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Â ðàáîòå èññëåäîâàíà îäíà îáðàòíàÿ êðàåâàÿ çàäà÷à äëÿ ýëëèïòè÷å-
ñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà. Ñíà÷àëà èñõîäíàÿ çàäà÷à ñâîäèòñÿ
ê ýêâèâàëåíòíîé çàäà÷å, äëÿ êîòîðîé äîêàçûâàåòñÿ òåîðåìà ñóùåñòâî-
âàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ. Äàëåå, ïîëüçóÿñü ýòèìè ôàêòàìè,
äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ
çàäà÷è.

In this work an inverse problem for the elliptic equation of second order with
periodical boundary conditions is investigated. For this reason, �rst of all
the initial problem reduces to the equivalent problem, for which the theorem
of existence and uniqueness proves. Then using these facts the existence and
uniqueness of the classical solution of initial problem is proved.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ êðàåâàÿ çàäà÷à, ýëëèïòè÷åñêîå óðàâíå-
íèå, ìåòîä Ôóðüå, êëàññè÷åñêîå ðåøåíèå.
Keywords: inverse boundary problem, elliptic equation, method Fourier,
classic solution.

Ââåäåíèå

Â íàñòîÿùåå âðåìÿ òåîðèÿ íåëîêàëüíûõ çàäà÷ èíòåíñèâíî ðàçâèâàåòñÿ è ïðåä-
ñòàâëÿåò ñîáîé âàæíûé ðàçäåë òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè. Áîëüøîé èíòåðåñ â ýòîé îáëàñòè ïðåäñòàâëÿþò çàäà÷è ñ íåëîêàëü-
íûìè èíòåãðàëüíûìè óñëîâèÿìè. Ïîÿâëåíèå èíòåãðàëüíûõ óñëîâèé ñâÿçàíî ñ òåì,
÷òî ïðè èçó÷åíèè íåêîòîðûõ ôèçè÷åñêèõ ïðîöåññîâ ãðàíèöû îáëàñòåé èõ ïðîòåêà-
íèÿ ìîãóò îêàçàòüñÿ íåäîñòóïíûìè äëÿ íåïîñðåäñòâåííûõ èçìåðåíèé, õîòÿ èçâåñò-
íî ñðåäíåå çíà÷åíèå èñêîìûõ âåëè÷èí. Óñëîâèÿ òàêîãî âèäà ìîãóò ïîÿâèòüñÿ ïðè
ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ÿâëåíèé, ñâÿçàííûõ ñ ôèçèêîé ïëàçìû [1], ðàñ-
ïðîñòðàíåíèåì òåïëà [2,3], ïðîöåññîì âëàãîïåðåíîñà â êàïèëÿðíî-ïîðèñòûõ ñðåäàõ
[4], âîïðîñàìè äåìîãðàôèè è ìàòåìàòè÷åñêîé áèîëîãèè.

1. Ïîñòàíîâêà çàäà÷è è åå ñâåäåíèå ê ýêâèâàëåíòíîé çàäà÷å

Ðàññìîòðèì äëÿ óðàâíåíèÿ

utt(x, t) + uxx(x, t) = a(t)u(x, t) + f(x, t) (1)
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â îáëàñòè DT = {(x, t) : 0 ≤ x ≤ 1, 0 ≤ t ≤ T} îáðàòíóþ çàäà÷ó ñ ãðàíè÷íûìè
óñëîâèÿìè

u(x, 0) = ϕ(x), ut(x, T ) = ψ(x) (0 ≤ x ≤ 1), (2)

ïåðèîäè÷åñêèì óñëîâèåì

u(0, t) = u(1, t) (0 ≤ t ≤ T ), (3)

íåëîêàëüíûì èíòåãðàëüíûì óñëîâèåì
1∫

0

u(x, t)dx = 0 (0 ≤ t ≤ T ) (4)

è ñ äîïîëíèòåëüíûì óñëîâèåì

u(x0, t) = h(t) (0 ≤ t ≤ T ), (5)

ãäå x0 ∈ (0, 1)-ôèêñèðîâàííîå ÷èñëî,f(x, t), ϕ(x), ψ(x), h(t) -çàäàííûå ôóíêöèè, à
u(x, t) è a(t) - èñêîìûå ôóíêöèè.

