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O CBOMCTBAX SI3BIKOB, 3ATABAEMBIX
MYJILTUMOJAJTBHBIMUA KATETOPWAJIbLHBIMUA
TPAMMATUKAMM 3ABUCUMOCTEN

Kapuaos B.H.
Kadempa nadopmarnkn

Hocmynuaa 6 pedaryuro 05.09.2011, nocae nepepabomxu 12.09.2011.

B pabore mpomomkaercs n3ydeHHe KATErOPHUAIBHBIX IDAMMATHK 33BUCHU-
mocreil (KI'3). Paccmarpusaercs My/ibruMoiaibHblil BADUAHT 9TUX IPAM-
MaTHK € 3apeTaMu Ha nepecedenue ganbuux ceaseil (MMKI'3). TokasbiBa-
ercsi, 94T0 MHOXKeCTBO MMKI'3-43bIKOB 3aMKHYTO OTHOCHUTEIHHO OIlepalnu
UTEpaIu ¥ ABISeTCH aDCTPAKTHBIM CEMEHCTBOM $A3BIKOB. YCTAHABJINBA-
ercd, 9o Kiaace MMKI'3-a3bIKOB 3aMKHYT OTHOCHTEIHHO MEPecevdenusi, HO
HE 3aMKHYT OTHOCHTENbHO npoekinu. [locTpoen npumep HemosmysinaeiHOrO
MMKI'3-a3wika. Ycraunosiaeno, uro cymectsyer MMmKI'3 ¢ NP-niosmoit mpo-
O6aeMOi TPUHAIIEIKHOCTH.

In the paper we continue to investigate the categorial dependency grammars
(CDG). A multimodal version of these grammars with negative mode
pairing rules (mmCDG) is considered. It is proved that the set of mmCDG-
languages is closed under iteration and it is an abstract family of languages.
We also establish that the class of mmCDG-languages is closed under
intersection, but it is not closed under projection. An example of a non-
semilinear mmCDG-language is presented. It is established that there exists
a mmCDG with NP-complete membership problem.

Karouesbie cioBa: GhopMaIbHble FPAMMATHKY, KATETOPUATbHBIE TPAMMA-
TUKHU, CTPYKTYPA 3aBUCUMOCTEH, aDCTPAKTHBIE CEMEH TR, I3BIKOB, HEMOJIY-
JIUHEHHBIE MHOXKECTBA, CJIOXKHOCTH MPOOJIEMbI TPUHAJIEKHOCTH.
Keywords: formal grammars, categorial grammars, dependency structure,
abstract families of languages, non-semilinear sets, complexity of
membership problem.

1. BBenenue

Teopun cuHTaKCHCA €CTECTBEHHBIX SI3BIKOB, OCHOBAHHBIE HA, TOHATHH 3G8UCUMOCTMU,
HUMEIOT JABHIOW TPAJUIMI0, BOCXOAANIYIO K cpenHUM BekaMm. Tenbep [12] Brepsbie cu-
CTEMATUYECKH OINCAJ CTPYKTYPY IPEIJI0KEeHNA B TEPDMUHAX MMEHOBAHHBIX OTHOIIIEHUN
mexay caoBamu (3asucumocmedi). Korma npa cioBa wq 1 wo CBA3aHbI B NPEJIJIOXKEHUN

d
nocpeacTBoM 3asucumoctd d (0Bo3HAYEHUE W1 — Wa), W1 ABAAETC 2AGEHBIM CAOGOM,
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a we — 3a68uUcuUMbLM CA060M. COJEPKATENBHO, 3aBUCUMOCTD d 32281 OrPAHUYEHUS HA
IPAMMATHYECKHE U JIEKCHYIECKHUE CBOMCTBA Wi W Wsg, HA WX MOPSIOK, KOHTEKCT U T.1I.,
KOTOpbIE BMECTE O3HAYAIOT, YTO “w; ynpaejiser we’. Hampumep, B CTpyKType 3aBuUCH-
Mocreit npenoxenus “Jlemom 3decwy uzparom demu”, mpuBeaEHHON Ha puc. 1, OTHO-

nped
LIEHHE U2Paom — Jemu IOKA3bIBAET HPEIUKATHY 3aBUCUMOCTD MEXKIY CKa3yeMbIM
UZPAIOT U HOAJIEZKALIUM Jemit

obT-Ep

//N

NneTomMm 3geck WrpakoT geTu
Puc. 1: IIpumep npoexmuenoli cmpykmypov, 3a8ucumocmeds

B srom npenioxkennn, Kak u B GONBIMTUHCTBE OOBITHBIX MMPEIJIOXKEHUIT PYCCKOTO S3bI-
Ka, CTPYKTypa 3aBHCUMOCTE! npoexmueHnasd, B YaCTHOCTH, 3aBUCUMOCTU B CTPYKType
HE MEPECEKAIOTCsA. BOMBIMUHCTBO IPAMMATHK, TTOPOK/IAIONINX T€PEBbS 3aBUCAMOCTEMN,
HUMEIOT JIeJI0 TOJBKO € MPOEKTUBHBIMU CTPYKTypamu. C APYyrofl CTOPOHBI, HOCTATOYHO
JaCTO BCTPEYAIOTCH IPEJIOKEHNS, UMEIOIINE HEenpoexmueHsie CTPYKTYPBl 3aBUCAMO-
creii.

ofcT-Ep

- ofier-nok T - npea

- - =
- cnom

netTom 3geck ByayT urpaTh AeTu
Puc. 2: IIpumep HenpoexmusHol cmpyxmypo, 3a8UCUMOCMEL

Hanpuwmep, ucnosnb3oBanue 6yaymiero BpeMenn B mpe/gioxkennn “/lemom 3decv 6y-

dym uzpams demu” IPUBOAUT K TIOSIBJIEHUIO IBYX PAa3PBIBHBIX 3aBUCUMOCTEH uzpams

ob6cm-8p o0b6cm-a0%
— AEMOM U U2pambv — 3(?66?7, TIOKa3aHHBIX Ha PUC. 2.

Ormernm, uro ke-rpammaTuku (cM. [1, 3]), Kak u OGbIYHBIE KATErOPUAJIBLHBIE TPaM-
maruku (cMm. [3, 6]) HecuocobHBbI O6HAPYKMUBATH B MOJOOHBIX IIPEIJIOKEHUAX PA3PHIB-
HbIe cocTaBisiomue. Jlisi CHHTAKCHYeCKOTO aHAJIN3a TIPEJIJIOKEHU ¢ PA3PBIBHBIME 3a-
sucumoctTsivu MWL Textsaps u A.¢l. JIukoeckuii B 7, 8] omnpeenusn HOBbE BUJIBI
rPaMMaTUK — KaAMe2opuaibhvie epammamuru sasucumocmet (KI'3) u obousennbie
Kamez0puasvhble 2pammemury 3asucumocmed; (0KI'3). dru rpammaruku paboraior
KaK rPaMMATHKH-PACIO3HABATETN U CTPYKTYPY MPEJIOKEHUS PACKPBIBAIOT TOA0OHO
rpammarukam 3apucumocreil. Janbuue (paspbiBrble) cBsizu 06pabaTbiBAOTCH B HUX C
MTOMOIIBI0 TAK HA3BIBAEMBIX TIOISIPU30BAHHBIX BAJEHTHOCTEHN: MOJOKUTETBLHBIX, OTBE-
YAOIIUX 33 CJIOBO-XO34WH, U OTPUIATEbHbLIX, OTBEYAIONINX 3a MOJIMHEHHOEe CJIOBO. B
YKa3aHHBIX pab0oTax MOJIy4ueHbl Pe3yIbTarsl 0 BeipazuTesnbHoi cusie KI'3 u oKI'3, npen-
JIOXKEHBI AJITOPUTMbI UX aHau3a. B pabore [5] aBTopoM ObLIM NOCTPOEHBI HOPMAJIbHbIE
dopwmbr g oKI'3 u onpezenenst caérankosbie MII-aBromarsi, pactozuaiomume oKI'3-
SI3BIKU.

B 370l craThbe MBI MPOIO/IZKAEM H3YYEHHE KATErOPUATIbHBIX TPAMMATHK 3aBUCHMO-
creii. B Hell paccMarpuBaeTcs MyJIbTUMONAIBHBIN BapuaHT 3Tux rpamMMaruk MMKI'3
([9]), B KOTOPBIX Jyist KazKAOrO THIA MOIAPH30BAHHBIX BAJICHTHOCTEH MOXKHO OLpe/ie-
JIUTH CBOI criocob cokparienus. B gactaocTu, mer uccaeayem mmKI'3 ¢ 3anmperamu Ha
repecevenre JaJbHUX cBsa3eil. Takue 3amperbl BCTPEYAIOTCS B €CTECTBEHHBIX S3bIKAX.
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Haunpumep, B npe/uiozKeHusx ¢ IPsSIMON PEYbIO CBA3U CJIOB BHYTPHU KaBBIYEK HE J[OKHbI
TEPECeKATh CBA3b Mex 1y KaBblukamu. C (hopMaTbHON TOYKM 3peHUs TaKoe PACIINpe-
ure oKI'3 yBenuumBaeT KJacC aHAJTU3UPYEMBIX S3BIKOB W TIO3BOJISET YCTAHOBUTH JIJIsT
HEro HOBBIE CBOMCTBA 3aMKHYTOCTH.

B paszzene 2 Ml npuBoanM TodHBIE onpeneaenusd MMKI'3 ¢ 3amperamu Ha mepecete-
HU€e JAJIbHUX CBA3EH M KJIACCa 331aBAEMbIX ITUMHU IPAMMATHKAME A3BIKOB. B pazaerne 3
paccMaTpuUBaeTcs BOIPOC 0 3aMKHYTOCTH Kiaacca MMKT 3-53bIKOB OTHOCUTEIHHO UTEPa-
yn Koman. Hasmane B oKT'3 nrepaTnBHBIX KaTeropmii mobyanio aBTopos paboTs [8] K
YTBEPKIEHUI0 0 3aMKHYTOCTH Kitacca 0KI'3-sa3b1k0B oTHOCHTEBHO nTeparuu. OaHaAKO
HEITOCPEICTBEHHOE KCITOIB30BAHNE TAKUX KATErOPWil HE TTO3BOJISET MOJYYUTh HYKHBIT
pesyabrar u npobiaema 3aMKHyTOCTH Kiacca OKI'3-g43bIKOB OTHOCHTENBHO UTEpaIin
ocraéres OTKPBITON. MBI MOKa3bIBaeM, 9TO KJIACC A3bIKOB, pacro3naBaeMbix MMKI'3 ¢
3anperamu, 3aMKHYT OTHOCUTEJIbHO UTEPALUU U IIEPECEYEHUST U, CII€I0BATEIBHO, 00pa-
3yer abCTPAKTHOE CeMEeNCTBO S3BIKOB. B pazmesne 4 moKa3aHo, YTO ITOT KJIACC S3BIKOB
COTEPXKUT HEMOJIYJIMHEHHbIEe s3bIKU. B pasmese 5 paccMarpuBaeTcsi CIOXKHOCTH PAC-
MO3HABAHUS A3BIKOB M3 9TOr0 Kiacca. Panee B pabore [7] Gbuto MOKa3aHO, YTO TPO-
6mema mposepkn o KI'3 G w cioBy w, nmpuHaAmexkuT au w 36Ky L(G), apusercs
NP-mostaoii. Tlpy 3TOM TIpH OrpaHWYEHNN YHCJIA, THIIOB BAJEHTHOCTEHN IPEIJIOXKEH IO~
JIMTHOMHUAJIBHBIN aJITOPUTM MPOBEPKHU MTPUHAJIEKHOCTH. MBI TOKA3BIBAEM, UTO B KJIACCE
MMKI'3 cymecTByOT rpaMMaTUKY, JJisi KOTOPBIX MTPO0IeMa IPWHAITIEKHOCTY SBJISIET-
cst NP-nnonnoit. I[Ipu arom gist NP-nioHOTBEL I0CTATOYHO UMETH JIBA THUTIA BAJIEHTHOCTEH.

