣∣∣+

+
∣∣∣
∫

V

(h + δh)δ ~w · (δ~u · ∇)
~u dV

∣∣∣ +
∣∣∣
∫

V

(h + δh)~w · (δ~u · ∇)δ~u dV
∣∣∣+

+2ν
∣∣∣
∫

V

δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
dV

∣∣∣ +
∣∣∣
∫

V

δh ~w · (~u · ∇)δ~u dV
∣∣∣+

+
∣∣∣
∫

V

δh(δ~u · ~B) dV
∣∣∣ +

g

2

∣∣∣
∫

V

δh2

h

(∂h

∂t
+ (~u− ~w) · ∇h

)
dV

∣∣∣. (3.30)

Îíî ñïðàâåäëèâî ïðè ëþáîì t ∈ [0, T ].



20 ØÅÐÅÒÎÂ Þ.Â.

Íà ñëåäóþùåì øàãå ïîñëåäîâàòåëüíî îöåíèì ñâåðõó âñå ÷ëåíû â ïðàâîé ÷àñòè
(3.30). Ñîãëàñíî òåîðåìå Âåéåðøòðàññà ëþáàÿ îïðåäåëåííàÿ è íåïðåðûâíàÿ íà
çàìêíóòîì îãðàíè÷åííîì ìíîæåñòâå Q ôóíêöèÿ îãðàíè÷åíà. Âîñïîëüçîâàâøèñü
ýòîé òåîðåìîé è ñâîéñòâàìè ãëàäêîñòè ðåøåíèÿ (~u, h), óáåæäàåìñÿ â ñóùåñòâî-
âàíèè òàêèõ ïîëîæèòåëüíûõ ïîñòîÿííûõ hmin, hmax, M1, M2, M3, M4, M5, ÷òî
âûïîëíÿþòñÿ íåðàâåíñòâà

hmin 6 h 6 hmax, hmin 6 h + δh 6 hmax, (3.31)

max
i,j=1,2

max
(~x,t)∈Q

∣∣∣ ∂ui

∂xj

∣∣∣ 6 M1, max
i,j=1,2

max
(~x,t)∈Q

∣∣∣∂(ui + δui)
∂xj

∣∣∣ 6 M1, (3.32)

1√
ghmax

max
i=1,2

max
(~x,t)∈Q

∣∣Bi

∣∣ 6 M2, (3.33)

1√
ghmax

max
i=1,2

max
(~x,t)∈Q

∣∣∣
2∑

j=1

uj
∂ui

∂xj
+ g

∂h

∂xi

∣∣∣ 6 M3, (3.34)

1
ghmax

max
i,j=1,2

max
(~x,t)∈Q

∣∣∣
( 2∑

k=1

uk
∂ui

∂xk
+ g

∂h

∂xi

)
uj

∣∣∣ 6 M4, (3.35)

max
(~x,t)∈Q

∣∣∣ 1
h

(∂h

∂t
+ (~u− ~w) · ∇h

)∣∣∣ 6 M5. (3.36)

Ïðèíèìàÿ âî âíèìàíèå (3.31) � (3.36), èìååì

∣∣∣
∫

V

hδ~u · (δ~u · ∇)
(~u + δ~u) dV

∣∣∣ 6
∫

V

h
∣∣∣

2∑

i,j=1

δuiδuj
∂(ui + δui)

∂xj

∣∣∣ dV 6

6 hmax

∫

V

2∑

i,j=1

|δui||δuj |
∣∣∣∂(ui + δui)

∂xj

∣∣∣ dV 6 M1hmax

∫

V

2∑

i,j=1

|δui||δuj | dV 6

6 M1hmax

2

∫

V

2∑

i,j=1

(
δu2

i + δu2
j

)
dV = 4M1hmax

∫

V

δ~u2

2
dV, (3.37)

∣∣∣
∫

V

hδ~u · (δ ~w · ∇)
(~u + δ~u) dV

∣∣∣ 6
∫

V

h
∣∣∣

2∑

i,j=1

δuiδwj
∂(ui + δui)

∂xj

∣∣∣ dV 6

6 hmax

∫

V

2∑

i,j=1

|δui||δwj |
∣∣∣∂(ui + δui)