Îòìåòèì, ÷òî åñëè a(t)�èçâåñòíàÿ ôóíêöèÿ, òî çàäà÷à îïðåäåëåíèÿ u(x, t) èç
(1)�(4) îáû÷íî íàçûâàþò ïðÿìîé êðàåâîé çàäà÷åé èëè æå ïðîñòî ïðÿìîé çàäà÷åé.
À â ñëó÷àå, êîãäà a(t)�íåèçâåñòíàÿ ôóíêöèÿ, òî çàäà÷è îïðåäåëåíèÿ èç (1)�(5)
íàðÿäó ñ ôóíêöèåé u(x, t) è íåèçâåñòíîé ôóíêöèè a(t), ïî äîïîëíèòåëüíîé èíôîð-
ìàöèè (óñëîâèå (5)), íàçûâàþò îáðàòíîé êðàåâîé çàäà÷åé.

Îïðåäåëåíèå. Êëàññè÷åñêèì ðåøåíèåì îáðàòíîé êðàåâîé çàäà÷è (1)-(5) íà-
çîâ¼ì ïàðó {u(x, t), a(t)} ôóíêöèé u(x, t) è a(t), îáëàäàþùèõ ñëåäóþùèìè ñâîé-
ñòâàìè:

1. ôóíêöèÿ u(x, t) íåïðåðûâíà â DT âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè,
âõîäÿùèìè â óðàâíåíèå (1);

2. ôóíêöèÿ a(t) íåïðåðûâíà íà [0, T ];

3. âñå óñëîâèÿ (1)�(5) óäîâëåòâîðÿþòñÿ â îáû÷íîì ñìûñëå.

Äëÿ èññëåäîâàíèÿ çàäà÷è (1)-(5) ñíà÷àëà ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:

y′′(t) = a(t)y(t) (0 ≤ t ≤ T ), (6)

y(0) = 0, y′(T ) = 0, (7)

ãäå a(t) ∈ C[0, T ]-çàäàííàÿ ôóíêöèÿ, à y = y(t)-èñêîìàÿ ôóíêöèÿ, ïðè÷åì ïîä
ðåøåíèåì çàäà÷è (6), (7) ïîíèìàåì ôóíêöèþ y(t), ïðèíàäëåæàùóþ C2 [0, T ] è óäî-
âëåòâîðÿþùóþ óñëîâèÿì (6), (7) â îáû÷íîì ñìûñëå.

Äîêàçûâàåòñÿ ñëåäóþùàÿ
Ëåììà 1. Ïóñòü ôóíêöèÿ a(t) ∈ C[0, T ] òàêàÿ, ÷òî

‖a(t)‖C[0,T ] ≤ R = const.
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Êðîìå òîãî,
1
2
T 2R < 1. (8)

Òîãäà çàäà÷à (6), (7) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.
Äîêàçàòåëüñòâî. Íåòðóäíî âèäåòü, ÷òî çàäà÷à

y′′(t) = 0, y(0) = 0, y′(T ) = 0 (9)

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.
Òîãäà èçâåñòíî [5], ÷òî çàäà÷à (9) èìååò îäíó ôóíêöèþ Ãðèíà è êðàåâàÿ çàäà÷à

(6), (7) ýêâèâàëåíòíà èíòåãðàëüíîìó óðàâíåíèþ

y(t) =
∫ T

0

G(t, τ)a(τ)y(τ)dτ (0 ≤ t ≤ T ), (10)

ãäå
G(t, τ) =

{ −t, t ∈ [0, τ ],
−τ, t ∈ [τ, T ].

Îáîçíà÷èâ

Ay(t) =
∫ T

0

G(t, τ)a(τ)y(τ)dτ , (11)

çàïèøåì (10) â âèäå

y(t) = Ay(t). (12)

Óðàâíåíèå (12) áóäåì èçó÷àòü â ïðîñòðàíñòâå C[0, T ].
Ëåãêî âèäåòü, ÷òî îïåðàòîð A ÿâëÿåòñÿ íåïðåðûâíûì â ïðîñòðàíñòâå C[0, T ].
Ïîêàæåì, ÷òî îïåðàòîð A ÿâëÿåòñÿ â ïðîñòðàíñòâå C[0, T ] ñæèìàþùèì. Äåé-