2. OcHoBHBIE olrpeaejgenmnd

st bopMaTn3au TMHIBUCTHIECKOTO MOHATHST CAHTAKCUIECKOTO THUITA MBI OyaeM
HCIOIB30BaTh MOHATHE Kamezopuu. Ilycts C — HemycToe MHOMXKECTBO 3JIeMEeHTAPHBIX
rpaMMaTUYecKuX Kareropuil (Haupumep, CKa3yeMoe, Olpe IeJIeHHAe, JONOJHEHHE U T. 11. ).
DJieMeHTapHbIe KATEropuu MOryT ObITh urepupoBansl: mist C € C nycts C* o3HagaeT
COOTBETCTBYIONIYIO UTEPATHBHYIO KaTeropuio. MHOKECTBO BCEX UTEPATHBHBIX KATEro-
puit 6ynem oboznauats C*.

Jlnst onncaHust JaIbHUX CBsizeil B [7] BBOASATCS MOHATHS MOJSAPHOCTH U MOJISIPU30-
BaHHOH BamenTHOCTH. [ToAapHrocmsbio v HasbIBaeTca meMenT muOKecTBa V = {\,
yNG A} Hoaspusosanmaa easenmmnocms 3 — 310 BRIpazkeane suma vC, tne v € V|
C € C. Mapsr gpoiicteennbix Basearnocrei (/ C,\,C) u (/' C,\ C) Ha30BEM npa-
6UAbHbLMU (OHU SBJISIFOTCSA COOTBETCTBYIOINMY “ckoOkamu’). Banenrrnocru suma /' C
u / C HazbiBaloTCs JieBbIMU, a BajenTHocTH Buga \,C u \ C — npasbiMu (OHU sIB-
JIAIOTCsl JIEBBIMU M IPABBIMU CKOOKAMU COOTBETCTBEHHO). I10C/Ie10BaATeIbHOCTD 11051~
PU30BAHHBIX BAJEHTHOCTEN HA3ZBIBACTCS NOMEHUUAA0M. MHOXKECTBO BCEX BO3MOXKHBIX
noTeHuranoB obosHadaerca Pot(C). Ha MHOXKeCTBE BCEX 3JIEMEHTAPHBIX KATETOPHI
BBOAUTCH PynKyus 3anpemos — orobpazkerue m: C — 2€. Dra ynKims omucsBaeT
OIDAHUYEHNsS HA PACIOJIOXKEHNE TIPABUJIbHBIX map BajenTHocTel. Eemu Y € n(X), To
mapa BaJieHTHOCTel Tuma X He MOXKET CO3JATh 3aBUCUMOCTD, €CJIH MKy HUMH €CThb
BaneraTHocTH Trna Y. Hampumep, ecmm m1(X) = {Y }, 7 (V) = { X }, To B norenmunane
0, =/"X /Y \.X \\Y ser npasunbubix nap. JeiicrBurensuo, /Y He 10O3BOJET
cdopmuposars napy /X \, X, a \ X He nossossier chopmuposarb napy /Y Y.
Ecmn xe m(X) = {Y }, m(Y) = @, ro ro mapa /Y \|'Y sBasiercs mpaBuIbHOIA.
Ecmu ynamuts eé uz 61, To ocranercsa /X \, X — mpaBusibHasg mapa.
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ITorenyan HA3BIBAETCS COAAGHCUPOBGHHDLM, ECJM €0 NPOEKIMs HA KAXKJIYH I1a-
PY JBOMCTBEHHBIX TTIOJIAPU3OBAHHBIX BAJTCHTHOCTEH SABISICTCSA MPABAILHBIM CKOOOYHBIM
CJIOBOM M CYIIECTBYET TAKON MOPSAIOK NMPABHILHBIX AP, 9TO WX MOXKHO YIANATL W3
MOTEHIMANA, HE HAPYyIIas OrpaHmYeHmii (pyHKOmMW 3amperoB. Hampumep, moTeHmman
S A/ BNANB /AN A cbanancuposan (ecmu 7(A) = 7(B) = @). Horenrmman 6,
Takxke cOamancupoBad npu (yHKOum 3anperos 7. [Horenmman A \, B \ A ne cba-
JIAHCUPOBAH HE3ABUCUMO OT (hyHKIMU 3anpeTos. [lorennman 01 ¢ dbyukumeit m; Takxke
He cOAJIAHCUPOBAH.

Onpepnenenne 1. Muoowcecmeo aoxanvnus xamezoputi LCat(C) — amo munumans-
HOE MHOMHCECTNBO MAKOE, YMNO:
1) CU{e} C LCat(C), 2de ¢ — nycmoti cumeon;
2) ecau a € LCat(C),A € CUC*, mo [A\a], [a/A] € LCat(C).

W3 JOKATBHBIX KATETOPHI W MOTEHITUATIOB CTPOSTCA KATETOPUH.
Omnpenesenne 2. Kameeopueli v nasweaemcsa ewvpasicenue euda o
LCat(C), 0 € Pot(C). Mnooicecmeo ecex xamezopui obosnauum Cat(C).

, ede a €

TMomaraem, 9T0 KOHCTPYKTOPHL \ m /accommaTwBHbL. [losToMy mrofas Kareropust -y
Mozker 6biTh npejcrasiaena B suge v = [Li\ ... \L1\C/R1/.../Ry]°. Teneps naum
OlpeJieIeHne MyJIbTUMOJAJBHON KATErOpruajibHON TPAMMATHKA 3aBUCUMOCTEIE.

Onpenenenue 3. Myarvmumodasbholi KaMe20PUGALHOT 2PAMMGMUKOT 3GEUCUMO-
cmet (MmKI3) nasweaemes cucmema G =< W, C, S, 6,1 >, ade:

W — xoneunoe MHOICECTNGO CUMBOA0S,

C — KoHEMHOE MHONCECTNBO IAEMEHMAPHYT KaTnezoput,

S — ewdeaennasn ¢ C eaasnan xamezopus,

§ — caosapy, Pynkyua na W maxas, wmo 6(w) C Cat(C) das xaoscdozo caosa w € W
(Mo Gydem 3adasams ez2o 6 sude w — d(w)),

7: C — 2C — dynryua sanpemos.

OTMeTHM, 9TO 9aCTO B JUHIBUCTHYCCKAX PabOTaX 3JEMEHTH MHOKeCTBa, W HasbI-
BaIOT CIOBAMM, & OCIEI0BATEIBHOCTH CJIOB — IPEI0KeHIAMA.

B MMKI'3 G nocjie IpUIHACHIBAHAS KATETOPUil CHMBOJIAM CI0BA TPOUCXOIAT BBHIBOT,
[JIABHOM KaTeropun S ¢ TOMOMIBIO IPUBEICHHBIX HIZKE IPABU COKPAIIEHUS. JTH IIpa-
spuna umelor sun I' = IV, rne I' — cokpammaemas crpoka xareropuii, a I’ — crpoka
KaTeropuii, MoIy9Iaiomaaca B Pe3yIbTaTe COKpAIleHnsd. B MpuBe eHHbIX HIUKE TPABH-
nax I'y u I'y — 310 mpomsposbabie cTpoku Kareropuii uz Cat(C)*.

Onpenenenune 4. IlpaBusa cokparieHns
Hpaeu/m AOKANBHOT 3A6UCUMOCTIU:
Ll : 1"1[0]91 [C\a]92F2 H Fl[a]el‘g?Fg
L" : Ty[a/C)%[C]%Ty F T'1[a]?92T,,
20e C € CU{e}
Hpaeu./m umepamueHoﬁ aasucumocmu’
I' T4 [C) [C*\a]?2T'g - T1[C*\ 92Ty
Ié : Fl[C*\a]OFQ = Fl[a]9F2
I" :T1[a/C*]%[C)%Ty F T [a)C*]%02T,
I :T1[a/C*]Ty F Ty [a)fTy,
20e C € CU{e}
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Ipasuno daavnets sasucumocmu:
D . Flo/’lﬂg?ﬁ%l} }_ F10(919293F2,
20e saaenmmocmu (0, B) 06pasyrom npasusvhyio napy u Bz ne codeporcum 3, B, a
maxoice /' B, \ B, /B, \\B daa ecex B € w(C), 2de C — mun sasenmmuocmu [

[Tpu BBIIOTHEHUY COKPAITIEHNS TI0 KAYKIOMY M3 MMPABUJI B CTPYKTYPY 3aBUCHMOCTEHR
JODABJIAETCS CTPEJIKA, YA B HAITPABJICHUN 3aBUCUMON KATErOPUH M UMEIOIIAT Ta~
KOe JKe Ha3BaHMe, YTO M COKpaTupmmasca kareropus. L' w L" — 3T0 KjaccudecKume
npasuia cokparnenus. [Ipu coxkpamenun aprymenTa C' OHH CO3JAI0T TPOEKTUBHYIO
3aBucuMocTs C' 1 BBIIOTHAIOT KOHKATEHAIMIO moTeHuanos. I' u I” co3maoT mpons-
BOJIbHOE KoimuecTBo 3apucumocreit C. I u I ciaysxar, 9Tobbl yIaIuTh UTEPATHBHbIIL
noarun C*. Ilpasuno D cokpamaer jpe ABOHCTBEHHbIE MOJIAPA30BAHHBIE BaJIEHTHO-
CTH W CO3MAaéT HEMPOEKTUBHYIO 3aBUCHMOCTh C' TIPU YCJIOBUM BBIMOJHEHUST 3aIIPETOB,
Hasnaraembrx pynakimest 7. Kak obbrano, gepe3 H* obosraunum pedieKCUBHOE W TPaH-
3UTUBHOE 3aMbBIKAHUE OTHOIIEHUS .

Paccmorpum, Hanpumep, npeamoxenne “/lemom 3decw bydym uzpams demu”. Tlyctsb
ero CJI0BaM TPHIHCAHBI CJIeyiomue Kareropmi: 6(merom) = [e]<O0CTBP | §(snech) =
[]<00CT-10K | 5(6ynyr) = [S/mpen/Berou], §(urpats) = [mermon] \00CT-BPNOGCT-IOK
d(nern) = [upen]. TTokaykem, KaK MPOMCXOAUT BBIBOJ, JJIsi CTPOKU KATErOPHil, IPUIIK-
CAHHOII BCEMY IIPEIJIOXKEHUIO.

[g] < 00CT-BP []06CT-10K (G /ipen /Beniom] [Benom]
S/upe] N\OOCT-Bp\06CT-JIOK [
006CT-Bp [E]/OGCT-IIOK [S]'\O6CT-Bp'\O6CT-IIOK L

Nob6CT-Bp\00CT-/I0K [Hpeﬂ] Lr

E]/06CT—Bp [6]/06CT—JIOK [ npex] L

]

] /00CT-Bp 9] ~/06CT-TTOK\O6CT-BP\OOCT-JI0K | L
}/O6CT-Bp/O6CT-J'IOK\06CT-Bp\O6CT-HOK D

[S
[ S} /00CT-Bp\06CT-Bp D [ S]

Pesynbrupyiomas crpyKTypa 3aBUCHMOCTEH MOKa3aHa Ha pUc. 2 (JOKAJILHBIE 3a-
BHCHUMOCTH TOKA3aHbI CIUIONIHBIMY JIMHUSAMH, a JAJbHUE — MYyHKTHPHBIME). Eciau 6bl
m(0o6er-mok) = { 06¢T-Bp }, 7(06¢T-Bp) = { 06CT-TOK }, TO NPUBEISHHBIN BBINIE BBIBOT,

ObL1 6B HEBO3MOXKEH M3-3a HAPYIIEHHUS 3aIIPETOB.

Oupejiesienue 5. Cao6o s = wy ... w, € W* npunadaesicum aswxy L(G), ecau cy-
wecmeyem cmpoka xamezoputi I' maxas, wmo:

DT =71...7v,, 2dey; € 0(w;) dasni=1,...,n,

2) T+ [9].