∂xj

∣∣∣ dV 6

6 M1hmax

∫

V

2∑

i,j=1

|δui||δwj | dV 6 M1hmax

2

∫

V

2∑

i,j=1

(δu2
i

ε1
+ ε1δw

2
j

)
dV =
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=
2M1hmax

ε1

∫

V

δ~u2

2
dV + M1ε1hmax

∫

V

δ ~w2 dV, (3.38)

∣∣∣
∫

V

(h + δh)δ ~w · (δ~u · ∇)
~u dV

∣∣∣ 6
∫

V

(h + δh)
∣∣∣

2∑

i,j=1

δwiδuj
∂ui

∂xj

∣∣∣ dV 6

6 hmax

∫

V

2∑

i,j=1

|δwi||δuj |
∣∣∣ ∂ui

∂xj

∣∣∣ dV 6 M1hmax

∫

V

2∑

i,j=1

|δuj ||δwi| dV 6

6 M1hmax

2

∫

V

2∑

i,j=1

(δu2
j

ε1
+ ε1δw

2
i

)
dV =

=
2M1hmax

ε1

∫

V

δ~u2

2
dV + M1ε1hmax

∫

V

δ ~w2 dV, (3.39)

∣∣∣
∫

V

(h + δh)~w · (δ~u · ∇)δ~u dV
∣∣∣ 6

∫

V

(h + δh)
∣∣∣

2∑

i,j=1

wiδuj
∂δui

∂xj

∣∣∣ dV 6

6 hmax

∫

V

2∑

i,j=1

|wi||δuj |
∣∣∣∂δui

∂xj

∣∣∣ dV 6 τM3hmax

√
ghmax

∫

V

2∑

i,j=1

|δuj |
∣∣∣∂δui

∂xj

∣∣∣ dV 6

6 M3

2

∫

V

2∑

i,j=1

[
hmax

δu2
j

ε2
+ τ2gh2

maxε2

(∂δui

∂xj

)2]
dV =

=
2M3hmax

ε2

∫

V

δ~u2

2
dV +

M3τ
2gh2

maxε2

2

∫

V

2∑

i,j=1

(∂δui

∂xj

)2

dV, (3.40)

2ν
∣∣∣
∫

V

δh

2∑

i,j=1

σij(~u)
∂δui

∂xj
dV

∣∣∣ 6 2ν

∫

V

|δh|
∣∣∣

2∑

i,j=1

σij(~u)
∂δui

∂xj

∣∣∣ dV 6

6 2ν

∫

V

|δh|
2∑

i,j=1

|σij(~u)|
∣∣∣∂δui

∂xj

∣∣∣ dV 6

6 ν

∫

V

|δh|
2∑

i,j=1

(∣∣∣ ∂ui

∂xj

∣∣∣ +
∣∣∣∂uj

∂xi

∣∣∣
)∣∣∣∂δui

∂xj

∣∣∣ dV 6

6 2νM1

∫

V

|δh|
2∑

i,j=1

∣∣∣∂δui

∂xj

∣∣∣ dV 6
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6 2M1

ε2

∫

V

g
δh2

2
dV +

M1ν
2ε2

g

∫

V

( 2∑

i,j=1

∣∣∣∂δui

∂xj

∣∣∣
)2

dV 6

6 2M1

ε2

∫

V

g
δh2

2
dV +

4M1ν
2ε2

g

∫

V

2∑

i,j=1

(∂δui

∂xj

)2

dV, (3.41)

∣∣∣
∫

V

δh ~w · (~u · ∇)δ~u dV
∣∣∣ 6

∫

V

|δh|
∣∣∣

2∑

i,j=1

wiuj
∂δui

∂xj

∣∣∣ dV 6

6
∫

V

|δh|
2∑

i,j=1

|wiuj |
∣∣∣∂δui

∂xj

∣∣∣ dV 6 τghmaxM4

∫

V

|δh|
2∑

i,j=1

∣∣∣∂δui

∂xj

∣∣∣ dV 6

6 M4

ε2

∫

V

g
δh2

2
dV +

M4τ
2gh2

maxε2

2

∫

V

( 2∑

i,j=1

∣∣∣∂δui

∂xj

∣∣∣
)2

dV 6

6 M4

ε2

∫

V

g
δh2

2
dV + 2M4τ

2gh2
maxε2

∫

V

2∑

i,j=1

(∂δui

∂xj

)2

dV, (3.42)

