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Èññëåäóåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü óñòàíîâèâøåãîñÿ äâóìåðíîãî òå-
÷åíèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè ñ ÷àñòè÷íî ñâîáîäíîé ïîâåðõíî-
ñòüþ. Â îñíîâå èññëåäîâàíèÿ ëåæèò íàõîæäåíèå ðåøåíèÿ âòîðîé êðàå-
âîé çàäà÷è äëÿ ñèñòåìû Ñòîêñà. Ýòà çàäà÷à ðåøàåòñÿ ìåòîäîì Ãàëåð-
êèíà. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ òåñòîâûõ çàäà÷.

The mathematical model of a stationary two-dimensional �ow of a viscous
incompressible �uid with a partially free boundary is investigated. The
investigation is based on the searching of a solution to the second boundary
value problem for the Stokes system. This problem is solved by Galerkin
method. The results of the numerical investigation of the test problems are
presented.

Êëþ÷åâûå ñëîâà: ñèñòåìà Ñòîêñà, ïëîñêîå óñòàíîâèâøååñÿ òå÷åíèå,
ñâîáîäíàÿ ãðàíèöà, ôóíêöèÿ òîêà, ìåòîä Ãàëåðêèíà.
Keywords: Stokes system, plane stationary �ow, free boundary, stream
function, Galerkin method.

1. Ââåäåíèå

Çàäà÷è î òå÷åíèè æèäêîñòè ñ ÷àñòè÷íî èëè ïîëíîñòüþ ñâîáîäíîé ãðàíèöåé àê-
òóàëüíû íà ïðîòÿæåíèè ïîñëåäíèõ 50 ëåò. Â 1970-80-õ ãîäàõ Â.Â.Ïóõíà÷åâûì è
Â.À.Ñîëîííèêîâûì áûëà äîêàçàíà ðàçðåøèìîñòü çàäà÷è î òå÷åíèè âÿçêîé íåñæè-
ìàåìîé æèäêîñòè ñî ñâîáîäíîé ãðàíèöåé ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæå-
íèé. Â íàñòîÿùåé ñòàòüå ïðåäëàãàåòñÿ ñïîñîá ÷èñëåííîãî íàõîæäåíèÿ ðåøåíèÿ
ïëîñêîé çàäà÷è ñî ñâîáîäíîé ãðàíèöåé äëÿ ñèñòåìû Ñòîêñà, îñíîâàííûé íà ìåòî-
äå Â.Â.Ïóõíà÷åâà è Â.À.Ñîëîííèêîâà. Îñíîâíîé øàã â ðåàëèçàöèè ýòîãî ìåòîäà
� ðåøåíèå íåêîòîðîé êðàåâîé çàäà÷è â îáëàñòè ñ ôèêñèðîâàííîé ãðàíèöåé. Â ñòà-
òüå îïèñàí ñïîñîá íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ìåòîäîì Ãàëåðêèíà.
Ïîñòðîåíû êîíêðåòíûå ïðèìåðû òî÷íûõ ðåøåíèé çàäà÷è ñî ñâîáîäíîé ãðàíèöåé.
Íà ýòèõ ïðèìåðàõ ïðîòåñòèðîâàí êîìïëåêñ ïðîãðàìì äëÿ íàõîæäåíèÿ ÷èñëåííîãî
ðåøåíèÿ.

Óêàæåì ðàñïðåäåëåíèå ìàòåðèàëà ñòàòüè. Âî âòîðîì ïàðàãðàôå äàíà ïîñòà-
íîâêà çàäà÷è ñî ñâîáîäíîé ãðàíèöåé è êðàòêî èçëîæåí ìåòîä ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé äëÿ åå ðåøåíèÿ. Â òðåòüåì ïàðàãðàôå ìåòîäîì Ãàëåðêèíà èññëå-
äóåòñÿ âñïîìîãàòåëüíàÿ êðàåâàÿ çàäà÷à â îáëàñòè ñ ôèêñèðîâàííîé ãðàíèöåé. Â
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÷åòâåðòîì ïàðàãðàôå ïîñòðîåíû ÿâíûå ðåøåíèÿ çàäà÷è ñî ñâîáîäíîé ãðàíèöåé
è ïðèâåäåíû ðåçóëüòàòû èñïûòàíèé íà ýòèõ ðåøåíèÿõ êîìïëåêñà êîìïüþòåðíûõ
ïðîãðàìì.

2. Ïîñòàíîâêà çàäà÷è ñî ñâîáîäíîé ãðàíèöåé äëÿ ñèñòåìû Ñòîêñà

Ðàññìîòðèì ìàòåìàòè÷åñêóþ ìîäåëü ñòàöèîíàðíîãî äâèæåíèÿ æèäêîñòè â
ïëîñêîé îáëàñòè Ω, îãðàíè÷åííîé òâåðäîé ïîâåðõíîñòüþ Γ1 è ñâîáîäíîé ïîâåðõ-
íîñòüþ Γ2.