Krace Bcex S3bIKOB, HOPOXKIAEMBIX MYJILTUMOIAILHBIME KATETOPUAJILHBIMU IPaM-
Marukamu 3asucumMocteii, obosnauum L(mmCDG).

3aMeTuM, 9TO B OIPENCTICHAN He HAKIAIBIBAIOTCA HIKAKAE OrPAHMYICHIA Ha (DYyHK-
o 3anperos. Ecmm m1(X) = {Y }, 7(Y) = &, To Takaa GyHKIms HE CO3MA6T HUKAKIX
OIPAHUYEHMH Ha JOIYCTHMbBIE CTPYKTYPbI 3aBHCUMOCTEH, M3MEHEHUS KACAIOTCS JIUID
HOPAIKA COKPAIeHUit Kareropuil. MOKHO paccMaTpuBaTh PyHKINHA 3AIIPETOB CHEH-
aTbHOTO BHJA. OYHKIUS 3a0PETOB T HA3LIBACTCS CUMMEMPUWHOT, eCII I JHObIX
X,Y € C X € 7n(Y) rorga m Tonbko Torga, korma Y € w(X). B takom cryuae orpa-
HUYEHUS O3HAYAIOT, 9TO 3aBHCHMMOCTH X 1 Y He MOU'YT II€PEeCeKaThCA.

HecoxHO BUsieTh, 9TO JIOKaJbHBIE IpaBuia cokpamenus L', L7, I, I(l), I", 1} neit-
CTBYIOT TOJBKO Ha JOKATLHYIO 9aCTh KATETOPHUH, TOT/IA KaK TPABUIO COKPAIICHUS TI0-
TeHnmana D 3aTparmbBaer TOJBKO MOTEHIHAI. DTO Ta8T BO3MOXKHOCTD PA3JCIHTh aHa-
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au3 ciaosa B MMKI'3 Ha /Ba HE3aBUCHMMBIX TECTA: LEPBbIl — B TEPMHMHAX JIOKAJIbHBIX
KaTeropuii U JIOKAJLHBIX MPABUJI COKPAIEHUS, a BTOPOH — B TepMHUHAX COATAHCUPO-
BAaHHOCTH TOTeHImaa. Vmeer MmecTo Teopema 06 amaause mjisg MmmKI'3.

Teopema (06 ananuze) Ca060 s = wWiwWs ... W, npunadaescum aswry L(G), sadae-
saemomy mmKI'3 G =< W,C,S, 4,7 >, mozda u moavko moada, kozda cywecmseyem,
cmpoka Kamezoputi I' = 04?1 c.afn ) 20e afi € 6(w;), makas, wmo:

1 ar...a, H*[9],

2. 01...0, cbarancuposan.

DTa Teopema Oblna mokazana mist oKI'3 (Ges dyukumm m) B crarbax [7, 8]. Jro
JIOKA3aTeNBCTBO 03 CYIEeCTBeHHBIX U3MEHEHUH OCTAETCs CIIPABEJTUBBIM U JJIsT KJIACCa
MMKI'3.

W3BecTHO, 9TO /ISt KC-TPAMMATHK CYIIECTBYIOT PA3TAYHBIE CHENUATBHBIE (POPMBI
(nopmasibnas dopma Xomckoro, Hopmasbhas dopma I'peitbax(cum. [1, 3])), yuporuato-
e aHAJIN3 MOPOXKIAEMbIX UMU SI3BIKOB.

Oupeaenenne 6. Bydem naswveamsv mmKI'3 G =< W,C, 5,6, > epammamurol 6
HopMaavHoti opme, ecau 6ce eé Kamezopuu umerom odun us caedyrouus cudos: [X|?,
[X/Y1%, [X/Y/)Z)°, 20e X, Y, Z — snemermapnnie kamezopuu, 0 — nomenyuan.

s mmKI'3 cpaBeqmuBo cieayrolnee yTBEPK IEHNE.

Teopema (o HOpmasdbHOll (dopme) Jaa awboli mmKI'3 G =< W,C,S, 6,7 >
cywecmeyem mmKI'3 G' =< W, C',S, 0,7 > 6 nopmasvnoti dopme maxas, 4mo
L(G) = L(G").

HokazareabcTBo 310i Teopembl A MMKI'3 anamorndHo mOKa3aTeabCTBY O HOp-
maJsbHOl (opme u3 paborbt [5]. B crarbe [8] mokazano, uro aya swoboit oKI'3 G cy-
mecreyer oKI'3 G’ rakast, uro L(G) = L(G') u G’ He comep:Kur raBHOI KaTeropuu
B cmmckax 3aucumocTeil. Eciu mpuMeHnTs NpejioKeHHOe TOCTPOSHNE K TPAMMATHKE
B HOpMaJIBHOI (pOpMe, TO B PE3y/IbTaTe CHOBA MOJYYUTCS TPAMMATHKA B HOPMAJIbHOM
dopwue. TTosromy moxkHO canrarh, uro MMKI'3 B HOpMambHOI dopme He comepxkar S
B CHHMCKAaX 3aBUCHMOCTEH.

[Myers G =< W,C,S,6,71 > — mmKI'3 B nopmamsuoit dopme. Ilycrs I' =
Y1...7Yn — CTpoOKa Kareropuii Takas, uro ' F* [S]. Torma 71 wmeer omguH u3 Tpéx
suzos: [S]?, [S/A]? uwm [S/A/B]?. J10 crenyer uz Toro, uro B MMKI'3 B HOpMaIBHOI
dopme camas JeBasg KATeropus HE MOYXKET COKPATHTHLCS C IPYTUMH KATETOPUAMHU, TaK
KaK JIEBBIE CITUCKU 3aBUCUMOCTE MyCThIe.

3. CBoiicTBa 3aMKHYTOCTHU

B crareax [8] u [5] mokazaHo, 4TO Kiacc s3bIKOB, 33jaBaembix oKI'3, 3amkayT
OTHOCHTEJIFHO omepanuii oObeIrHeH s, KOHKATEHAINH, TIEPECEUCHUA C PEryIsiPHbIMA
SI3BIKAMU, HEYKOPAYUBAIOIIET0 rOMOMOPdU3Ma 1 obpalliennsi roMoMopdu3Ma. ITu J10-
Ka3aTeIbCTBA HEMOCPeICTBEHHO TepeHocsaTcs Ha kiaace MMKI'3-a3bikoB. B 3ToM pas-
Jiesie Mbl ycTaHoBUM, 9T0 Kjaace MMKI'3-513bIKOB 3aMKHYT OTHOCHTEJILHO HTEPAIUH.
OrmernM, 4TO BOIPOC O 3aMKHyTOCTH KJacca OKI'3-sa3bIKOB OTHOCHUTEIHLHO UTEPAIUH
OCTAETCSA OTKPBITHIM.

Teopema 1. Ilycmo L asasemcs mmKI'3-asvikom. Toeda L* makoice aeasemca
MMmKT 3-23010M.
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JokasareabcTBo. [lycrs a3bik L 3amaérca rpammarukoit G =< W, C, S, 5,7 >.
Bynem cuurars, uro G — rpaMMaTiKa B HOPMAJLHON (bopMe, He cofepxkKamas S B
CIINCKaX 3aBucHMOcTeil. I1oCTponM MHAYKIHEH 1O ¢ MOCIeI0BATENLHOCTh TPAMMATHK
G; =<W,C,;, S,6;,m >.

Basuc undyxyuu. i = 1. Ecoim 8 Gy cnosa w ecrb kareropus [S/A/al?, 10 B Gy
nobasuM 3romy cioBy Kareropuio [S/A’/al’.

Mndykyuonnvi wae. Ilycts B rpammaruke (; ectb HoBble Kareropum Af, ..., Aj.
Ecmu B G; y criosa w Gbuta kareropus [A;/a]?, 1 < j < k, 1o B8 G341 nobasum
nna w xareropmio[ A’ /a]?. Tlocne sroro ans kaxmoii kateropun [A}/A/a]? noGasum
kareropmio [A} /A" /o]’

Sror nponecc octagoBuTca He Oosee e depes |C| maros. Ilycrs mocaeausas rpaMma-
THKa —
G =< W,C,,, S, 0, ™ >. llycts b € C,,, — HOBast Kareropus. [locTponmM rpaMMaTuKy
G =<W,C,uU{b},8 4 7 > crenyomum obpasom. Kareropun suna [A’]? zame-
num Ha [A’)9 ) xareropuu suna [S/A’/a)? samenum ua [S/A’/a]*. Eciu B G, ectb
kareropuu Buza [S]%, To ux samennm na [S]7?Y. Hakonen, ©'(A) = 7(A)U{ b} ana
Beex A € C,p,, 7' (b) = C,,.

Tenepb MOKHO TOCTPOUTHL TPAMMATHKY, 33JAIONIYH0 HTEPAIUI0 HCXOJHOTO S3bIKA!
G' =< W,C,,U{b},8S,8, 7 > Ecms G, ects kareropus [S/al’, o B G’ nobasum
[So/S* /a)’

o / 0
JIemma 1. ITycmo 71 ...V, — cmpora kamezopud us G.,. Ecau vy ...v, F* [A]Y, mo
6 V1, .., Vn Hem HO6BT Kamezopuli euda X .

JlokasaTeJIbcTBO HHIYKIHUEH 1O n.
Basuc undyryuu. n = 1. Torna v, = [A]® u xkareropuit suga X' wHer.
Hndyryuonmsid wae. Iyers vy ... Y1 H* [A]%.
1) v1 = [A/B]%. Torma vz ... ynye1 F* [B]%2. o mHAYKIHOHHOMY TPEIOIOKEHMIO Ka-
reropuit suga X' Her.
2) y1 = [A/B/C)%. Torna va...7 F* [C)%2, yri1 ... Ynsa Fer [B]%. Mo unaykimon-
HOMY TIPeIIIONOXKEHNI0 Kareropuil suna X' mer. O '

Jlemma 2. ITycmw 71 ...7, — cmpoka kamezoputi uz G,,. ITycmv vy ...y, F* [A']%.
Tozda 7, = [X']? P, a nomenyuanv, ocmarvhois xamezoputi e codepoicam b.

JokazaTeJIbcTBO HHIYKIHUEH [0 n.
Basuc undyryuu. n = 1. Torma v, = [X']? u mo nocrpoenuio § = 6’ \,b.
Hndyryuonmid waz. Tycts vy ...y F* [A]°.
1) 1 = [A/B%. Torna y2...7, F* [B']%. Ilo uHAYKIMOHHOMY MDEIIIOIOKEHHIO
Vnt1l = [X’]el\b U HOTeHUMAbL Y2, . - . , Yni1 He copepzkar b. 61 He couepxxkut b 10 10-
CTPOCHHUIO.
2) y1 = [A'/B'/C)% . Torna va... v F* [C1%2, Vg1 . Ynt1 Fon [B']%. Tlo wmmykmm-
OHHOMY TPEIONOKEHHIO Vi1 = [X/]Gl\l7 W TIOTEHIUATBL Yyt 1, - - -, Ynil HE COMEPIKAT
b. ITo nemme 1 7o, ...,7, He comepxKar Kareropuii puja Y’, a 3HAUUT O HOCTPOEHUIO
UX IIOTEHIHAIBL He copepzkar b. 61 He comepkuT b TakzKe 10 IOCTPOEHHUIO. [

Jlemma 3. ITycmo T' =1 ...y, € 0 (w), T F* [A]? uau T F* [A]7 (A £ S). Tozda
cywecmeyem cmpoka xamezopui I =~ ...~ € §(w) maxas, wmo T F* [A]°.
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Joxkaszarenbctso. Ecia 71 ... v, F* [A]?, To no nemme 1 75 He comepKar Karero-
puit X', 9TO 3Ha9MT, UTO BCE KATETOPUH ; ObLIN B UCXOAHON Tpammaruke G. [TosTomy
MoxkHO B3aTh [V = T'. JIoKa3aTebCTBO st BTOPOTO CIyvas MPOBETEM MHIAYKITHEH 10
n.