ñòâèòåëüíî, äëÿ ëþáûõ y(t), y(t) èç ïðîñòðàíñòâà C[0, T ] èìååì:

‖A(y(t))−A(y(t))‖C[0,T ] ≤
1
2
‖a(t)‖C[0,T ] T

2 ‖y(t)− y(t)‖C[0,T ] . (13)

Òîãäà, ñ ó÷åòîì (8), èç (13) ñëåäóåò, ÷òî îïåðàòîð A ÿâëÿåòñÿ ñæèìàþùèì â
C[0, T ]. Ïîýòîìó, â ïðîñòðàíñòâå C[0, T ] îïåðàòîð A èìååò åäèíñòâåííóþ íåïî-
äâèæíóþ òî÷êó y(t), êîòîðàÿ ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (12).
Òàêèì îáðàçîì, èíòåãðàëüíîå óðàâíåíèå (10) èìååò â C[0, T ] åäèíñòâåííîå ðåøå-
íèå, ñëåäîâàòåëüíî, êðàåâàÿ çàäà÷à (6), (7) òàêæå èìååò â C[0, T ] åäèíñòâåííîå
ðåøåíèå. Òàê êàê y(t) = 0 ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è (6), (7), òî îíà
èìååò òîëüêî îäíî òðèâèàëüíîå ðåøåíèå. Ëåììà äîêàçàíà.

Íàðÿäó ñ îáðàòíîé êðàåâîé çàäà÷åé (1)-(5) ðàññìîòðèì ñëåäóþùóþ âñïîìî-
ãàòåëüíóþ îáðàòíóþ êðàåâóþ çàäà÷ó. Òðåáóåòñÿ îïðåäåëèòü ïàðó {u(x, t), a(t)}
ôóíêöèé u(x, t), a(t), îáëàäàþùèõ ñâîéñòâàìè 1) è 2) îïðåäåëåíèÿ êëàññè÷åñêîãî
ðåøåíèÿ çàäà÷è (1)-(5), èç (1)-(3),

ux(0, t) = ux(1, t) (0 ≤ t ≤ T ), (14)
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h′′(t) + uxx(x0, t) = a(t)h(t) + f(x0, t) (0 ≤ t ≤ T ). (15)

Ñïðàâåäëèâà ñëåäóþùàÿ
Ëåììà 2. Ïóñòü ϕ(x), ψ(x) ∈ C[0, 1], h(t) ∈ C2[0, T ], h(t) 6= 0 ïðè t ∈ [0, T ],

f(x, t) ∈ C(DT ),
∫ 1

0
f(x, t)dx = 0 (0 ≤ t ≤ T ) è âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâàíèÿ

∫ 1

0

ϕ(x)dx = 0,

∫ 1

0

ψ(x)dx = 0, ϕ(x0) = h(0), ψ(x0) = h′(T ).

Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. Êàæäîå êëàññè÷åñêîå ðåøåíèå {u(x, t), a(t)} çàäà÷è (1)-(5) ÿâëÿåòñÿ è ðåøå-
íèåì çàäà÷è (1)-(3), (14), (15);

2. Êàæäîå ðåøåíèå {u(x, t), a(t)}çàäà÷è (1)-(3), (14), (15),òàêîå, ÷òî

1
2
T 2 ‖a(t)‖C[0,T ] < 1, (16)

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)-(5).
Äîêàçàòåëüñòâî. Ïóñòü {u(x, t), a(t)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-(5). Èí-

òåãðèðóÿ óðàâíåíèå (1) ïî x îò 0 äî 1, èìååì:

d2

dt2

∫ 1

0

u(x, t)dx + ux(1, t)− ux(0, t) =

= a(t)
∫ 1

0

u(x, t)dx +
∫ 1

0

f(x, t)dx (0 ≤ t ≤ T ). (17)

Äîïóñêàÿ, ÷òî
∫ 1

0
f(x, t)dx = 0 (0 ≤ t ≤ T ), ñ ó÷¼òîì (4), ëåãêî ïðèõîäèì ê

âûïîëíåíèþ (14).
Äàëåå, ñ÷èòàÿ h(t) ∈ C2[0, T ] è äèôôåðåíöèðóÿ äâà ðàçà (5), ïîëó÷àåì:

utt(x0, t) = h′′(t) (0 ≤ t ≤ T ). (18)