Γ1 8 Γ2 � ∂Ω,
Γ1 � �x2 � 0,0 @ x1 @ l� 8 �x1 � 0,0 @ x2 @ ϕ�0�� 8 �x1 � l,0 @ x2 @ ϕ�l��,

Γ2 � �0 B x1 B l, x2 � ϕ�x1��.
Ñâîáîäíàÿ ÷àñòü ãðàíèöû Γ2 îïðåäåëÿåòñÿ ôóíêöèåé ϕ. ϕ ýòî èñêîìàÿ ãëàäêàÿ

ôóíêöèÿ, ïðèíèìàþùàÿ ïîëîæèòåëüíûå çíà÷åíèÿ. Äâèæåíèå æèäêîñòè õàðàêòå-
ðèçóåòñÿ âåêòîð-ôóíêöèåé ñêîðîñòè v̄�x1, x2� � �v1, v2� è ñêàëÿðíîé ôóíêöèåé äàâ-
ëåíèÿ p �x1, x2�. Îïðåäåëåíèþ ïîäëåæèò òðîéêà ôóíêöèé �v̄, p, ϕ�. Ôóíêöèè �v̄, p�
óäîâëåòâîðÿþò ñèñòåìå Ñòîêñà

�ν∆v̄ �©p � f̄ , div v̄ � 0 â Ω (1)

è êðàåâûì óñëîâèÿì íà ∂Ω
v̄ SΓ1� 0, (2)

v̄ � n̄ SΓ2� 0, (3)
T �v̄, p�n̄ � �σKn̄ íà Γ2. (4)

Çäåñü f̄�x� � çàäàííàÿ âåêòîð-ôóíêöèÿ, n̄ � åäèíè÷íûé âåêòîð âíåøíåé íîð-
ìàëè ê ëèíèè Γ2, σ � const A 0 � êîýôôèöèåíò ïîâåðõíîñòíîãî íàòÿæåíèÿ,
ν � const A 0 � êèíåìàòè÷åñêèé êîýôôèöèåíò âÿçêîñòè, K � êðèâèçíà ëèíèè Γ2,
T �v̄, p� � òåíçîð íàïðÿæåíèé ñ êîìïîíåíòàìè

Tij � ν � ∂vi

∂xj
� ∂vj

∂xi
� � p δij , (5)

T �v̄, p�n̄ � � 2P
j�1

Tijnj¡2

i�1
v̄ � n̄ � 2P

i�1
vini.

Êîìïîíåíòû âåêòîðà íîðìàëè n̄ è êðèâèçíà K âûðàæàþòñÿ ÷åðåç ïðîèçâîäíûå
ôóíêöèè ϕ.

n̄ � �n1, n2�, n1 � �ϕ �»
1 � �ϕ ��2

, n2 � 1»
1 � �ϕ ��2

,

K � ϕ ���1 � �ϕ ��2�3~2 .
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Ìû áóäåì ïðåäïîëàãàòü òàêæå, ÷òî îáúåì æèäêîñòè ôèêñèðîâàí. Ýòî îçíà÷àåò,
÷òî ôóíêöèÿ ϕ óäîâëåòâîðÿåò óñëîâèþ

l

S
0

ϕ�x1�dx1 � V, (6)

ãäå V � çàäàííîå ïîëîæèòåëüíîå ÷èñëî.
Â ðàáîòå [4] èçëîæåí àëãîðèòì ðåøåíèÿ çàäà÷è (1), (2), (3), (4) ìåòîäîì êîíå÷-

íûõ ýëåìåíòîâ. Ìàòåìàòè÷åñêîé îñíîâîé ýòîãî àëãîðèòìà ÿâëÿåòñÿ ïîñòðîåíèå
ïîñëåäîâàòåëüíîñòè ïðèáëèæåíèé ê ðåøåíèþ çàäà÷è ñî ñâîáîäíîé ãðàíèöåé, ñäå-
ëàííîå â ðàáîòàõ [1], [2], [3]. Íàïîìíèì êðàòêî ñïîñîá ïîñòðîåíèÿ ïðèáëèæåíèé.
Ïóñòü èçâåñòíî m-îå ïðèáëèæåíèå �v̄ �m�, p �m�, ϕ �m��. Â ýòîì ñëó÷àå ïðèáëèæåíèå
ê èñêîìîé îáëàñòè Ω åñòü

Ωm � �0 @ x1 @ l,0 @ x2 @ ϕ �m��,
à ãðàíèöà Ωm åñòü

Γm � Γm
1 8 Γm

2 ,

Γm
1 � �x2 � 0,0 @ x1 @ l� 8 �x1 � 0,0 @ x2 @ ϕ �m��0�� 8 �x1 � l,0 @ x2 @ ϕ �m��l��,

Γm
2 � �0 B x1 B l, x2 � ϕ �m��x1��.

Ïóñòü n̄ �m� � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ëèíèè Γm
2 . Îáîçíà÷èì ÷åðåç

τ̄ �m� � �τ1, τ2� åäèíè÷íûé âåêòîð, êàñàòåëüíûé ê ëèíèè Γm
2 ,

τ1 � 1»
1 � �ϕ �m� ��2

, τ2 � ϕ �m� �»
1 � �ϕ �m� ��2

.

Íîâûå ïðèáëèæåíèÿ ñêîðîñòè è äàâëåíèÿ �v̄ �m�1�, p �m�1�� îïðåäåëèì êàê ðåøåíèå
ñëåäóþùåé êðàåâîé çàäà÷è â ôèêñèðîâàííîé îáëàñòè Ωm

�ν∆v̄ �m�1� �©p �m�1� � f̄ , div v̄ �m�1� � 0 â Ωm,

v̄ �m�1� SΓm
1
� 0, v̄ �m�1� � n̄ SΓm

2
� 0, (7)

T �v̄ �m�1�, p �m�1��n̄ �m� � τ̄ �m� � 0 íà Γm
2 .