FBasuc undyxyuu. n = 1.

1 = [A)PP. Moxno sasts v, = [A]Y.

Hndyryuonmod waz. Tycts vy ... Y1 F* [A]9).

1) v = [A'/B']%. Torna Yo ...yny1 F* [B']%2™. To unmykimonnoMy mpemososKe-
HUIO CYIIECTBYeT CTPOKA KATETOPUH ) . ..V, 1 TaKasd, 910 V5 ... a1 - [B]%2. Ilycrs
7 = [A/BJ". Torma 7, ..y - [A1%% = [A].

2) 1 = [A/B'/C|%. Torma v2...v F* [C]%2, Yeg1...9mg1 F* [B1%N. Cyme-
CTBYIOT CTPOKH KATETOPHH Yh...7Yh W Yhyi...7Vhy1 TaKue, 910 v4...7. % [C]%2,
Vot Ags B [BJO5. Tlyers o = [A/B/CI. Torma 7.7y, - [A)009205 = 4]0
O

Jlemma 4. ITycmo T =7y ...7, € 6(w), [ F* [A)%(A # S). Tozda ecau A’ € C,,, mo
cywecmeyem T =~ .../, € 8! (w) maxasa, wmo T' -+ [A]9>P.

Joka3aTesqbCcTBO WHIYKIUEH 11O 1.
Basuc undyxyuu. n = 1. v, = [A]?. Torma v, = [A']7>P.
Unoyryuonnnd wae. Mycrs I' =1 ... yp41.
1) y1 = [A/B]%. Torma va ... Vi1 F* [B]%. Tak xak Geuta moGarmena kareropus A’
10 Gbina gobasiaena u B’. Tlo HHAYKIIMOHHOMY MPEIIIOJ0KEHUIO CYIIECTBYET CTPOKA
KATerOPHil 7} . . . Vhy 41 TaKad, 9T0 Y5 ... Yy F* [B']%2 . [yers o) = [A'/B')%. Unmeem
M- Ynga P LA B BN 1 [0 = [N
2) y1 = [A/B/C)%. Toraa v2 ... % F* [C]%2, Yrs1 - Yne1 F* [B]%. Bee xareropun us
G, me conepxamue S, ocramacek u B G,,. Takxke G, comepxut B’. [losTromy cymectByer
CTPOKa KaTeropwit 4 ...y, Takas, uto v, ...y, F* [C]% (mocrarouno B3saTsh v, = ;)
¥ CTPOKA KATETOPHit Vi1 ... Vi1 TAKAL, ITO Vpyy ... Vi F* [B'1% . Bospméum +f =
[A’/B'/C1%. Torma 41 ... Ynr1 F* [A'/B'/C1P[C)P2[B')03 N | [A/]01020300 = [A/]9NP,
a

JIemma 5. L(G) = L(G),)

Joka3saTesbCcTBO.
[=] Oycre w = wy ... w, € L(G). Tlo onpenenenno CymecTByeT CTPOKA KATErOpwHit
M .. Yn € 6(w) Takas, 9O Y1 . .. Yy H* [S]. Hyzkr0 mocrponts cTpoky kareropmii IV B
rpammaruke G, Takyto, uro IV F* [S]. st 41 BOSMOXKHBI TPH CJIydast.
1) 91 = [S]?. B arom caygae w = wy. Hpucsonm w; kareropuio (S|, Tak kax 0

cbanancuposan, o [S]/PN = [§]PN - [].

2) m = [S/A)%r.  Torma 7o...7Vn * [A]%2  wu noremuman 610,
cOaTaHCUPOBAH. B rpammaruke G y cmoBa  wi €CTh  KaTero-
pus v, = [S/A')7P1 . Tlo nemme 4 cymecrByer CIPOKA — KATerOpHil

vyl € 8 (wo...w,) Takas, uaro Yh...vy, F* [A1%>. Torma ~f...q, F*
S/ AN | [5) A0 1 (500 [g]

3) v1 = [S/A/B]%. Torma va...7 F* [B]%, Yoa1 ... vn F* [A]% u noremmman 60203
c6anancuposan. B rpammaruke G, y cioBa w; ectb kareropus v, = [S/A’/B]/%%1 . Tak
Kak Bce Kareropun u3 G, He cogepzkamume S COXPAHUINCH, TO Y2 . .. Yy € 01 (Wa ... Wy ).
ITo memme 4 cymecTByer CTpOKa KaTeropuit v, i...7v, € 0, (Wri1...w,) Ta-
Kas, IO Vi1 ...7 F* (A% Torna ) ...v, F* [S/A'/B]/Y0 [B]%2 A0 b

n



O CBOMCTBAX S3BIKOB, 3AJABAEMBIX MYJIETUMOJAJIBHBIMIA... 99

[5]/5010203\27 - [S]/b\b [ [S]
Bo Beex caywasx w € L(GL,).
[<] Iycrs w = wy ... w, € L(G),). [lo onpenenenuoo cymecTByeT CTPOKa, KATETOpUil
M- Yn € O (w) Takas, 90 Y1 .. .Y, H* [S]. s y1 BOSMOXKHBI TPH CIydasi.
1) 71 = [S]7™. B stom cayuae w = w;. IIpucsoum w; xareroputo [S]%. Tlorenuuan
6 cbanancuposan, nosromy [S]% F* [S].
2) v1 = [S/A] Y. Torma vo ...y, F* [A']%™) npuuém morenmuan 010y cHanancu-
poran. Ilo jeMMe 3 CymeCcTBYeT CTPOKa KaTeropuit 5 ...7y., € O(wsg...w,) Takas,
aro 7 ...7, F* [A]?2. CnoBy w;, npumumem xarteropuio 7 = [S/A]%. Umeem
T o (S AT (A 8]0 1+ 18],
3) v = [S/A'/B)7Y% . Torma v ...y F* [B)%2, vpar ..o yn F* [A]% ) npuuém noren-
mman 610203 coanancuposan. BosbMéM Y5 ...y, = Yo ...7,. [lo memme 3 cymecrByer
CTPOKa KATErOpHi Y,y ...V € 6(Wyri1 ... wy) TaKaS, 970 Yoy ... v, F* [4]%. Crosy
wy mpurmmeM Kateropuio v, = [S/A/B]%. Nmeem 7} ...~ F* [S/A/B]%[B]%2[A]% -
[5]919293 o [S]
Bo Beex caywasx w € L(G). O

BBumy 31Ol sleMMBI IS TOKA3ATENBCTBA TEOPEMBL JOCTATOYHO YCTAHOBHUTB, UTO
L(G.)* = L(@).
(=] L(G},)" € L(G)
Mycre w € L(G))*, ™ e. w = wy...w,, w; € L(G,,). 910 o3mA"aeT, 910 m14
KaXKJIOTO § CYMEeCTBYET CTpoka Kareropwi I'; € O (w;) rakas, aro I'; H* [S]. Tleppas
kareropus B I'y mmeer sz [S/a] P, Bamenum eé ma areropumio [So/S*/a] P01,
[Monyuurca HoBasi cTpoka Kareropuii Iy € 6’ (wy), Ty H* [So/S*]. lpunurmem ciosy w
crpoky kareropuii [ I's... T, Umeem Iy ... Ty F* [So/S*][S]...[S] F* [So], T. e.
w € L(G).
<] L(GY) € L(Gl)*
[Iycrs w € L(G'). 1o 3Ha4UT, 4TO CymecTByeT cTpoKa Kareropuii I' € ¢ (w) Takas, 910
I' F* [Sp]. TTocite HeCKOMBKIX COKpaIeHuit momyunTest cTpoka [So/S*]%1[S]%2 ... [S]%,
NPUIEM COKPAICHHI B TMOTCHIIMANAX TIOKa HE ObLTO W KATETOpHH S HE COKPAIIAJINCE.
Iyctes I' = Ty...T,, tak uro Iy F* [Sy/S*]%, Ty +* [S]% mwpw i > 2, u nycrs
crpoka I'; mpummcana nomcnosy w;. dus Beex 4 (Bkmouaa ¢ = 1) B rpammaTtuxe G,
MOXKHO BBIIIOJIHUTH cOKpaienus [; F* [5]01‘. Bce norenunaser 6; cOajlaHCUPOBAHBI.
JleiictBuTensho, ecau |w;| > 1, ro T; = [S/a] i [ay)% . .. [ak,l]gﬁ_l [A)P5NP (10, uro
HOCJIeIHsIsl KATeropus UMeeT BH/IL [A’}ef N cmenyer m3 meMMBI 2 M M3 [OCTPOEHHS
G'). U3 nemm 1 u 2 caenyer, uro norennuan 60)...0F ne couepxur crpesok b.
Tlosromy om cbhanancupoBaH, wHade Kpaitaue crpenku / b m \, b He mycrunu 6o
OCTABITHECH BAJICHTHOCTH. A Torma chanancuposan u nmorenrman 6;. Ecmm xe |w;| = 1,
o 0; =,/ 00, \, b u 0; takxke cbanancuposan. Mer nomyummm, aro I'; F* [S], T e.

w; € L(G",). A sTo u o3rawaer, aro w € L(G) ))*. O

B crarbe [11] 66110 BBeseHO MOHATHE aOcmparmmozo cemelicmaa Asvikos (ACS).
Kuacce s3pikoB siBisterca ACE, eciim OH 3aMKHYT OTHOCHTENBHO Oneparuit obbennHe-
HUsl, KOHKATEHAIIUH, IEPECEYECHHUsI C PErYJISIPHBIMU S3bIKAME, HEYKOPAIUBAIOIIETO TOMO-
Mopduama, obparnenusi romoMopdusma u ureparyu. Kiaace MmmKI'3-s3b1k0B 3aMKHY T
OTHOCHTEJILHO 3THX IIECTH OTIEPAIINs, TO3TOMY CIIPABEJIMBO CJIEYIONIee YTBEPXK IeHIe.

Teopema 2. Kaacc L(mmCDG) asisemes abempaxmuvim ceMelicmeorm A3biKo8.

N3BecTHO, 4TO KAACC KC-a3bIKOB sBjsiercsas ACY, HO OH He 3aMKHYT OTHOCUTEIHHO
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nepecevenuns. s kinacca ke MMKI'3-43bIK0B clipaBeyinBa, CJIeayonas TeopemMa.
Teopema 3. Kaacec MmKI'3-A301506 3aMERYT OMHOCUTNEADHO TLEPECELEHUSA.

JokazareabcrBo. Ilycte Gy =< W, Cq, 51,01, m1 > n Gy =<
W, Cs, 8,05, m > — ape MMKI'3. Ilyers C¥¢ C C, — MHOXKECTBO 3IeMeHTap-
HBIX KaTeropwil, WCHOMb30BAHHBIX B JOKATLHBIX dacTax, n mycth C3% C C, —
MHOKECTBO 3JIEMEHTAPHBIX KATErOpUil, UCIIOJb30BAHHBIX B BAJIEHTHOCTSAX. Mbl MOXKeM
npeanonarars, uro C; NCy = @, C¥°NCY = @, S) u Sy He BeTpEUAIOTCA B CIIMCKAX
zapucumocreii. Temepp Mbl mocrpoum rpammaruky G =< W, C; U Co, 51,0, 7 >
rakyio, uro L(G) = L(G1) N L(G3). nsa upocrors! Oyaem cautarh, 910 Go HAXOAUTCA
HOpMaJIbHON popme. Mnur mpeobpasyem nokadbuble Kareropuu (o B MOTEHITHAJIHI,
KOTOPbIE MOJEJUPYIOT JIOKAJbHBIE cokpainenus. CHadana onpeneauMm (DyHKIHIO P,
KOTOpasl OMUCHIBAET ITO MPEOOPA3OBAHIE.

p([A]) =\ A4, ecu A # Sy
p([A/B]) =\.A /B, ecu A # Sy
p([A/B/C]) =\A /B /C,ecm A # S,
p([S2]) = ¢

p([S2/B]) =/B

p([S2/B/C)) =/ B /C

Teneps onpeneanuM cJIoBaps 0.