Èç (1) èìååì:

utt(x0, t) + uxx(x0, t) = a(t)u(x0, t) + f(x0, t) (0 ≤ t ≤ T ). (19)

Îòñþäà, ñ ó÷åòîì (5) è (18), ïðèõîäèì ê âûïîëíåíèþ (15).
Òåïåðü, ïðåäïîëîæèì, ÷òî {u(x, t), a(t)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-(3), (14),

(15). Òîãäà èç (17), ñ ó÷¼òîì (3) è (14), íàõîäèì:

d2

dt2

∫ 1

0

u(x, t)dx− a(t)
∫ 1

0

u(x, t)dx = 0 (0 ≤ t ≤ T ). (20)
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Â ñèëó (2) è
∫ 1

0
ϕ(x)dx = 0,

∫ 1

0
ψ(x)dx = 0, î÷åâèäíî, ÷òî

∫ 1

0

u(x, 0)dx =
∫ 1

0

ϕ(x)dx = 0,

∫ 1

0

ut(x, T )dx =
∫ 1

0

ψ(x)dx = 0. (21)

Òàê êàê, â ñèëó ëåììû 1, çàäà÷à (20), (21) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, òî∫ 1

0
u(x, t)dx = 0, ò.å. âûïîëíÿåòñÿ óñëîâèå (4).
Òåïåðü, èç (15) è (19) ïîëó÷àåì:

d2

dt2
(u(x0, t)− h(t)) = a(t)(u(x0, t)− h(t)) (0 ≤ t ≤ T ). (22)

Äàëåå, â ñèëó (2) è ϕ(x0) = h(0), ψ(x0) = h′(T ), èìååì:

{
u(x0, 0)− h(0) = ϕ(x0)− h(0) = 0,
ut(x0, T )− h′(T ) = ψ(x0)− h′(T ) = 0.

(23)

Èç (22) è (23), â ñèëó ëåììû 1, çàêëþ÷àåì, ÷òî âûïîëíÿåòñÿ óñëîâèå (5). Ëåììà
äîêàçàíà.

2. Èññëåäîâàíèå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøå-
íèÿ îáðàòíîé êðàåâîé çàäà÷è

Èçâåñòíî [6],÷òî ñèñòåìà

1, cosλ1x, sin λ1x, . . . , cosλkx, sin λkx, . . . (24)

îáðàçóåò áàçèñ â L2(0, 1), ãäå λk = 2kπ (k = 1, 2, . . .).
Òàê êàê ñèñòåìà (24) îáðàçóåò áàçèñ â L2(0, 1), òî î÷åâèäíî, ÷òî äëÿ êàæäîãî

ðåøåíèÿ {u(x, t), a(t)} çàäà÷è (1)-(3), (14),(15) åãî ïåðâàÿ êîìïîíåíòà u(x, t) èìååò
âèä:

u(x, t) =
∞∑

k=0

u1k(t) cos λkx +
∞∑

k=1

u2k(t) sin λkx (λk = 2πk), (25)

ãäå
u10(t) =

∫ 1

0

u(x, t)dx,

u1k(t) = 2
∫ 1

0

u(x, t) cos λkxdx, u2k(t) = 2
∫ 1

0

u(x, t) sin λkxdx (k = 1, 2, . . .).

Ïðèìåíÿÿ ôîðìàëüíóþ ñõåìó ìåòîäà Ôóðüå, äëÿ îïðåäåëåíèÿ èñêîìûõ êîýô-
ôèöèåíòîâ u1k(t) (k = 0, 1, . . .) è u2k(t) (k = 1, 2, . . .) ôóíêöèè u(x, t) èç (1) è
(2) ïîëó÷àåì:

u′′10(t) = F10(t; u, a) (0 ≤ t ≤ T ), (26)
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u′′ik(t)− λ2
kuik(t) = Fik(t;u, a) (0 ≤ t ≤ T ; i = 1, 2; k = 1, 2, . . .), (27)

u10 = ϕ10, u′10(T ) = ψ10, (28)

uik(0) = ϕik, u′ik(T ) = ψik (i = 1, 2; k = 1, 2, . . .), (29)