Ïî íàéäåííûì v̄ �m�1� è p �m�1� âû÷èñëÿåì êðèâèçíó K�m�1� m�1-ãî ïðèáëèæåíèÿ
ê èñêîìîé êðèâîé Γ2.

K�m�1� � � 1
σ

T �v̄ �m�1�, p �m�1��n̄ �m� � n̄ �m�V
Γm

2

.

Òåïåðü ìû íàéäåì ôóíêöèþ ϕ �m�1� è ïîñòðîèì íîâóþ êðèâóþ

Γm�1
2 � �0 B x1 B l, x2 � ϕ �m�1��x1��,

êðèâèçíà êîòîðîé ðàâíà íàéäåííîé ôóíêöèè K�m�1�. Ñïîñîá íàõîæäåíèÿ ôóíêöèè
ϕ �m�1� ïîäðîáíî îïèñàí â ñòàòüå [4]. Òåì ñàìûì ïîëó÷åíî íîâîå ïðèáëèæåíèå�v̄ �m�1�, p �m�1�, ϕ �m�1�� ê ðåøåíèþ çàäà÷è (1), (2), (3), (4).
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3. Ðåøåíèå çàäà÷è â îáëàñòè ñ ôèêñèðîâàííîé ãðàíèöåé

Ðàññìîòðèì òåïåðü çàäà÷ó (7) è ïåðåïèøåì åå, îïóñêàÿ âåðõíèå èíäåêñû.

�ν∆v̄ �©p � f̄ , div v̄ � 0 â Ω, (8)

v̄ SΓ1� 0, (9)
v̄ � n̄ SΓ2� 0, (10)

T �v̄, p�n̄ � τ̄ � 0 íà Γ2. (11)
Ìû áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ p íîðìèðîâàíà óñëîâèåì

S
Ω

p �x�dx � 0. (12)

Ðàçðåøèìîñòü çàäà÷è (8), (9), (10), (11) óñòàíîâëåíà â [2].
Ââåäåì ôóíêöèþ òîêà ψ�x1, x2�, ñâÿçàííóþ ñ âåêòîðîì ñêîðîñòè v̄ ñîîòíîøå-

íèÿìè
v1 � ∂ψ

∂x2
, v2 � � ∂ψ

∂x1
,

è ñôîðìóëèðóåì çàäà÷ó (8), (9), (10), (11) äëÿ ôóíêöèè òîêà.

�ν∆2ψ � g â Ω, (13)

ãäå
g � ∂f1

∂x2
� ∂f2

∂x1
.

� ∂ψ

∂x2
,� ∂ψ

∂x1
� � 0 íà Γ1, (14)

∂ψ

∂x2
n1 �

∂ψ

∂x1
n2 � 0 íà Γ2, (15)

4
∂2ψ

∂x1∂x2
n1n2 � �∂2ψ

∂x2
2

� ∂2ψ

∂x2
1

��n2
2 � n2

1� � 0 íà Γ2 (16)

Ïåðåïèøåì óñëîâèå (15)

∂ψ

∂x2
ϕ� � ∂ψ

∂x1
� 0 íà Γ2

è ïðîäèôôåðåíöèðóåì ýòî ðàâåíñòâî âäîëü êðèâîé Γ2, ïðèíèìàÿ âî âíèìàíèå, ÷òî
ïðîèçâîäíàÿ ôóíêöèè u âäîëü êðèâîé Γ2 åñòü

∂u

∂τ
� ∂u

∂x1
τ1 �

∂u

∂x2
τ2 � ∂u

∂x1

1»
1 � ϕ � 2

� ∂u

∂x2

ϕ ��x1�»
1 � ϕ � 2

è ôóíêöèÿ ϕ çàâèñèò òîëüêî îò x1. Èìååì

∂

∂x1
� ∂ψ

∂x2
ϕ � � ∂ψ

∂x1
� 1»

1 � ϕ � 2
� ∂

∂x2
� ∂ψ

∂x2
ϕ � � ∂ψ

∂x1
� ϕ �»

1 � ϕ � 2
� 0.
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Òîãäà

0 � ∂

∂x1
� ∂ψ

∂x2
ϕ � � ∂ψ

∂x1
� � ∂

∂x2
� ∂ψ

∂x2
ϕ � � ∂ψ

∂x1
�ϕ � �

� 2
∂2ψ

∂x1∂x2
ϕ � � ∂2ψ

∂x2
1

� ∂2ψ

∂x2
2

ϕ � 2 � ∂ψ

∂x2
ϕ ��.