1) Hyers of € 81 (w), B € 63(w) n o, B we comepxar S1, Sy. Torma a?'?B) ¢ §(w).
2) Mycrs of € &, (w), 87 € dy(w), tne a = [S1/a’], B = [S2/F]. Torma o PP € §(w).
Orpanundenust 6yIyT CJI€IyIOMINMHU.

m(X) =m(X) nna X € Cy

7(X) = me(X) ana X € Cy

7(X) = CY¢ pna X € Ce

Jlemma 6. Ilycmo v1,...,7n — CMPoOKa Kame20pud, CO0EPHCOULUT IAEMEHMAPHOLE K-
mezopuu moavko us C°, 6 xomopoti ne ecmpenaemes Sa. Tozda 7y .. .Y, F* [A] mozda
u moavko moezda, xo2da p(y1) ... p(vn) F*\ A.

JokazaTeJJbcTBO HHIYKIUEH MO n.
[=] Oycrb 41 ...y, F* [4].
Baszuc undyryvu. n = 1. Torma 1 = [4], m p(71) =\ A.
Mndyruuonnmd wae. Tlycets 1 ... yne1 H* [4].
1) Caywaii v; = [A] HEBO3MOMKEH, MOTOMY YTO IPAMMATHKA HAXOIUTCSI B HOPMATBHON
dopwe.
2) 1 = [A/B], v2..-Yny1 F* [B]. Torma no WHAYKIMOHHOMY IPEIIOIOKEHHIO
p(v2) .- . p(Ynt1) F* \v B, u mo ompenenenuio p p(y1) =\, A  B. Torna
p(11) -+ p(Yny1) F*NA /' B\ B\ A.
3) v =[A/B/Cl,v2 ... F* [C], Vk+1 - - - Yn+1 B* [B] nost mekoroporo k. DToT coryuaii
AHAJIOTMYEH MPEAbLLYIIEMY. Y1 - - - Yn+1 F* NA /B /C N\ C \ B F"\ A.
[«<] Hycrs p(y1) - p(n) F*N\A.
Basuc undysyuu. n = 1. p(y1) =\, A. Torna mo onpenenenunto v; = [A].
Mndyruyuonnmd waz. Myers p(y1) ... p(ynt+1) F*\ A. Tak kak v; He comepxut Sa, TO
Kaxkgoe p(7y;) HadMHAETCA ¢ HEKOTOPOH OTPHIATENLHON BATEHTHOCTH. B 9acTHOCTH, 71
HaurHaeTca ¢\, A.
1) p(71) =\\A4, p(72) ... p(Ynt1) F* €. DTOT ciyuail HEBO3MOXKeH, Tak Kak p(y2) HAYH-
HAETCS C OTPUIATELHON BATEHTHOCTH.
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2) p(71) =\\A4 /B, p(72) - . . p(n+1) F*\. B. Torga mo uaAyKIMOHHOMY MTPETIOIOKE-
HUIO V2 . .. Ynt1 F° [B], 1 o onpenenennio 1 = [A/B]. Torma v1 ... Ynt+1 H* [4].

3) p(m) =\NA /B /C, p(72)...p(Ynt+1) F*\.C \\ B. BajieHTHOCTH PaCIOIOKEHBI
B mopaake C, B u3-3a orpanudennii . Tak Kak KaxKI0e€ 7y; HAYUHACTCA ¢ OTPULIATEb-
HOl BAJIEHTHOCTH, TO HUKAKYIO MOACTPOKY P(7Y2)...P(Vnt1) HETB3S COKPATUTH IO E.
ITosTomy cymecrByer takoe k, 9o p(y2) - .. p(ve) F* \C, p(Yk+1) - - - P(Yns1) F* \\ B.
Toaromy 71 ... Y41 H* [A4/B/C)[C][B] F* [4]. O

Jdemma 7. ITyemv Y1, ..., Vn — AOKGADHOE KAME20PUL, COOEPHCOULUE IAEMEHMAPHLE
xamezopuu, moavko uz CK¢, makue wmo s, . .., Vn e codepoicam Sz, u Y1 codepocum
Sy. Toeda 1 ...vn F* [S2] mozda u moavko moezda, xozda p(y1)...p(vn) H* €.

JlokasaTeJIbCTBO.
1) 71 = [Se] Torma u Tombko Torma, korma p(y1) = €.
2) 1 = [S2/A]. Torma vy ...7v, F* [S2] Torma u romeko Torma, korma vz ...y, H* [A].
Ho o semme 6 3T0 BBIIOIHAETCS TOLAA W TOJBKO TOraa, Koraa p(vz) ... p(vn) F*\ A.
9TO B CBOIO OUEpEnhb BHIMOJIHSIETCS TOTAA W TONBKO TOTAa, Korma p(vy1) . ..p(vs) F* €.
3) 71 = [S2/A/B]. Toraa vy ...y, F* [S2] Toraa n rosbKo TOTAa, KOTAA sk HEKOTOPOTO
k~vo...yk F* [B], Ykt1.--vn F* [A]. Tlo nemMmMe 6 9TO BBIONHAETCS TOTIAA W TOJBKO
rorja, kKoraa p(y2) - .. p(vk) F* B, p(Yk+1) - - - p(n) F*\ A. D10 BBIIOIHAETCH TOrA
u TOMBKO TOTARd, Korma p(v1)...p(vn) F* € (kak m B JOKA3aTeNbCTBE JEMMBL 6 MBI
UCIOIB3YEeM ONPAHUYEHHA T M TOT (PAKT, YTO HUKAKYIO MOJCTPOKY HEJIb3d COKPATUTH
noe). O

Temepb MBI MOXKeM JloKazarh, uto L(G) = L(G1) N L(G2).
[=] Mycrs w € L(G). Toraa cymecrsyer crpoka kareropuii o' ...a% € §(w) raxas,
9TO0 1 ... 0 F* [S1] m 01 ... 0, cOanancuposan. Kaxmoe 0; cocTont m3 Tpéx wacreii:
0; = 0.0707 . 3neco 0, — norenuman kareropuu «; B G1, 0! — norennnan HEKOTOPOH
kareropun n3 G, a 0 npejcrapisier JOKANBHYIO 9acTh 3Toi Kareropuu. 6] ...0)
cOanancuposat, Tak Kak C1NCqo = & u n(X) mua X € Cy He coaepxkar Kareropuit us
Cy. 970 3naunut, aro w € L(Gy). 07 ...0) w 07 ... 0 taxxke cbanancuposausr. [IycTh
B; — nokambabIe Kareropuu, Takue aro p(3;) = 0. G1 maxommTcs B HOpMANBHOM
dbopme, mosTomy ToMBKO y @ ecth S1. Ho 3ro 3mauuT, 9o Tobko 077 He comepikuT
OTPHUIATEIHHBIX BajeHTHOCTEH. Torma o gemme 7 B ... [0, F* [S2], m.e. w € L(G2).
[«<] Hyers w € L(Gy),w € L(Gs). Torma cymecrByior crpoku Kateropuii b’ ... al» €
d1(w) m B ... B0 € da(w) Takme, UTO O ... E* [S1], Bi...Bn BF [S2], O1...6,
U 7...7, COATAHCHPOBAHBL IIPHCBOMM CIICLYIONIYI0 CTPOKY KATErOPHU# CIOBY W B
rpammaruxe G: ozflmp(ﬁl) .. afnnp(Bn), Hy»KHO TOJILKO JI0Ka3aThb, Y4TO 1OTEHIMal 3TOM
cTpoku cOamancupoBan. CHAYAIA MbI MOXKEM COKPATHUTSH 01 . . . 0, TaK KaK BAJEHTHOCTH
B OCTaJILHON YaCTH MOTEHIMAJIS, He BCTPeYaTcsa B orpanndeHnax 11 Ci. IToToM Mbl
MOZKEM COKPATHUTD 71 - . - 1)y Go HAXOOMTCA B HOPMAILHON (OpME, IO3TOMY TOJNBKO B
B1 ectb S3. Torma nmo memme 7 p(B1)...p(G3,) cbanancupoBaH. JTO 3HAYUT, 9TO BECH
norernuan cbanancuposan u w € L(G). O

B 3akmouenne paccMOTpUM BOTPOC O 3aMKHYTOCTH Kjacca MMKI'3-a3bkoB 0THO-
CHATEIBHO MPOEKITHH.

Teopema 4. Kaace mmKI'3-a361506 HE 3aMEHYM OMHOCUMEADHO NPOEKUULU.

JoxkazarenabcTBo. [lycth L — pEKypCUBHO TEPEUUCTIUMBIN, HO HEPEKYPCUBHBIN
sa3bIK. CyIecTByIoT 1Ba Ke-s3bika L1, Lo u romomopdusm ¢ takue, uro L = (LN Lo)
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([10]). Ho u L1, u Ly — mmKI'3-u3biku, nosromy Li N Ly — roxke MmMKI'3-a3bIK.
Tak kax m060if TOMOMOP(MU3IM MOKHO IPEICTABHTH KaK MPON3BEICHNUE MPOCSKIMH U
HEYKOPAIuBaronero romomopduizma u kiaacc MMKI'3-43bIKOB 3aMKHYT OTHOCUTETBHO
HEYKOPAIMBAIOMIETO rOMOMOPdU3Ma, TO U3 3aMKHYTOCTH Kiaacca MMKI'3-a3bikos o1-
HOCHTE/IFHO TIPOEKITUH CJI€I0BAA ObI €10 3aMKHYTOCTD M OTHOCUTEIHHO IPON3BOJIBHBIX
romomopdusmos. Ho rorma L 6bu1 661 MMKI'3-sa3b1kOM. A 5T0 HEBO3MOXKHO, TIOTOMY
a0 Bce MMKI'3-s3b1k1 pekypcusnb (pobiaeMa npunagexuoctu aug MMKT'3 jexur
B kyacce NP, cum. paszen 5). O

4. HemoJsysauHeifHOCTD

IIycre L C N" — mpou3BoJbHOE MHOXKECTBO BEKTOPOB. MuoxKecTBO L Ha3bIBaET-
Cs1 TUHEHHBIM, €CIM CYIECTBYIOT BEKTOPBI C, L1, . . ., Ty Takme, ato L = {c + kiz1 +
oo+ kx| ki € N}, TogmuoxkectBo muOXKecTBa, N™ Ha3bIBAETCH MOMYIUHEHHBIM,
eCiu OHO ABJSETCA OObEeJIUHEHHEeM KOHEYHOrO YHCJa JWHEHHBIX MHOXKecTB. IlycTb

W = {wi,...,w,} — KOHEYHOE MHOXKECTBO CHMBOJOB. O6o3HaUMM 4epe3 1 0To6-
paxkenme MHOXKecTBa W* Bo mHOXKecTBO N, ompemensemMoe CIEIYIOMIIM OOpPa3OM:
P(8) = (ISlwys- -+ |S|w, ), THE |S]w, — UHCTO BXOKAEHWI CHMBOTA W; B CJIOBO S. Ec-

ma L C W*, 10 (L) = {¢(s) | s € L}. I3bik L Ha3bIBAETCA NONYIMHEHAHBIM, €CJIH
MmHOKecTBO (L) nomynuneiino. MMeer MecTo cenytomias teopema (cM. [2]).
Teopema ITapuka /laa xascdozo xe-aswra L mnoocecmeo (L) seasemesa noaysu-
HEUNHDLM.

OHUM W3 W3BECTHBIX CBOUCTB TOJIYIUHEHAHBIX SI3bIKOB, SBJSIETCS TO, UTO JJIVHbI
BXO/IAIIUX B HUX CJIOB COAEPKAT OECKOHEedHbIe apudMETHIECKIE TPOTPECCHH.