∣∣∣
∫

V

δh(δ~u · ~B) dV
∣∣∣ 6

∫

V

|δh|
∣∣∣

2∑

i=1

δuiBi

∣∣∣ dV 6

6
∫

V

|δh|
2∑

i=1

|δui||Bi| dV 6 M2

√
ghmax

∫

V

|δh|
2∑

i=1

|δui| dV 6

6 M2

∫

V

g
δh2

2
dV +

M2hmax

2

∫

V

( 2∑

i=1

|δui|
)2

dV 6

6 M2

∫

V

g
δh2

2
dV + 2M2hmax

∫

V

δ~u2

2
dV, (3.43)

g

2

∣∣∣
∫

V

δh2

h

(∂h

∂t
+ (~u− ~w) · ∇h

)
dV

∣∣∣ 6

6 g

2

∫

V

δh2
∣∣∣ 1
h

(∂h

∂t
+ (~u− ~w) · ∇h

)∣∣∣ dV 6 M5

∫

V

g
δh2

2
dV. (3.44)

Ñèìâîëàìè ε1 è ε2 îáîçíà÷åíû ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû. Ïðè ïðî-
âåäåíèè îöåíîê áûëè èñïîëüçîâàíû ñâîéñòâà èíòåãðàëà Ëåáåãà, à òàêæå íåðàâåí-
ñòâa Êîøè

|a||b| 6 1
2

(a2

ε
+ εb2

)
,

( n∑

i=1

ai

)2

6
( n∑

i=1

|ai|
)2

6 n

n∑

i=1

a2
i .



ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÐÅØÅÍÈß ÊÂÀÇÈÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÈÕ... 23

Çäåñü ε � ëþáîå ôèêñèðîâàííîå ïîëîæèòåëüíîå ÷èñëî, n � íàòóðàëüíîå ÷èñëî, a,
b, a1, . . . , an � ïðîèçâîëüíûå âåùåñòâåííûå ÷èñëà.

Èç (3.30), (3.37) � (3.44) ñëåäóåò, ÷òî

d

dt

∫

V

(
h

δ~u2

2
+ g

δh2

2

)
dV +

+2ν

∫

V

(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
dV +

1
τ

∫

V

(h + δh)δ ~w2 dV 6

6
(
4M1 +

4M1

ε1
+

2M3

ε2

) ∫

V

hmax
δ~u2

2
dV +

+
(2M1

ε2
+ M2 +

M4

ε2
+ M5

) ∫

V

g
δh2

2
dV +

+
(4M1ν

2

g
+

M3τ
2gh2

max

2
+ 2M4τ

2gh2
max

)
ε2

2∑

i,j=1

(∂δui

∂xj

)2

dV +

+2M1ε1

∫

V

hmax δ ~w2 dV. (3.45)

Äëÿ âòîðîãî è òðåòüåãî ñëàãàåìîãî â ëåâîé ÷àñòè (3.45) ñïðàâåäëèâû îöåíêè ñíèçó

2ν

∫

V

(h + δh)
(
σ̂(δ~u) : σ̂(δ~u)

)
dV > 2νhmin

∫

V

(
σ̂(δ~u) : σ̂(δ~u)

)
dV >

> νhmin

∫

V

2∑

i,j=1

(∂δui

∂xj

)2

dV, (3.46)

1
τ

∫

V

(h + δh)δ ~w2 dV > hmin

τ

∫

V

δ ~w2 dV. (3.47)

Íà ïîñëåäíåì øàãå â (3.46) áûëî èñïîëüçîâàíî èçâåñòíîå (ñì. [26], [10]) íåðàâåí-
ñòâî Êîðíà ∫

V

(
σ̂(δ~u) : σ̂(δ~u)