Îòñþäà ïîëó÷àåì

2
∂2ψ

∂x1∂x2
ϕ � � �∂2ψ

∂x2
1

� ∂2ψ

∂x2
2

ϕ � 2 � ∂ψ

∂x2
ϕ �� íà Γ2. (17)

Èç (16) ñëåäóåò, ÷òî

�∂2ψ

∂x2
2

� ∂2ψ

∂x2
1

��1 � ϕ � 2� � 4
∂2ψ

∂x1∂x2
ϕ � íà Γ2. (18)

Çàìåíÿÿ ïðàâóþ ÷àñòü (18) âûðàæåíèåì èç (17), ïîëó÷èì

∆ψ � �2
∂ψ

∂x2

ϕ ��

1 � ϕ � 2 íà Γ2. (19)

Áóäåì èñêàòü ôóíêöèþ ψ â âèäå ïðîèçâåäåíèÿ

ψ�x1, x2� � λ�x1, x2��ϕ�x1� � x2�, (20)

ãäå λ�x1, x2� åñòü ãëàäêàÿ ôóíêöèÿ. Ïîêàæåì, ÷òî äëÿ ôóíêöèè âèäà (20) âûïîë-
íÿåòñÿ êðàåâîå óñëîâèå (15).

∂ψ

∂x2
n1 �

∂ψ

∂x1
n2V

Γ2

� � 1»
1 � ϕ � 2

� ∂ψ

∂x1
� ∂ψ

∂x2
ϕ ��

Γ2

�

� � 1»
1 � ϕ � 2

� ∂λ

∂x1
�ϕ�x1� � x2� � λϕ � � ∂λ

∂x2
�ϕ�x1� � x2�ϕ � � λϕ ��

Γ2

� 0.

Êðàåâîå óñëîâèå (14) â áîëåå ïîäðîáíîé çàïèñè èìååò âèä

∂ψ

∂x2
�x1,0� � 0,

∂ψ

∂x2
�0, x2� � 0,

∂ψ

∂x2
�l, x2� � 0,

∂ψ

∂x1
�x1,0� � 0,

∂ψ

∂x1
�0, x2� � 0,

∂ψ

∂x1
�l, x2� � 0.

(21)

Èç ïðåäñòàâëåíèÿ (20) ïîëó÷àåì, ÷òî äëÿ òîãî, ÷òîáû âûïîëíÿëèñü óñëîâèÿ (21),
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äîñòàòî÷íî, ÷òîáû ôóíêöèÿ λ íà ëèíèè Γ1 óäîâëåòâîðÿëà ñëåäóþùèì óñëîâèÿì

λ � 0 íà Γ1,

∂λ

∂x2
�x1,0� � 0,

∂λ

∂x2
�0, x2� � 0,

∂λ

∂x2
�l, x2� � 0,

∂λ

∂x1
�x1,0� � 0,

∂λ

∂x1
�0, x2� � 0,

∂λ

∂x1
�l, x2� � 0.

(22)

Èç (20) è (22) ñëåäóåò, ÷òî
ψSΓ � 0. (23)

Âûâåäåì òåïåðü èíòåãðàëüíîå òîæäåñòâî äëÿ ôóíêöèè ψ. Óìíîæèì îáå ÷àñòè
óðàâíåíèÿ (13) íà ïðîáíóþ ôóíêöèþ η, èìåþùóþ âèä

η�x1, x2� � µ�x1, x2��ϕ�x1� � x2� (24)

è óäîâëåòâîðÿþùóþ êðàåâûì óñëîâèÿì

ηSΓ1
� 0, ©ηSΓ1

� 0. (25)

Ïðîèíòåãðèðóåì ïîëó÷åííîå ðàâåíñòâî ïî Ω è ïðîâåäåì èíòåãðèðîâàíèå ïî ÷à-
ñòÿì, ó÷èòûâàÿ êðàåâûå óñëîâèÿ (19) è (25).

S
Ω

gη dx � �ν S
Ω

∆2ψ η dx � �ν S
Ω

� ∂2

∂x2
1

∆ψ η � ∂2

∂x2
2

∆ψ η	dx �

� �ν

<@@@@>�SΩ ∂

∂x1
∆ψ

∂η

∂x1
dx � S

Ω

∂

∂x2
∆ψ

∂η

∂x2
dx �

� R
Γ

∂
∂x1

∆ψ η dΓ � R
Γ

∂
∂x2

∆ψ η dΓ	 �
� �ν

<@@@@>SΩ ∆ψ ∆η dx � S
Γ

∆ψ � ∂η

∂x1
n1 �

∂η

∂x2
n2� dΓ

=AAAA? �
� �ν

<@@@@@>SΩ ∆ψ ∆η dx � S
Γ2

∆ψ
∂η

∂n
dΓ

=AAAAA? �
� �ν �R

Ω

∆ψ ∆η dx � 2 R
Γ2

∂ψ
∂x2

∂η
∂n

ϕ � �
1�ϕ � 2 dΓ	

Ïðåîáðàçóåì êðèâîëèíåéíûé èíòåãðàë èç ïðàâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà,
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ó÷èòûâàÿ ïðåäñòàâëåíèÿ (20) è (24), à òàêæå òî, ÷òî

�ϕ�x1� � x2�Γ2
� 0,

∂

∂n
�ϕ�x1� � x2�Γ2

� ϕ �n1 � n2 � � ϕ � 2»
1 � ϕ � 2

� 1»
1 � ϕ � 2

� �»1 � ϕ � 2.

Èìååì

S
Γ2

∂ψ

∂x2

∂η

∂n

ϕ � �

1 � ϕ � 2 dΓ � �S
Γ2

λ�x1, x2�µ�x1, x2� ∂

∂n
�ϕ�x1� � x2� ϕ � �

1 � ϕ � 2 dΓ �

� S
Γ2

λ�x1, x2�µ�x1, x2� ϕ � �»
1 � ϕ � 2

dΓ �
l

S
0

λ�x1, ϕ�x1��µ�x1, ϕ�x1��ϕ � ��x1�dx1

Òåïåðü ìû ïîëó÷àåì èíòåãðàëüíîå òîæäåñòâî äëÿ ôóíêöèè ψ.