B srom pazgesne mbl pokasbiBaeMm, 910 Kiaace MMKI'3-43bIKOB COmEpKUT HEIOJTY-
nuHeitHbe a3pKY. [IpuMepom sBasercs si3pik L = {101001...10%" | n = 3,5,7,... }.
MHOKeCTBO JJINH CJIOB 3TOTO SI3BIKA HE CONEPKUT OECKOHEUHBIX apUPMETHICCKIX IIPO-
rpeccuii, mo3ToMy L — HemoMyIuHeRHbIA A3bIK.

Teopema 5. L = {101001...10®" | n = 3,5,7,...} acasemca mmKT3-a3vimom.

JoxkaszarenbcTBo. L nmopoxkgaercs ciaenyiomeit MmKI'3 G.
0 = [XI/X2]7[X3/X4]/A/A7[X4/A]/A/Av[B/D/D/B]\Av
(D) A7, [C/EJE/C] M, (B
1 [S/X1), [ X2/ X3)7P [A/A/B], [A/C], [B]M 7, [C]
m(A)={B},n(B)={A}

C moOMOIIBIO JIOKAJIBHBIX KaTeropuii G mpoBepsieT, 9YTo KayK bl YETHBIH 00K HyIei
B JIBa pasza JJIMHHEE NMpeablayInero neuéraoro 6moka. Janbaue cBsa3u Tuma A UCnoib-
3yIOTCS, YTOOBI MPOBEPUTH, 9TO KAXK/IbI HEIETHBIN OJIOK HyJsell B 1Ba Pa3a [JINHHEE
HIPEeabIAYIIEro 9éTHOro 6,oKa. UTobbl rapaHTUPOBATE, YTO BCE CTpenaku tuna A OymyT
roiiManb! OuIMKANIIIM GJIOKOM HyJeil, MBI HCHOAB3yeM cTpenkn tuna B. Ouu coemnua-
0T €ITMHUIIBI, He TI03BOJIsAsT CTpeskaM Tuma A momacth He B TOT 6710K. B Hagame ciosa
€Ié HeT BBIIYIIEHHBIX CTPEIOK, KOTOPHIE MOXKHO OBLIO Obl MOMMATH, TOITOMY MBI HC-
HOJIb3yeM clrienualbabie Kareropuu (ouu comepxkar X ). B koHIe cioBa He HYXKHO BbI-
[IyCKaTh HOBBIE CTPEJIKA HAIIPABO, [IO3TOMY MbI UCIIOJb3YEM KATErOPHUH, COAEPKAIINE
C u E. Ux enuncTBEeHHOE OT/IMYMe OT Kareropuit ¢ B u D cocTouT B TOM, 9TO OHU
TOJIBKO JIOBSAT CTPEJIKH.
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Jlemma 8. ITyems w = 101102 ... 102:w” € L(G), w’' = 10110% ... 10%*, Tozda:
1) i, =271 9an 1 < j < 2k.

2) Beau w" # €, mo O(w') =* / B(/A)* .
3) Jloxaavuwe wamezopuu cmpoxu 102-110"% moorcro coxpamums do [A/A] daaj > 1.

22k

JokazaTeJbecTBO HHAYKIHEH 10 k.
Basuc undyxyuu. k = 1. EjguHcTBEeHHOE BO3MOXKHOE HA4aj0 HMEET BH/,
[S/X1][X1/ Xo][Xo/X3] P [X3/Xa] A [ XA A
Hnodyxuyuonnwii waee. Tlo maaykuuonHoMy npeamnosoxerunio w = 10100. .
O(w') H* / B(,” A)2™" . Tlepsoii equnume npuricana 6o kareropus [A/A/B], 6o
[A/C], Tak kKak KaTeropuwm MpeaBIAYIEro 6I0Ka MOKHO COKPATHTE 10 [A/A].
1) Teproit emmanne mpunucana karveropust [A/A/B]. Torma cremyomnme HyIn WMe-
for xareropun [B/D/D/B]™. Ilycts amuma sroro 6Gmoka mymeii pasma . Torma
3TOMy OJOKY cooTBeTcTByeT cTpoka Kareropwit ([B/D/D/B]™)!. Mur nokasxewm,
gro | = 2%¢. Ipemmonomxum, uro | < 22¢. Torma sra crpoxa moiiMaer | crpe-
ok A. Ho ciemytomeit xareropmeii 6ymer [B]>B. Torma noremuman pasen
B(/ A \y B /' B, t > 0. Ho 370 3Ha4uT, 4TO OrpaHUYMBAIONIAA 3aBUCHMOCTb
B me mossommr crpenkam A mpoiirm mambme, T.e. w ¢ L(G). Tenepnp npemmoso-
x&nM, uto | > 22F. Torma kommuecTBO CTpPeaOK A MEHbBINE KOJHMYECTBA CTPE-
mok N\, A, Te. coosa w ¢ L(G). Utak, | = 22*. ¥V gareropmm Kaskaoro Hyid B
oroM 0OJIOKe ecTb nBe Kareropuu D, W CTpOKa KaTeropuii Bcero OJIOKa COIEPHKUT
22k+1 gareropuit D. DTO 3HAUHT, YTO CACAYIOMHNH GIOK JOMKIEH CONEPKATH POB-
no 22K+ pyneit. Kaxupii us nux pobasiaser mse crpenku / A, tax uro O(w') F*
B AP (NAT B /B(/A /A2 2B AP s npucsan-
BaHUS KATErOpHi HEOCPEICTBEHHO CIEIYeT, YTO CTPOKY KATErOpHil IMOCISTHUX JIBYX
6I0KOB MOXKHO COKpaTuTh 10 [A/A].
2) Teproii exuanne npunucana kareropus [A/C|. Toka3aTenbCTEO TIOBTOPSET MPETHI-
Aymmit coygait. EauHCTBEeHHOE OT/INYIHEe COCTOUT B TOM, UTO TIOCTETHNUHN OJI0K HE CO31aCT
JIOTIOJTHUTETLHBIX CTPEJIOK, TAK UTO MOTeHIUaI OymeT cOaTaHCUPOBAHHBIM. [

U3 nynkra 2 mokasarenbcrsa 3Toi seMMbl cieayer, uro L(G) C L. Haobopor,

mycrs ¢1oBo w = 10100...102" € L. Ipunumtem coBy C/IeIyIONyI0 CTPOKY KaTeropuit
I

22k—1 7
.10 w”,

o [S/ XX/ Xo) [ Ko/ Xa] P [Xa ) X A7 A X JA A
...[AJA/B](|B/D/D/B] >4 B]»"B([D]" 4748 ...
- [AJA/BI([B/D/D/ B BB (DAL
[4/CY(C/B/B/CT)" T [C]E (B

Pacemorpuy nozerpoky Iy = [A/A/B)([B/D/D/B| )2 [B]NB/B([D] /A 4)2"
JlokanbHast kareropusi B B 9TOil MOICTPOKE MOXKET ObITh COKpamieHa. llocae aToro
MOXKHO OyZeT COKpATUTb JBE JIOKaNbHbIe Kareropun D. Torma or mocnesnmeii kare-
ropun [B/D/D/B] ocramercs tompko [B]. 9ToT mpomecc GymeT MPOIOIKATHC TO
TEX MOp, MOKA BCe JIOKaJbHBbIE Kareropuu D He cokpararcsa. 3arem OyaeT BbINOJ-
HeHo nocaeganee cokpawenue [A/A/B][B] b [A/A]. Hu oana Banenrhocrs B ['; ne

MoxKeT cokparuthes, moyromy 6(T;) = (N A)Qh \B / B(~ A)22(i+1). Paccyxnas
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TaKUM 2Ke 00pa30M, MOJIYyHIUM, 4YTO JIOKAJbHbIE KATEIOPUH IOCIEIHUX JBYX OJIOKOB
cokpararca mo [A], a morennuman Gyner pasen (\ A)Qn_1 \\ B. Ucxonsimue crpenku
/" A noncrpoku ['; coxpararcs ¢ Bxoasmmmu crpeikamu N, A mogcrpoku [Nq.
Tlocne aToro cokpamenusi crpenku / B u \, B OKa)KyTCsi PsSIOM U UX MOXKHO Oymer
COKPATHTB. JIOKATBHBIE XKe KaTeropun cokpararcs m0 [A]. Takum o6pazoM, momyIaem
D B [S/X0][X01/ Xo][Xo/ X5] P (X5 / Xa) A A Xy JA] A4 TAPNANNANS o> [ 5],
Wrax, mbr qokasanu, uro w € L(G), re. L C L(G). O

Caencreue 1. Kaace mmKI'3-33b1506 codeporcum HENOAYAUHETHDLE A3DIKU.

3amMerum, 910 BOIPOC 0 nonyauaeidnocTr KI'3-3bIKOB. OCTABTCS OTKPBITHIM.

5. Ci103KkHOCTH TTPO6JIeMbl IPUHAIJIEKHOCTH

B pabore [7] 6610 TIOKa3aHO, uTO Mpobiema onpenenenus no KI'3 G u cioBy w,
npuaagIexuT Tm w a3biky L(G), seasercs NP-mommoi. Jis kmacca MmKT'3-s3b1K0B
9TOT pe3yabTaT MOXKeT ObITh ycuieH. IIpexae Bcero 3aMeTuM, 9T0 MpobIeMa TIPUHAI-
sexxnoctu i MMKI'3 siezkur B kaacce NP. Onpegenum ciepyrolnee OTHOLIEHHE < HA,
MHOKECTBe JaJbHUX 3aBucuMocteii (r.e. nap suga a(d) =,d \,d wm a(d) =,/ d \ d):
a(dy) < a(dz2), ecnu nBe 3apucuMocTu nepecekaoress u d; € w(dz). DTO OTHOIIEHHE
O3HAMAET, UTO 3aBUCUMOCTD a(d]) MOMKHA ObITH CO3MAHA COKDAIIECHUEM DAHBIIE, TEM
a(ds). IMeeT MeCTO Clemyromee CBOHCTBO.

Jlemma 9. Ilomenyuan 0 cbarancuposar mozda u moasko mozda, x020a 6AAECHIMHOCTIU
u3 0 moocHo 00BeduHUMb 6 NAPbLl MAKUM 00PA30M, 4MO OMHOWEHUE <5 HE UMEEM,
UYUKAOB.

JlokazaTeJbcTBO.
[=] JomycTtum, aTo oTHOMERAE < 1 COMEPKUT MUK a(dy) < a(de) <x -+ < a(dy) <x
a(dy ). Torma mapbl, BXOASAIMME B 3TOT MUK, He COKpaTsaTcd. JleficteurensHo, mapa a(d;)
He MOXKET COKPATHUTHCS, TAK Kak eif memaer mapa a(d;—1) (mapa a(d,) npu i = 1). To-
TOMY NOTEHIMAT 6 He cOATaHCUPOBAH.
[<] IlycTh oTHOmIEHNE <, HE CONEPKUT IUKJIOB. [IpoBeIEM 10KA3ATEIHCTBO UHILYKIU-
el Mo JJinHEe MOTEHITHAJIA.
Bazuc undyryuu. |0] =0, T.e. § = . DToT MOTEHIHAN ¢OATAHCHPOBAH.
Hndyruuonmii waz. Tak KAK MHOKECTBO TIAP BAJEHTHOCTEH KOHEYHO, TO B HEM €CTH
MUHHAMAJbHBINA 3j1eMeHT a(d). DTy mapy MOXKHO COKPATHTH, HOTOMY YTO HE OJHA Ba-
JICHTHOCTH 3TOMY He TIpensaTcTByeT. B pesyabrare momyuuTces morennuan 6, anamwa,
KOTOporo Menbme aauHbl 0. 6/ #e conepxxut mukios. [1o HHAYKIIMOHHOMY TIPEIIONO-
JKeHuIo oH cOasancupoBat. CienoparesbHo, cOagsancupoBad u norednuai 6. O

Jlemma 10. Cywecmsyem nosurOMUGALHOLE aA20pUMM AR BPOBEPKU COAAGHCUPO-
B8AHHOCTNY, TOMEHUUAAA.