ãäå
F1k(t) = a(t)u1k(t) + f1k(t) (k = 0, 1, . . .),

f10(t) =
∫ 1

0

f(x, t)dx, f1k(t) = 2
∫ 1

0

f(x, t) cos λkxdx (k = 1, 2, . . .),

ϕ10 =
∫ 1

0

ϕ(x)dx, ψ10 =
∫ 1

0

ψ(x)dx,

ϕ1k = 2
∫ 1

0

ϕ(x)cosλkxdx, ψ1k = 2
∫ 1

0

ψ(x)cosλkxdx (k = 1, 2, . . .),

F2k(t) = a(t)u2k(t) + f2k(t), f2k(t) = 2
∫ 1

0

f(x, t) sin λkxdx (k = 1, 2, . . .),

ϕ2k = 2
∫ 1

0

ϕ(x) sin λkxdx, ψ2k = 2
∫ 1

0

ψ(x) sin λkxdx (k = 1, 2, . . .).

Äàëåå, èç (26)-(29) íàõîäèì:

u10(t) = ϕ10 + ψ10t +
∫ T

0

G0(t, τ)F10(τ ; u, a)dτ, (30)

uik(t) =
ch(λk(T − t))

ch(λkT )
ϕik +

sh(λkt)
λkch(λkT )

ψik+

+
1
λk

∫ T

0

Gk(t, τ)Fik(τ ; u, a)dτ (i = 1, 2; k = 1, 2, . . .), (31)

ãäå

G0(t, τ) =
{ −t, t ∈ [0, τ ]
−τ, t ∈ [τ, T ],

Gk (t, τ) =





− 1
2ch (λkT )

[sh (λk (T + t− τ))− sh (λk (T − (t + τ)))] , t ∈ [0, τ ] ,

−sh (λk (T − (t + τ)))− sh (λk (T − (t− τ)))
2ch (λkT )

, t ∈ [τ, T ] .
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Ïîñëå ïîäñòàíîâêè âûðàæåíèé u1k(t) (k = 0, 1, . . .) è u2k(t) (k = 1, 2, . . .)
â (25), äëÿ îïðåäåëåíèÿ êîìïîíåíòû u(x, t) ðåøåíèÿ {u(x, t), a(t)} çàäà÷è (1)-(3),
(14), (15), ïîëó÷àåì:

u(x, t) = ϕ10 + ψ10t +
∫ T

0

G0(t, τ)F10(τ ;u, a)dτ+

+
∞∑

k=1

{
ch(λk(T − t))

ch(λkT )
ϕ1k +

sh(λkt)
λkch(λkT )

ψ1k+
1
λk

∫ T

0

Gk(t, τ)F1k(τ ;u, a)dτ

}
cosλkx+

+
∞∑

k=1

{
ch(λk(T − t))

ch(λkT )
ϕ2k +

sh(λkt)
λkch(λkT )

ψ2k+
1
λk

∫ T

0

Gk(t, τ)F2k(τ ; u, a)dτ

}
sin λkx.

(32)

Òåïåðü, èç (15), ñ ó÷åòîì (25), èìååì:

a(t) = h−1(t)

{
h′′(t)− f(x0, t)−

∞∑

k=1

λ2
ku1k(t) cos λkx0 −

∞∑

k=1

λ2
ku2k(t) sin λkx0

}
.

(33)

Äëÿ òîãî, ÷òîáû ïîëó÷èòü óðàâíåíèå äëÿ âòîðîé êîìïîíåíòû a(t) ðåøåíèÿ
{u(x, t), a(t)} çàäà÷è (1)-(3), (14) , (15) ïîäñòàâèì âûðàæåíèå (31) â (33):

a(t) = h−1(t)

{
h′′(t)− f(x0, t)−

∞∑

k=1

λ2
k

[
ch(λk(T − t))

ch(λkT )
ϕ1k+

+
sh(λkt)

λkch(λkT )
ψ1k +

1
λk

T∫

0

Gk(t, τ)F1k(τ ;u, a)dτ


 cosλkx0−

−
∞∑

k=1

λ2
k

[
ch(λk(T − t))

ch(λkT )
ϕ2k +

sh(λkt)
λkch(λkT )

ψ2k +

+
1
λk

T∫

0

Gk(t, τ)F2k(τ ; u, a)dτ


 sin λkx0



 . (34)

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (1)-(3), (14), (15) ñâåëîñü ê ðåøåíèþ ñèñòåìû
(32), (34) îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé u(x, t) è a(t).