�ν

<@@@@>SΩ ∆ψ ∆η dx � 2
l

S
0

λ�x1, ϕ�x1��µ�x1, ϕ�x1��ϕ � ��x1�dx1

=AAAA? � SΩ gη dx. (26)

3.1 Âû÷èñëåíèå ôóíêöèè òîêà ìåòîäîì Ãàëåðêèíà

Â êà÷åñòâå ïðîáíûõ âûáåðåì ñëåäóþùèå ôóíêöèè

ηk�x� � µk�x��ϕ�x1� � x2�, µk�x1, x2� � xpk

1 �l � x1�2xqk

2 , k � 1,2, ...,N, (27)

ãäå pk, qk � íàòóðàëüíûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèÿì

pk C 2, qk C 2, pk � qk B r, r íàòóðàëüíîå, r C 4.

Îðòîãîíàëèçèðóåì íàáîð ôóíêöèé �η1, ..., ηN� â ñìûñëå ñêàëÿðíîãî ïðîèçâåäåíèÿ�u, v� � S
Ω

∆u∆v dx.

Â ðåçóëüòàòå îðòîãîíàëèçàöèè ïîëó÷èì íàáîð ôóíêöèé �ζ1, ..., ζN� ñî ñâîéñòâàìè

ζi�x� � NQ
j�1

βijηj�x� � �� NQ
j�1

βijµj�x1, x2��� �ϕ�x1� � x2�, �ζi, ζk� � δik, i, k � 1, ...,N.

(28)
Êîýôôèöèåíòû βij îïðåäåëÿþòñÿ ïðîöåññîì Ãðàìà-Øìèäòà.

Ïðèáëèæåíèå ê ôóíêöèè ψ èùåì â âèäå

ψN � NQ
i�1

γiζi�x� � <@@@@> NQ
i�1

γi

�� NQ
j�1

βijµj�x1, x2���=AAAA? �ϕ�x1� � x2�. (29)
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Ïîäñòàâèì â (26) ψN âìåñòî ψ è ζk âìåñòî η. Ïîëó÷èì ñèñòåìó ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ÷èñåë �γ1, ..., γN�.

S
Ω

∆� NQ
i�1

γiζi�x��∆ζk�x�dx �

�2
l

S
0

<@@@@> NQ
i�1

γi

�� NQ
j�1

βijµj�x1, ϕ�x1����=AAAA?�� NQ
j�1

βkjµj�x1, ϕ�x1����ϕ � ��x1�dx1 �

� � 1
ν R

Ω

g�x�ζk�x�dx,

k � 1, ...,N.

Â ñèëó îðòîíîðìèðîâàííîñòè ýòè óðàâíåíèÿ ïðèíèìàþò âèä

γk �
NQ
i�1

γi

<@@@@>2
l

S
0

�� NQ
j�1

βijµj�x1, ϕ�x1������ NQ
j�1

βkjµj�x1, ϕ�x1����ϕ � ��x1�dx1

=AAAA? �
� �1

ν
S
Ω

g�x�ζk�x�dx, k � 1, ...,N.

(30)

Ââåäåì îáîçíà÷åíèÿ

bk � �1
ν
S
Ω

g�x�ζk�x�dx � �1
ν

NQ
j�1

βkj S
Ω

g�x1, x2�µ�x1, x2��ϕ�x1� � x2�dx,

Aki � δki � 2
NQ

j�1
βkj

NQ
s�1

βis

l

S
0

µs�x1, ϕ�x1��µj�x1, ϕ�x1��ϕ � ��x1�dx1.

Â òàêèõ îáîçíà÷åíèÿõ ñèñòåìà (30) ïðèíèìàåò âèä

NQ
i�1

Akiγi � bk, k � 1, ...,N.

Ðåøàÿ ýòó ñèñòåìó è ïîäñòàâëÿÿ íàéäåííûå êîýôôèöèåíòû γ1, ..., γN â (29), ïîëó-
÷àåì ïðèáëèæåíèå ψN ê ðåøåíèþ çàäà÷è (13), (14), (15), (16).

3.2 Âû÷èñëåíèå äàâëåíèÿ ìåòîäîì Ãàëåðêèíà

Â ñòàòüå [4] ïîêàçàíî, ÷òî ôóíêöèÿ p èç ñèñòåìû (8) åñòü ðåøåíèå çàäà÷è Íåé-
ìàíà

∆p � div f̄ ,

∂p

∂n
V
Γ
� �ν�∆v1 n1 �∆v2 n2� � f̄ � n̄�

Γ
.
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Ðåøåíèå ýòîé çàäà÷è ìåòîäîì Ãàëåðêèíà ïîäðîáíî îïèñàíî â ðàáîòå [5].