HokaszareabcrBo. Ilycrs nmeerca morernman @ = vy .. . Uk, B KOTOPOM HCIIOMb3Y-
IOTCSL T THIIOB BaJIEHTHOCTEH. AJITOPUTM MCIIOIB3YeT 1 CTeKOB S7 ... Sy,
1. V=g, F:=0
2. JIJI i = 1 10 n BBEIIIOJIHATD S, := @ BCE_1JId
3. IJId i =1 J0 || BRIITIOJIHATH
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4 ECJIN v; — neBas BamenTnocTs Tuna j TO

5. [OMECTUTD ¢ Ha BEpIIUHY S;

6. WHAYE ECJIN v; — npasas Banentaocts tuna j U S; # @ TO
7 oycThb | — 371eMeHT Ha BepmuHe S

8 VAT Bepuinay S;

9. V=vu{@l}

10. N1 BCEX (p, q) € V BBITIOJIHSTD

11. ECMNp<i<l<qTO E:=FEU{((1),(pq)}
12. ECIMNi<p<q<ITO E:=EU{((p,q), 1))}
13. ECIIN p < i < ¢q < I NN i < p <l < qTO FEF = FEU
{0, (p,9), ((p,9), (i,1)) }

14. BCE_JIJIsI

15. MHAYE

16. BurAaThL “HET”

17.  BCE_ECJIHN

18. BCE_ I

19. ECJIN B rpade G = (V, E) ectb nukasr TO
20. BegaTh “HET”

21. UHAYE

22. BoLaTh “1A”

23. BCE_ 1]

AJropuTM 4muTaeT MOTEHIMA CJIeBA HAIPABO 10 OJHON BasienTHOCTH. Kcim oH Ha-
XOIUT JIEBYIO BAJEHTHOCTH THIIA j, TO OH 3aMOMUHAET €€ MOBUIHIO B j-M CTeke (CTPOKa
5). Ecyiu anropuTm HAXOIUT NPABYIO BAJEHTHOCTh, TO OH IIPOBEPSET €CTh JIH COOTBET-
CTBYIONIas el JieBasi BaJleHTHOCTb. Ecsin ona ecThb B mo3uiuu [, To aroputM 100aBJiser
napy (i,1) B MmroX)ecTBO 3aBuCcHMocTeii V' (cTpoka 9). Tlocse 5TOro OH MpoBepsieT, KAKue
"3 y2Ke HalJIEHHBIX 3aBUCAMOCTEH MOTYT B3aHMOIEHCTBOBATH C HOBOM depe3 (pyHKIHIO
sanpetos (cTpoku 10-14). Korma Bee 3aBUCHMOCTH HARIEHDI, AJTOPUTM TIPOBEPSIET, CTh
qu B rpade (V, E) nukibL.

Tak Kax JJIMHA [OTEHIMAJIA PABHA 1, TO YUCJI0 3aBucuMocTeii pasHo n/2. [loaromy
V| < n/2, |E| < N?/4 n muxn B crpokax 10-14 paboraer O(n). CremoBaTenbHo,
UK B crpokax 3-18 umeer cioxuocrs O(n?). Hammune nmukios B rpade nposepsercs
3a Bpema O(max(|V|,|E])). IlosTomy BpeMeHHas CJIOKHOCTH AJLOPUTMA, COCTABIACT
O(n?). O

Takum 0bpaszoM, cripaBeInBa, CJASAYIONIAs TEOPEMA.

Teopema 6. Ilpobaema npunadaescrocmu 0as mMmKI'3 aescum 6 xaacce NP.

JokazaTeabcTBo. HenerepMuHIPOBAHHBIN MOJHHOMUAIBHBIN AJTOPATM JIJI TTPO-
Bepku npuHagiexksocru w € L(G) Gymer ciemyrommm.
1) Yragars crpoky kareropmit ol ...af" € §(w).
2) IIpoeepuTs, 9TO Q1 . .. oy F* [S].
3) IIposepurb, uyro noreHuuan cbansancuposan.l

Teopema 7. Cywecmeyem mmKI'3 G maxas, 4mo npodiema NPUHAIAEHCHOCTIY, W €
L(G) aeasemcs NP-noanot

JoxkazarenabcTBo. Mb1 qokaxkem NP-TpynHOCTE TyTéM cBemeHus mMpoOaeMbl Bbi-
mosaumoct KH® k mpobieme npunaiexkuoctu. [lycte & = C1 A ... A Cp, — KHO,
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coAepzKAIAs IEPEMEHHBIE X1, . . . , Ty, Iloctponm MMKI'3 G =< W, C, S, 6, > cneny-
TOIIIM 00Pa3oM.

W= {xvfayabvad)}

BykBa & COOTBETCTBYeT BXOXKIEHWIO B JN3BIOHKT HEKOTOPOW MEPEMEHHON I;, OYKBa
T — BXOXKIEHHUIO —T;, & Y O3HAYAET, 9TO NMEPEMEHHAS T; HEe BXOJWUT B JU3BIOHKT. Ho-
MEPA § ITUX NEPEMEHHBIX OIPEIENSIFOTCS TOJIOKEHNEeM OYKB T, T, Y B IIPEJICTABJICHUN
I3 BHIOHKTA, TTOITOMY WHIEKCHI He HyKHBL. KaxkmoMy mu3bionkTy C; MOCTaBUM B CO-
orsercrsue ¢noBo ¢(C;) = 21 ... 2, The 2; = &, ecnn ¢; Bxonut B Cy, z; = T, ecan —x;
Bxomur B Cj, u z; = y, ecnu x; He Bxogut B C;. Hanpumep, mu3bioBKTY 22 V —24 V 27
coorBercrByer ci10B0 yryTyyr (ecom KH® conepxur nepemenusie ot x1 10 7). B cio-
B, KOTOpoe MbI moctpoum 1o P, mepsbiii qu3bioHKT Oyger nepesépuyT. Coepyommit
OyaeT NepeBEpHYT €Ié pas, T. €. OyJer HanucaH 0e3 W3MEeHeHui, TpeTuii cHoBa OyneT
nepesépryT u 1. 1. CioBo Gymer takum: we = ¢bg(C1) "L g(Co)*. .. xg(Ch) ™D % f7.
Bnech v~ — mepesépHyTOe v (MOCAEIHMI AUIBIOHKT OYIET MepeBEPHYT, €CIH ero HO-
Mep HEeYETHBI).

C={S,0,1,0/,1', A, B, T}

Hanee onpenennm orpanmdenus wa crpenku: 7(0) = {1}, 7x(1) = {0}, #n(0) =
(1} 7(1) = {0'}.

Teneps onuieM CI0Baph.

¢ — [S]

@ [ANT/APAY, [A\ANAY [AVADOA | [4JANAY (4] A0
AT AN AP [T AP
[ "2, [B\B]N A, [B\B]N' A, [B/BN A, [B/BN' A,
[B\TN' AL, (BN, (BN, [T/ B A
2 s [ANT/APOA [A\ANAY [AVAPA (44N (4] A0
[ AP [Ty AP
[ BN [B\B]N . [B/BIN' 1, [B/ BN,
[B\T]N' A0, (BN A, (BN, 1 BN 0
LAVAPNA TAVAPNAY [AJAPNA [AJ AP AP (AN
[B\B]™' 71 [B\B]N' 0, [B/B]N' 1, [B/ BNV, [B]N 1, [B]N
« i [T\
F s [N, N [, e

Vreepxaenue. ¢ BLITOIHEMA TOIWIA B TOJIBKO TOAA, Koraa we € L(G).

[=] ycrs ® BRIMOAHWMA W 0 — BHIMOMHSAOMEe MpUCBanBanme. [Ipucsonm GyksaM b
KATeropuu, 3a/a0lie 3TO pUCBAMBaHMe: i-st OyKBa b mosiyunt Kareropmio [g]/7(%i),
Kaxplit 6JI0K, TIPeICTABIIAIONNH TU3bIOHKT, JOBUT CJI€BA BCE CTPEJIKH, ONUCHIBAIO-
e 3HavYeHnA TepeMeHHbrx. Hanpumep, nepsbrii 610K moiiMaeT X HEMOCPEICTBEHHO
or b. Ilpu sTom crpenku we nepemyrarorcsa, Tak kak 0 m 1 me nepecekarorca. Ilep-
BO#i Byer nofiMana Crpesika, COOTBETCIBYIOIAA Ty, 33TEM CTPEJIKA, COOTBETCTBYIOLAs
ZTp—1, U T. 7. ITosromy mepBbiit 610K 3amucaH B mepeBépHyTOM Buze. Ham HY>KHO Ta-
PAHTHPOBATH, YTO B KaXKJOM JH3bIOHKTE €CTh MCTUHHBIN JUTepas. SHAUYEHUS OCTAJIb-
HBIX JINTEPAJIOB B 9TOM K€ JU3BIOHKTE HAC HE MHTEPECYIOT, HO WX HY?KHO TIOMHHTD.
Homycrum, 910 TepeMeHHAs T; NCTUHHA W JETA€T AN3BIOHKT MCTHHHBIM. 1IpucBOMM
coorsercrsyoweil 6ykse x kareropuio [A\T /A1 Tenepp apyrue snadenus posiu
He WTPAOT, 33JAIINe WX CTPEJIKH HYXKHO MOMMATH M TOCJIATh TAJbIIe HAPABO 0e3
wsmenenns. [l sroro B rpammarnke ecrb kaveropuu [A\A]NMY[A\A]NAY pg
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nepemennbix gesee x; u [A/A]NY [AJANAY g nepemenubix npasee. st city-
Yasl, KOTJa & CTOUT Ha TI€PBOM KM HA MOCJEJIHEM MECTe HY*KHbl APYTUE KATErOpUH:
z = [A\TNAY AP AN T /APNAY O E; nocrynmM aHATOrHYHO, HO 9TO-
OBl T; CAEIAT JU3BIOHKT HCTHHHBIM, ; TOJIZKEH OBITH JOXKHBIM. SHAYCHHUS {; HE BAYKHBI,
HX TPOCTO mepechbliaeM Hanpaso. Kareropun T' HET B cCImCKax 3aBUCUMOCTER y T, T 1
Y, TIO3TOMY JIOKAJIbHBIE KATErOPHUHU MOCA0BA, MPEJICTABISIOMErO IU3bIOHKT, COKPATAT-
cst 1o T. DTy KaTeropnro COKpaTuM ¢ MOMOIIBI0 Kareropun [T\e| cumpoa *. Ternepnb
CTPEJIKH, 3aaI0MIMe 3HAYEHUs] EPEeMEHHBIX, UAYT B Oopsake oT n K 1. Tloaromy onu
OyayT moiiManbl B mopsaake ot 1 k n. IlocTpoerne qyia 9€THBIX U3 BHIOHKTOB MTOJTHOCTHIO
AHAJIOTMYHO TIOCTPOEHHUIO /71T HEIETHBIX AU3BIOHKTOB. Mcrmonb3yoresa kareropuu, co-
nepxxatue B smecro A. Onu nossar 0 u 1/, a Beinyckaror 0 u 1, a nepeMeHHbIe 3a111CaHbL
or 1 1o n. Biok u3 cuMBOIOB f B KOHIIE CJOBa MPOCTO TOMMaeT Bee crpenkn. Hako-
Hell, IPUCBOUM Kareropuio [S] cumoy ¢. Takum 06pa3oM, MbI COIIOCTABUIIN CJIOBY W
crpoky kareropuii ' Takyto, aro I' H* [S]. Dro smauut, uro we € L(G).
[<] Hycts  He BHMOTHMMA W MYCTh b 3aMA0T KaKOe-HUOYAb mpucBambanue. [lycrsb
C; — nepBblil JIOXKHBIH JU3BIOHKT. JJ0 HETO BCe 3HAYEHHU:A NEePEMEHHBIX 100epyTCs, KaK
u Bbie. JIOKaJbHBIE KATETOPUH JU3bIOHKTA JO0J2KHBI COKPATUTHCS /10 €. DTO 3HAYUT,
YTO HEKOTOPBIA T Wau T JOJKeH noaydurh Kareropuio ¢ T. Ho Ttakas kareropusi Jjis
x; nosur cneBa 1, a ¢; = 0 (unate u3bioHKT C; ObLI Obl HCTHHHBIM). AHAJOIUTHO Ka-
Teropust Ay T; nosut ceBa 0, a ; = 1. B 0boux ciayvdasx CTpesku y & He COKPATATCS.
CoKpaTnuThCA 7Ke € APYTUMH CTPETKAMHU OHHE HE MOTYT, Tak Kak 0 u 1 He mepecekaroTcs.
[Mony4mnocs, aro w ¢ L(G). O

I'pavMvaruka G, TOCTPOEHHAS B JOKA3ATENTHCTBE TEOPEMBI, COTEPKUT TETHIPE THTIA,
JanbHAX cBsizel. C MOMOIIBI0 HEKOTOPBIX TEXHUIECKHUX YCIOXKHEHHI STOT PE3YJIBTAT
MOKHO yCHJIUTb.