Äëÿ èçó÷åíèÿ âîïðîñà åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (1)-(3), (14), (15) âàæ-
íóþ ðîëü èãðàåò ñëåäóþùàÿ

Ëåììà 3. Åñëè {u(x, t), a(t)} - ëþáîå êëàññè÷åñêîå ðåøåíèå çàäà÷è (1)-(3),
(14),(15), òî ôóíêöèè

u10(t) =
∫ 1

0

u(x, t)dx,
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u1k(t) = 2
∫ 1

0

u(x, t) cos λkxdx, u2k(t) = 2
∫ 1

0

u(x, t) sin λkxdx (k = 1, 2, . . .).

óäîâëåòâîðÿþò ñèñòåìå (30), (31).
Çàìå÷àíèå. Èç ëåììû 3 ñëåäóåò, ÷òî äëÿ äîêàçàòåëüñòâà åäèíñòâåííîñòè ðå-

øåíèÿ çàäà÷è (1)-(3), (14),(15) äîñòàòî÷íî äîêàçàòü åäèíñòâåííîñòü ðåøåíèÿ ñè-
ñòåìû (32), (34).

Òåïåðü ðàññìîòðèì ñëåäóþùèå ïðîñòðàíñòâà:
Îáîçíà÷èì ÷åðåç B3

2,T [7], ñîâîêóïíîñòü âñåõ ôóíêöèé âèäà

u(x, t) =
∞∑

k=0

u1k(t) cos λkx +
∞∑

k=1

u2k(t) sin λkx (λk = 2πk),

ðàññìàòðèâàåìûõ â DT , ãäå êàæäàÿ èç ôóíêöèé u1k(t) (k = 0, 1, . . .) è
u2k(t) (k = 1, 2, . . .) íåïðåðûâíà íà [0, T ] è

JT (u) ≡ ‖u10(t)‖C[0,T ] +

( ∞∑

k=1

(λ3
k ‖u1k(t)‖C[0,T ])

2

)1
2

+

+

( ∞∑

k=1

(λ3
k ‖u2k(t)‖C[0,T ])

2

)1
2

< +∞.

Â ýòîì ìíîæåñòâå îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ íà ÷èñëà (äåéñòâèòåëüíûå)
îïðåäåëèì îáû÷íîì îáðàçîì; ïîä íóëåâûì ýëåìåíòîì ýòîãî ìíîæåñòâà áóäåì ïî-
íèìàòü ôóíêöèþ u(x, t) ≡ 0 íà DT , à íîðìó â ýòîì ìíîæåñòâå îïðåäåëèì ôîðìóëîé

‖u(x, t)‖B3
2,T

= JT (u).

Äîêàæåì, ÷òî âñå ýòè ïðîñòðàíñòâà áàíàõîâû. Äåéñòâèòåëüíî, ñïðàâåäëèâîñòü
ïåðâûõ äâóõ àêñèîì íîðìû î÷åâèäíà, à ñïðàâåäëèâîñòü òðåòüåé àêñèîìû íîðìû
ëåãêî óñòàíàâëèâàåòñÿ ñ ïîìîùüþ ñóììàòîðíîãî íåðàâåíñòâà Ìèíêîâñêîãî; ñëåäî-
âàòåëüíî, B3

2,T ÿâëÿåòñÿ ëèíåéíûì íîðìèðîâàííûì ïðîñòðàíñòâîì. Äîêàæåì åãî
ïîëíîòó. Ïóñòü

un(x, t) =
∞∑

k=0

u1k,n(t) cos λkx +
∞∑

k=1

u2k,n(t) sin λkx (n = 1, 2, . . .)