4. ×èñëåííàÿ ðåàëèçàöèÿ ðåøåíèÿ çàäà÷è

Ïðèâåäåííûé â ñòàòüå ìåòîä íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è ñî
ñâîáîäíîé ãðàíèöåé ðåàëèçîâàí ÷èñëåííî â ñðåäå MATLAB. Êîìïëåêñ ïðîãðàìì
ñîñòîèò èç ñëåäóþùèõ îñíîâíûõ ÷àñòåé:

1) îðòîãîíàëèçàöèÿ ñèñòåìû ôóíêöèé (27);

2) âû÷èñëåíèå ìàòðèöû ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (30) è ðå-
øåíèå ýòîé ñèñòåìû, âû÷èñëåíèå ïðèáëèæåíèÿ ôóíêöèè òîêà;

3) âû÷èñëåíèå ïðèáëèæåíèÿ äàâëåíèÿ;

4) âû÷èñëåíèå íîâîãî ïðèáëèæåíèÿ ôóíêöèè ϕ, çàäàþùåé ñâîáîäíóþ ãðàíèöó.

Ðàáîòîñïîñîáíîñòü êîìïëåêñà ïðîãðàìì, ðåàëèçóþùèõ àëãîðèòì ðåøåíèÿ çà-
äà÷è ñî ñâîáîäíîé ãðàíèöåé, áûëà ïðîâåðåíà íà íåñêîëüêèõ ïðèìåðàõ. Ðàññìîòðèì
òî÷íûå ðåøåíèÿ çàäà÷è ñî ñâîáîäíîé ãðàíèöåé.

Ïóñòü l � 1 è 0 B x1 B 1, ν � 1, σ � 1. Âûáåðåì ñíà÷àëà ôóíêöèþ ϕ òàê, ÷òîáû
îíà óäîâëåòâîðÿëà óñëîâèÿì

ϕ > C4�0,1�, ϕ � C 0, ϕ ��0� � 0, ϕ ��1�, ϕ ���0� � 0, ϕ ���1� � 0. (31)

Çàäàäèì çàòåì ôóíêöèþ òîêà ψ�x1, x2�
ψ�x1, x2� � � ϕ ��x1�

1 � ϕ � 2�x1�� 1
2

ρ�x2��ϕ�x1� � x2�.
Çäåñü ρ � ôóíêöèÿ êëàññà C4 òàêàÿ, ÷òî

ρ�0� � 0, ρ ��0� � 0, ρ�x2� � 1 ïðè d B x2 B 1,

ãäå d > �0,1� è d @ min�ϕ �x1��.
Â êà÷åñòâå ìîãóò ρ áûòü âûáðàíû ñëåäóþùèå ôóíêöèè.

1)

ρ�x2� � ¢̈̈̈̈̈¦̈̈̈̈̈¤
P �x2�, 0 B x2 @ d,

1, d B x2 B 1,

ãäå P �x� � àëãåáðàè÷åñêèé ïîëèíîì øåñòîé ñòåïåíè,

P �x� � a1x
6
2 � a2x

5
2 � a3x

4
2 � a4x

3
2 � a5x

2
2,

P �d� � 1, P ��d� � 0, P ���d� � 0, P ����d� � 0, P �v�d� � 0.
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Âåêòîð êîýôôèöèåíòîâ �a1, a2, a3, a4, a5� åñòü ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé�������

d 6 d 5 d 4 d 3 d 2

6d 5 5d 4 4d 3 3d 2 2d
30d 4 20d 3 12d 2 6d 2
120d 3 60d 2 24d 6 0
360d 2 120d 24 0 0

�������
�������

a1

a2

a3

a4

a5

������� �
�������

1
0
0
0
0

������� .

2)

ρ�x2� � ¢̈̈̈̈̈¦̈̈̈̈̈¤
R�x2�, 0 B x2 @ d,

1, d B x2 B 1,

ãäå R�x2� � òðèãîíîìåòðè÷åñêèé ïîëèíîì,

R�x2� � 33
8
� 6 sin � π

2d
x2� � 9

2
cos �π

d
x2� � 2 sin �3π

2d
x2� � 3

8
cos �2π

d
x2�.

Òåïåðü ìû ìîæåì íàéòè âåêòîð ñêîðîñòè v̄.

v1 � ∂ψ

∂x2
� � ϕ ��x1�

1 � ϕ � 2�x1�� 1
2 �ρ ��x2��ϕ�x1� � x2� � ρ�x2��

v2 � � ∂ψ

∂x1
�

�ρ�x2� ¢̈̈¦̈̈¤ ϕ � ��x1��1 � ϕ � 2�
2
»

ϕ ��x1� �1 � ϕ � 2�x1�� 3
2

�ϕ�x1� � x2� � � ϕ ��x1�
1 � ϕ � 2�x1�� 1

2

ϕ ��x1�£̈̈§̈̈¥
(32)

Òàêîé âûáîð v1 è v2 îáåñïå÷èâàåò âûïîëíåíèå óðàâíåíèÿ div v̄ � 0. Èç óñëîâèé
(31) è ñâîéñòâ ρ�0� � 0, ρ ��0� � 0 ñëåäóåò âûïîëíåíèå êðàåâîãî óñëîâèÿ (2). Ââåäåì
îáîçíà÷åíèå

θ�x1� � � ϕ ��x1�
1 � ϕ � 2�x1�� 1

2

è óáåäèìñÿ â âûïîëíåíèè êðàåâîãî óñëîâèÿ (3). Ó÷òåì, ÷òî íà ëèíèè Γ2

ρ � 1, ρ � � 0, �ϕ�x1� � x2� � 0, v1 � �θ�x1�, v2 � �θ�x1�ϕ ��x1�.
Ïîýòîìó

v̄ � n̄ SΓ2� �θ�x1��n1 � ϕ �n2� � 0.