)
dV > 1

2

∫

V

2∑

i,j=1

(∂δui

∂xj

)2

dV,

êîòîðîå âûïîëíÿåòñÿ äëÿ ëþáûõ âåêòîð ôóíêöèé δ~u êëàññà C2(V )∩C1(V ), îáðà-
ùàþùèõñÿ â íóëü íà ∂V . Êîìáèíàöèÿ (3.45), (3.46) è (3.47) äàåò

d

dt

∫

V

(
h

δ~u2

2
+ g

δh2

2

)
dV +

+
[
νhmin −

(4M1ν
2

g
+

M3τ
2gh2

max

2
+ 2M4τ

2gh2
max

)
ε2

] 2∑

i,j=1

(∂δui

∂xj

)2

dV +
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+
(1

τ
− 2M1ε1

hmax

hmin

) ∫

V

hminδ ~w2 dV 6

6
(
4M1 +

4M1

ε1
+

2M3

ε2

) ∫

V

hmax
δ~u2

2
dV +

+
(2M1

ε2
+ M2 +

M4

ε2
+ M5

) ∫

V

g
δh2

2
dV. (3.48)

Èñïîëüçóÿ ïðîèçâîë â âûáîðå ïîëîæèòåëüíûõ êîíñòàíò ε1 è ε2, ïîëîæèì

ε1 = ε1 =
1

2τM1

hmin

hmax
,

ε2 = ε2 = νhmin

(4M1ν
2

g
+

M3τ
2gh2

max

2
+ 2M4τ

2gh2
max

)−1

. (3.49)

Òîãäà âòîðîé è òðåòèé ÷ëåíû â ëåâîé ÷àñòè (3.48) îáðàòÿòñÿ â íóëü. Ðàññìîòðèì
ïîëîæèòåëüíóþ êîíñòàíòó

M = max
{(

4M1 +
4M1

ε1
+

2M3

ε2

)hmax

hmin
,

2M1

ε2
+ M2 +

M4

ε2
+ M5

}
. (3.50)

Íà îòðåçêå [0, T ] îïðåäåëèì ôóíêöèè

fδ(t) =
1
2

∫

V

(
hminδ~u2 + gδh2

)
dV, (3.51)

ϕδ(t) =
1
2

∫

V

(
hδ~u2 + gδh2

)
dV, (3.52)

Fδ(t) =

t∫

0

fδ(t∗)dt∗, (3.53)

ïðèíàäëåæàùèå êëàññàì ãëàäêîñòè C1([0, T ]), C1([0, T ]) è C2([0, T ]) ñîîòâåò-
ñòâåííî.

Ñëåäñòâèåì (3.48) � (3.52) ÿâëÿåòñÿ îöåíêà

dϕδ(t)
dt

6 Mfδ(t). (3.54)

Ôèêñèðóåì ÷èñëî t ∈ [0, T ] è ïðîèíòåãðèðóåì (3.54) ïî ïðîìåæóòêó [0, t]. Ïðèíè-
ìàÿ âî âíèìàíèå ñîîòíîøåíèå (3.53), áóäåì èìåòü

ϕδ(t)− ϕδ(0) 6 MFδ(t). (3.55)

Íî âòîðîå ñëàãàåìîå â ëåâîé ÷àñòè (3.55) ðàâíî íóëþ â ñèëó íà÷àëüíûõ óñëîâèé
(3.9) è ñâîéñòâ ãëàäêîñòè ïîëåé δ~u, δh, h. Ñòàëî áûòü,

ϕδ(t) 6 MFδ(t).



ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÐÅØÅÍÈß ÊÂÀÇÈÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÈÕ... 25

Îòñþäà âûòåêàåò îöåíêà
fδ(t) 6 MFδ(t),

êîòîðàÿ ìîæåò áûòü çàïèñàíà â ýêâèâàëåíòíîì âèäå

dFδ(t)
dt

−MFδ(t) 6 0, t ∈ [0, T ].

Ïóñòü Jδ(t) = Fδ(t)e−Mt. Òîãäà

eMt dJδ(t)
dt

6 0.

Ýêñïîíåíòà ïðèíèìàåò òîëüêî ïîëîæèòåëüíûå çíà÷åíèÿ, ïîýòîìó

dJδ(t)
dt

6 0, t ∈ [0, T ].

Òàêèì îáðàçîì, ôóíêöèÿ Jδ(t) óáûâàåò è äëÿ ëþáîãî t ∈ [0, T ] èìååò ìåñòî íåðà-
âåíñòâî

Jδ(t) 6 Jδ(0).