Teopema 8. Cywecmeyem mmKI'3 G ¢ deyma munamu garenmuocmedi MmaKes, 4mo
npobaema npunadaesicnocmu oas G asasemes NP-noanot.

Habpocok mokasaTeJabcTBa.
Kak u B mpenpiaymeit Teopeme, NP-TpynHOCTD JTOKA3BIBAETCA TTyTEM CBEACHUA MPode-
MBI BBIITOJIHUMOCTH K 1pobseMe mpuHa ek HocTu. CUMBOJIBL &, T ¥ Y JIOBUJIA JATBHIOK
3aBUCUMOCTh CJIEBA U BBIMYCKAJIU HOBYIO JAJBHIOK 3aBUCUMOCTH HAOpaBo. [Ipu sTom
HE HCIIOJIh30BAJNCH JIOKAJIbHBIE YacTu KaTeropuii. Korma cumBon z, T uim y u3 mnep-
BOro OJIOKA, JIOBUT CTPEJIKY CJIEBA B HOBOH I'DAMMATHKE, 3HAYEHUE ITOH CTPESKU OyIeT
3allOMUHATLCS B JIOKAJIBLHON dacTu Kareropun. Kareropuu BTOporo 6J10Ka IPOBEPSIOT,
YTO 3HAYEHHUS IIEPEMEHHBIX COXPAHSIOTCS, ¥ BBIIYCKAIOT HAIPaBO COOTBETCTBYOLINAE
crpenku. I'pammvarnka 6ymer Caeayrorei.
W= {b7fa¢7x7j7y7*7#}
C={S50,1,T,L R, FE, Xo, X1, X)), X1, Y0, Y1 }
CuoBapb 0 oupegenum cienyromum obpasoM (Kareropuu Jyisi T, T U Y LOJYYEHbL ¢
nomotnio ).
b [e] 7, [e]
f e ™
¢ [S]
w = [T/ Xo/T) ™, [T/ X /R, [T/ Yo /T, [T/ X1 /E], [T/ X1 /L), [T/Y1 /L],
[L/Xo/L] ™, [L/Xg/E]™, [L/Yo/L]™, [L/ Xy /E], [L/X1 /L) [L/Y1 /L],
[R/Xo/R]™, [R/Xg/RI™, [R/Yo /RN, [R/X1/E]N, [R/X1/E]N, [R/Y1/E]Y,
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{E/]A)(O/f]\f/vl[E/X(l)/E]\Ov[E/YO/E]\Qv[E/Xl/E]  [E/XT/EN, [B/ Y1/ E]Y
[

,_\

z = [T/ Xo/L] Y, [T/X¢/E] Y [T/Yo/L}\p»[T/Xl/R]\’l,[T/Xi/T]\’l, [T/Y1/T]
[L/Xo/L], L)X/ E]Y »[L/Yo/L] 7[L/X1/E]\1, [L/ X7 /L) (L) Y2 /L)
[R/Xo/E| ™, [R)Xo/E] Y, [R/Yo/E] ™, [R/X1/R| ™, [R/X{/R] ™, [R/Y1/R] ™
{E/]Xo/l[’i’}/\fv [E/X0/ENY[E/Yo/E]N, [E/X1/E), [E/X{/E]M, [B/Y1/E]M

y e [T/ Xo/T] Y, [T/Xé/R]\R [T/Yo/T] ™, [T/ X1 /R] M, [T/ X1 /R] M, [T/Y1/R] Y
L/ Xo/LI™, [L/Xo/E], [L/Yo /L), [L/ Xy /B, [L/XT /L] [L/Y1 /L]
[/ Xo/R] ™, [R/X(/R] ™, [R/Y /R Y ,[R/Xl/R}\J7 [R/X{/R] ™, [R/Y1/R] ™
[E/Xo/E]\p7 [E/X0/ENY [E/Yo/E]N, [E/X1/E]N, [E/XT/E]M, [E/Y1/E]M
[[Y]] e
= [e/T]

Tenepb ONIPEIETAM OTPDAHAYEHUS 7.
m(0) ={1},7(1) ={0}

IIycte ® = C; A -+ A Cyypy, — KH®. MOKHO cYHUTATH, 9TO OHA COHEPIKUAT YETHOE
qncsao nu3bionkToB. CioBo, koaupyomee KH®, Oyaer ciaemyrommm:
we = pb"#g(Cr) 7" * g(Co)#9g(C3) ™! % g(Cy) ... #9(Com—1)"" % g(Cop) f. O

ITycrb, wampumep, samana KHO & = (z; V 23) A (mxe V —a3), a
nepeMeHHble WMelOT 3Havenuss o(r1) = 1, o(x2) = 1, o(zz) = 0.
O1a KH® mnpexacrasasiercss cnosom ¢bbb#Hyxx x yTZZfff. Dromy crnoBy MOK-
HO HpI/IHI/ICaTb ciemytormyio crpoky kareropwit: [S][e]7 [e] €] Cle/ T[T/ X,/ R
R/ X1/ E]NE/Y]JEIN B XX [ M

IMpennonoxum renepsb, uro B MMKI'3 G =< W, C, S| §, T > TOIBKO OJWH TUI HETIPO-
E€KTHBHBIX 3aBUCUMOCTEH y9aCTBYeT B OrpaHWdeHusaAx w, Hanpumep, X. Mmeercs tpm
BO3MOKHBIX BAPUAHTA.
1) 7(A) = @ ana seex A # X (r.e. Tonapko m(X) Moxer 6bITh HemycThIM). Iyt 6 —
MOTEHITUAJT TaKOM, uTo 6 F* £, eciu He MCMIONB30BATH OTPAHUYEHUS. DTOT MOTEHITUAT
ocTaHeTcs cOATAHCHPOBAHHBIM, €CJIH UCTONB30BaTh . CHAYA A MBI MOKEM COKDATUTH
BAJIEHTHOCTH, THI KOTOPbIX A ormmaen or X. 910 BO3MOXKHO notoMy, uro w(A) = .
Ocrapmmiica noTeHnman GyJeT CoaepKaTh TOMBLKO X, TAK 9TO 7 HE CMOYKET 3aIIPETHUTH
Kakue-1ub0 COKpAIeHHs.
2) m(A) C{X } nus Bcex A (T.e. eIMHCTBEHHBIA THII, KOTOPBIH MOXKET MPEIOTBPATHTE
HEKOTOPbIE COKpallenusd, — 310 X ). Dror ciaydail anajsoruden npeapiayimeMmy. Cuada-
J1a MBI MOXKEM COKpaTuTh Bee BasenTHocTn X . Ecmm m(X) = { X }, 310 He nosnuger
Ha BO3MOKHOCTH TAKMX COKPAIIEHWI, TAK KAK 3TO OrPAHHYIEHHUE y2KE ONPETETEHO TIPa-
BHJIOM JajibHEN 3aBucuMOCTH. [JOTOM MBI CMOXKEM COKPATUTH BCE OCTAJILHBIE BAJIEHT-
HocTH. Takum 0OpazoM, TPAMMATHKE, YIAOBIETBOPSIOIIAE YCIOBUIM OTHOTO U3 JIBYX
MEePBBIX CIyYaes, sxkpuBanteHTHBl OKI['3 6e3 orpamuaenwnii .
3) m(A) C { X} nna Beex X # A (T.e. X MOXKET 3aNPETUTh HEKOTOPBIE COKPAIICHNUS,
U HEKOTODbIE BAJEHTHOCTH MOTYT 3alpPETUTh CoKpamenue X ). I'paMMarnka, mocrpo-
€HHAsA B JOKA3ATEIbCTBE MPEIbLYINEH TEOPEMBI, YIOBIETBOPSET STOMY yCI0BHUIO. I1o-
9TOMY JarKe €CJTH BCEro OJINH THUT JAJTHHUX 3aBUCUMOCTEH YIACTBYET B OTPAHUYEHUSIX,
npobaeMa MpUHaAIeKHOCTH ocTagres NP-momamoii.

Baazodaprnocmu. Aprop 6aaromapen M.U. JIexTapro 3a MOCTAHOBKY 33434 U BHU-
Manwue K pabore u A.4. JIukoBCKOMY 3a TOJIE3HOE 0DCYKIEHUE PE3YJILTATOB.
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3akJroyeHue

B 3T0i#1 cTarhe MBI HCCIIE0BAIN PACIINPEHNE KATEIOPUAIBHBIX TPAMMATUK 3aBUCHU-
MOCTeil — MYJbTUMOAIbHBIE KATErOpUAIbHbIE TPAMMATUKY 3asucuMocTeit (MMKI'3) —
¥ W3YyYWJIU CBOMCTBA KJACCA PACHO3HABAEMBIX WMHU S3bIKOB. Pa3ien 2 ObLI MOCBAMIEH
cBoiicTBaM 3aMkHyTOCTH KJyacca MMKI'3-sa3bikoB. B Teopeme 1 Obuia ycraHosseHa 3a-
MKHYTOCTb KJacca MMKI'3-s3bIKOB OTHOCUTENIBHO HTEpAluu. Pe3yabTarsl O 3aMKHY-
roctu Kiaacca OKI'3-sg3bIKOB OTHOCHTEIBHO OHEeparuii 00beIuHEHN, KOHKATEHAIIUHN,
[Iepecevenns C PEryJsapPHbIMEU A3bIKAMHU, HEYKOPAYHBAIOIIEIO roMoMOpdu3Ma u odpa-
MeHUsT TOMOMOP(U3Ma, HEMOCPEACTBEHHO MepeHocaTes Ha Kiaace MMKI'3-a3pikos. Ha,
OCHOBaHWY ITUX PE3YJIBTATOB B TeopeMme 2 C/esiaH BbBOA, 4TO Kjaace MMKI 3-a3bkoB
obpasyer abcTpakTHOE CeMefCTBO A3bIKOB. TakKe MbI YCTAHOBHIN, 94TO Kaace MMKT 3-
SA3BIKOB 3AMKHYT OTHOCUTEBHO TIEPECEYEHNS, HO HE 3aAMKHYT OTHOCUTEIBHO IPOEKITUN.
B pasnesie 4 Mbl IpuBesid IpUMEDP HEMOJYJIUHEHHOTO A3bIKa, 3agaBaemoro MMKI'3. B
paszene 5 paccMoTpena mpobsemMa npuHagIeskuoct 1 MMKI'3. Mbr moka3amu, 9To
ans MmMKI'3 ata npobiema asasiercss NP-momHoit 1151 0qHOM IpaMMATHKK U PACTIO3HA-
BaeMOro e# A3bIKa.
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