Îáðàòèìñÿ òåïåðü ê êðàåâîìó óñëîâèþ (4). Ñïðîåêòèðóåì ýòî óñëîâèå íà êàñà-
òåëüíîå è íîðìàëüíîå íàïðàâëåíèÿ ê Γ2.

T �v̄, p�n̄ � τ̄ � S�v̄�n̄ � τ̄ � 0 íà Γ2, (33)

T �v̄, p�n̄ � n̄ � S�v̄�n̄ � n̄ � p � �K íà Γ2. (34)
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Çäåñü

S�v̄� �
����������

2
∂v1

∂x1

∂v1

∂x2
� ∂v2

∂x1

∂v1

∂x2
� ∂v2

∂x1
2
∂v2

∂x2

����������
.

Ïîêàæåì, ÷òî äëÿ âåêòîðà v̄, îïðåäåëÿåìîãî ôîðìóëàìè (32), óñëîâèå (33) âûïîë-
íÿåòñÿ òîæäåñòâåííî. Íà ëèíèè Γ2

∂v1

∂x1
� �θ ��x1�, ∂v1

∂x2
� 0,

∂v2

∂x1
� �2θ ��x1�ϕ ��x1� � θ�x1�ϕ � ��x1�, ∂v2

∂x2
� θ ��x1�.

Òîãäà íà Γ2

S�v̄� � �����
�2θ � �2θ �ϕ � � θϕ � �

�2θ �ϕ � � θϕ � � 2θ �

����� ,

S�v̄�n̄ � 1»
1 � ϕ � 2

�����
�θϕ � �

2θ �ϕ � 2 � θϕ �ϕ � � � 2θ �

����� ,

S�v̄�n̄ � τ̄ � 1
1 � ϕ � 2 ��θϕ � ��1 � ϕ � 2� � 2θ �ϕ ��1 � ϕ � 2�� �

� 1�1 � ϕ � 2� 3
2
��»ϕ �ϕ � ��1 � ϕ � 2� �»

ϕ �ϕ � ��1 � ϕ � 2�� � 0.

Çàéìåìñÿ òåïåðü óñëîâèåì (34). Íà ëèíèè Γ2

S�v̄�n̄ � n̄ � 2
1 � ϕ � 2 �θϕ �ϕ � � � θ ��1 � ϕ � 2�� �

� 2θ � � 2ϕ �ϕ � �

1 � ϕ � 2 θ � ϕ � ��1 � ϕ � 2�º
ϕ � �1 � ϕ � 2� 3

2
� 2ϕ � 3

2 ϕ � ��1 � ϕ � 2� 3
2
�

� ϕ � ��1 � ϕ � 2� 3
2
�1 � ϕ � 2º

ϕ � � 2ϕ � 3
2 	 � ϕ � ��1 � ϕ � 2� 3

2

1 � ϕ � 2º
ϕ � � ϕ � �»

ϕ � �1 � ϕ � 2�
Îïðåäåëèì òåïåðü ôóíêöèþ p òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå (34), ò.å.

pSΓ2
� S�v̄�n̄ � n̄ �K � ϕ � �»

ϕ ��1 � ϕ � 2� � ϕ � ��1 � ϕ � 2� 3
2
� ϕ � ��1 �º

ϕ � � ϕ � 2�º
ϕ � �1 � ϕ � 2� 3

2
� q�x1� .

Äëÿ òîãî, ÷òîáû ôóíêöèÿ p�x1, x2� óäîâëåòâîðÿëà óñëîâèþ (12) áóäåì èñêàòü ýòó
ôóíêöèþ â âèäå

p�x1, x2� � q�x1� � r�x2�, (35)
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ãäå

r > C2, r�x2� � 0 ïðè x2 C d,

d

S
0

r�x2�dx2 � �
1

S
0

q�x1�ϕ�x1�dx1 � Q .

Â êà÷åñòâå r ìîæíî âçÿòü ôóíêöèþ

r�t� � ¢̈̈̈̈̈¦̈̈̈̈̈¤
4Q

d
�1 � 3

d
t � 3

d2
t2 � 1

d3
t3� 0 B t @ d

0 t C d

Òåïåðü, çíàÿ v̄ è p, ìû ìîæåì âû÷èñëèòü f̄ èç óðàâíåíèÿ (1).

f1�x1, x2� � �∆v1 �
∂p

∂x1
�

� �θ � ��x1��ρ ��x2��ϕ�x1� � x2� � ρ�x2�� � 2θ ��x1�ρ ��x2�ϕ ��x1� �
�θ�x1�ρ ��x2�ϕ � ��x1� � θ�x1��ρ � � ��x2��ϕ�x1� � x2� � 3ρ � ��x2�� � q ��x1�,

f2�x1, x2� � �∆v2 �
∂p

∂x2
�

� ρ�x2��θ � � ��x1��ϕ�x1� � x2��
�3θ � ��x1�ϕ ��x1� � 3θ ��x1�ϕ � ��x1� � θ�x1�ϕ � � ��x1�� �

�ρ � ��x2��θ ��x1��ϕ�x1� � x2� � θ�x1�ϕ ��x1�� � 2ρ ��x2�θ ��x1� � r ��x2�.