Åãî ìîæíî ïðåäñòàâèòü â ðàâíîñèëüíîé ôîðìå

Fδ(t) 6 Fδ(0)eMt.

Íî
Fδ(0) = 0.

Òåì ñàìûì,
Fδ(t) 6 0. (3.56)

Îöåíêà (3.56) ñïðàâåäëèâà ïðè ëþáîì t ∈ [0, T ] è, â ÷àñòíîñòè, ïðè t = T . Ïîñëåä-
íåå îçíà÷àåò, ÷òî

Fδ(T ) 6 0. (3.57)

Âñïîìèíàÿ îïðåäåëåíèÿ (3.51) è (3.53), çàïèøåì (3.57) ñëåäóþùèì îáðàçîì:
∫

Q

(
hminδ~u2 + gδh2

)
dV dt 6 0. (3.58)

Óñëîâèå (3.58) âûïîëíÿåòñÿ ëèøü â ñëó÷àå, êîãäà δ~u ≡ ~0 è δh ≡ 0 â Q. Òåîðåìà
äîêàçàíà. ¥

Çàìåòèì, ÷òî òåîðåìû, àíàëîãè÷íûå äîêàçàííûì âûøå, ñïðàâåäëèâû è äëÿ
ñëó÷àÿ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé. Àêòóàëüíûìè ÿâëÿþòñÿ ñëåäóþùèå
îòêðûòûå ïðîáëåìû:

Ïðîáëåìà 1. Äîêàçàòü ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ íà÷àëüíî-
êðàåâîé çàäà÷è (1.1)− (1.4) ïðè äîñòàòî÷íî ìàëîì T > 0.

Ïðîáëåìà 2. Äîêàçàòü ñóùåñòâîâàíèå è åäèíñòâåííîñòü îáîáùåííîãî ðåøå-
íèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.1)− (1.4) ïðè äîñòàòî÷íî ìàëîì T > 0.
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Ïðîáëåìà 3. Äîêàçàòü ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ íà÷àëüíî-
êðàåâîé çàäà÷è (1.1)− (1.4) ïðè ïðîèçâîëüíîì T > 0.

Ïðîáëåìà 4. Äîêàçàòü ñóùåñòâîâàíèå è åäèíñòâåííîñòü îáîáùåííîãî ðåøå-
íèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1.1)− (1.4) ïðè ïðîèçâîëüíîì T > 0.

Ïðè ýòîì îáîáùåííîå ðåøåíèå ìîæåò ïîíèìàòüñÿ â ðàçëè÷íûõ ñìûñëàõ.

Çàêëþ÷åíèå

Êâàçèãèäðîäèíàìè÷åñêóþ ìîäåëü â ïðèáëèæåíèè ìåëêîé âîäû (1.1) � (1.2)
ìîæíî òðàêòîâàòü êàê ÷àñòíûé ñëó÷àé äâóìåðíîé áàðîòðîïíîé ÊÃÄ ñèñòåìû,
âïåðâûå âûïèñàííîé À.À. Çëîòíèêîì [12]. Èñïîëüçóåìàÿ â äàííîé ñòàòüå ñõåìà
ðàññóæäåíèé ïðèìåíèìà ê áàðîòðîïíûì êâàçèãèäðîäèíàìè÷åñêèì óðàâíåíèÿì
ëþáîé êîíå÷íîé ðàçìåðíîñòè ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ íà ôóíêöèè ñîñ-
òîÿíèÿ p = p(ρ), η = η(ρ) è τ = τ(ρ). Îñîáûé èíòåðåñ ïðåäñòàâëÿþò òåîðåìû î
ñóùåñòâîâàíèè è ñâîéñòâàõ ðåøåíèé. Íåêîòîðûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè
îïóáëèêîâàíû â [12], [13]. Åùå îäíà ïðîáëåìà ñâÿçàíà ñ äîêàçàòåëüñòâîì åäèí-
ñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ ïîëíûõ ÊÃÄ óðàâíåíèé [7] � [9], îïèñûâàþùèõ
òå÷åíèÿ ñæèìàåìûõ âÿçêèõ òåïëîïðîâîäíûõ ñðåä.
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