(36)

Òåñòèðîâàíèå àëãîðèòìà ðåøåíèÿ çàäà÷è ñî ñâîáîäíîé ãðàíèöåé è ñîîòâåòñòâó-
þùåãî êîìïëåêñà ïðîãðàìì ïðîâåäåíî ïî ñëåäóþùåé ñõåìå. Âûáèðàåòñÿ ôóíêöèÿ
ϕ, óäîâëåòâîðÿþùàÿ óñëîâèÿì (31), ïî ôîðìóëàì (32) è (35) âû÷èñëÿþòñÿ ôóíê-
öèè v̄ è p. �v̄, p, ϕ� åñòü òî÷íîå ðåøåíèå çàäà÷è. Ïî ôîðìóëàì (36) âû÷èñëÿåòñÿ
ïðàâàÿ ÷àñòü óðàâíåíèÿ (1). Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ ϕ�0� âûáèðàåì
êîíñòàíòó

ϕ�0� � 1

S
0

ϕ�x1�dx1 ,

à â êà÷åñòâå �v̄�0�, p�0�� âûáèðàåì ðåøåíèå çàäà÷è (8), (9), (10), (11) â ïðÿìîóãîëü-
íèêå Ω�0� � �0 @ x1 @ 1,0 @ x2 @ ϕ�0��. ϕ�0� ñîâïàäàåò ñ êîíñòàíòîé V èç óñëîâèÿ (6).
Ïîñëåäóþùèå ïðèáëèæåíèÿ âû÷èñëÿþòñÿ òàê, êàê ýòî îïèñàíî â ïàðàãðàôå 2.

Äëÿ îöåíêè ðàáîòîñïîñîáíîñòè ìåòîäà âû÷èñëÿþòñÿ îòíîñèòåëüíûå ïîãðåøíî-
ñòè

δv � Yv̄ � v̄�m�YW 1
2Yv̄YW 1

2

, δp � Yp � p�m�YL2YpYL2

, δϕ � max Sϕ � ϕ�m�S
max SϕS .

Çäåñü m � íîìåð ïðèáëèæåíèÿ (èòåðàöèè). Íèæå ïðèâîäÿòñÿ ðåçóëüòàòû òåñòè-
ðîâàíèÿ.
1.

ϕ�x1� � 0.9 � b �1
5
x5

1 �
2
3
x6

1 �
6
7
x7

1 �
1
2
x8

1 �
1
9
x9

1� ,
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ãäå b A 0 � ÷èñëîâîé ïàðàìåòð. Â ýòîì ñëó÷àå

ϕ ��x1� � bx4
1�1 � x1�4, ϕ � ��x1� � 4 bx3

1�1 � x1�3�1 � 2x1�,
b m δv δp δϕ

0.05 3 0.0016894 7.2238e � 006 4.3705e � 006
0.1 3 0.0016896 7.8077e � 006 6.4907e � 006
0.15 3 0.00169 8.3547e � 006 8.3283e � 006

2.
ϕ�x1� � 0.9 � b �3

8
x1 �

1
4πα

sin 2παx1 �
1

32πα
sin 4παx1� .

Â ýòîì ñëó÷àå

ϕ ��x1� � b sin4 παx1, ϕ ���x1� � 4bπα sin3 παx1 � cos παx1 .

Ïðè α � 1

b m δv δp δϕ

0.05 4 0.0065564 0.0040235 0.0013416
0.1 4 0.013790 0.0049537 0.0038574
0.15 4 0.023795 0.0053477 0.0073579

Ïðè α � 2

b m δv δp δϕ

0.05 4 0.081592 0.066057 0.0038899
0.1 4 0.084642 0.068597 0.0057899
0.15 4 0.088878 0.071649 0.0074735

Ðåçóëüòàòû òåñòèðîâàíèÿ ïîêàçûâàþò, ÷òî êîìïëåêñ ïðîãðàìì ðàáîòàåò âïîëíå
óäîâëåòâîðèòåëüíî. Òî îáñòîÿòåëüñòâî, ÷òî òî÷íîñòü âîññòàíîâëåíèÿ ñâîáîäíîé
ãðàíèöû ïàäàåò ñ óâåëè÷åíèåì îñöèëëÿöèè, ÿâëÿåòñÿ âïîëíå åñòåñòâåííûì è îæè-
äàåìûì.

5. Çàêëþ÷åíèå

Â ñòàòüå îïèñàí ñïîñîá ÷èñëåííîãî ðåøåíèÿ ïëîñêîé çàäà÷è ñ ÷àñòè÷íî ñâî-
áîäíîé ãðàíèöåé äëÿ ñèñòåìû Ñòîêñà. Ñïîñîá ýòîò îñíîâàí íà ïðèìåíåíèè ìåòîäà
Ãàëåðêèíà äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ è äëÿ çàäà÷è Íåéìàíà. Ïîñòðîåíû
ïðèìåðû îáëàñòåé è çàäàííûõ â íèõ ðåøåíèé çàäà÷ ñî ñâîáîäíîé ãðàíèöåé. Ïðèâå-
äåíû ðåçóëüòàòû èñïûòàíèé íà ýòèõ ðåøåíèÿõ êîìïëåêñà ïðîãðàìì, ðåàëèçóþùèõ
ïðåäëîæåííûé ñïîñîá ðåøåíèÿ çàäà÷è.
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