� ëþáàÿ ïîñëåäîâàòåëüíîñòü, ôóíäàìåíòàëüíàÿ â B3
2,T . Òîãäà äëÿ ëþáîãî ε > 0

ñóùåñòâóåò òàêîé íîìåð nε, ÷òî

‖un(x, t)− um(x, t)‖B3
2,T

= ‖u10,n(t)− u10,m(t)‖C[0,T ] +

+

( ∞∑

k=1

(
λ3

k ‖u1k,n(t)− u1k,m(t)‖C[0,T ]

)2
)1

2
+
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+

( ∞∑

k=1

(
λ3

k ‖u2k,n(t)− u2k,m(t)‖C[0,T ]

)2
)1

2
< ε äëÿ ëþáûõ n,m ≥ nε. (35)

Ñëåäîâàòåëüíî, ïðè ëþáîì ôèêñèðîâàííîì k (k = 1, 2, . . .):

‖u10,n(t)− u10,m(t)‖C[0,T ] < ε,

‖u1k,n(t)− u1k,m(t)‖C[0,T ] < ε,

‖u2k,n(t)− u2k,m(t)‖C[0,T ] < ε äëÿ ëþáûõ n,m ≥ nε. (36)

À ýòî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü {u10,n(t)}∞n−1 è ïðè ëþáîì ôèêñèðîâàííîì
k (k = 1, 2, . . .) ïîñëåäîâàòåëüíîñòè {u1k,n(t)}∞n−1, {u2k,n(t)}∞n−1 ôóíäàìåíòàëüíû
â C[0, T ] è, ñëåäîâàòåëüíî, â ñèëó ïîëíîòû C[0, T ], ñõîäÿòñÿ â ïðîñòðàíñòâå C[0, T ]:

u10,n(t)
C[0,T ]→ u10,0(t) ∈ C[0, T ] ïðè n →∞,

u1k,n(t)
C[0,T ]→ u1k,0(t) ∈ C[0, T ] ïðè n →∞,

u10,n(t)
C[0,T ]→ u10,0(t) ∈ C[0, T ] ïðè n →∞. (37)

Äàëåå, â ñèëó (35), äëÿ ëþáîãî ôèêñèðîâàííîãî íîìåðà N :

‖u10,n(t)− u10,m(t)‖C[0,T ] +

(
N∑

k=1

(
λ3

k ‖u1k,n(t)− u1k,m(t)‖C[0,T ]

)2
)1

2
+

+

(
N∑

k=1

(
λ3

k ‖u2k,n(t)− u2k,m(t)‖C[0,T ]

)2
)1

2
< ε äëÿ ëþáûõ n,m ≥ nε. (38)

Ïîëüçóÿñü ñîîòíîøåíèÿìè (37) è ïåðåõîäÿ ê ïðåäåëó ïðè m →∞ â (38), ïîëó÷àåì:

‖u10,n(t)− u10,0(t)‖C[0,T ] +

(
N∑

k=1

(
λ3

k ‖u1k,n(t)− u1k,0(t)‖C[0,T ]

)2
)1

2
+

+

(
N∑

k=1

(
λ3

k ‖u2k,n(t)− u2k,0(t)‖C[0,T ]

)2
)1

2
≤ ε äëÿ ëþáîãî n ≥ nε. (39)
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Îòñþäà, â ñèëó ïðîèçâîëüíîñòè N (èëè îäíî è òîæå, ïåðåõîäÿ ê ïðåäåëó ïðè
N →∞ ), ïîëó÷àåì:

‖u10,n(t)− u10,0(t)‖C[0,T ] +

( ∞∑

k=1

(
λ3

k ‖u1k,n(t)− u1k,0(t)‖C[0,T ]

)2
)1

2
+

+

( ∞∑

k=1

(
λ3

k ‖u2k,n(t)− u2k,0(t)‖C[0,T ]

)2
)1

2 ≤ ε äëÿ ëþáîãî n ≥ nε. (40)

Ïðèìåì îáîçíà÷åíèå

u0(x, t) =
∞∑

k=0

u1k,0(t) cos λkx +
∞∑

k=1

u2k,0(t) sin λkx.

Òàê êàê u0(x, t) = [u0(x, t)−unε(x, t)]+unε(x, t) è, â ñèëó (40), u0(x, t)−unε(x, t) ∈
∈ B3

2,T , à òàêæå unε
(x, t) ∈ B3

2,T , òî ïîëó÷àåì, ÷òî

u0(x, t) ∈ B3
2,T .

Òàêèì îáðàçîì, â ñèëó (40), äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîé íîìåð nε, ÷òî

‖un(x, t)− u0(x, t)‖B3
2,T

≤ ε äëÿ ëþáîãî n ≥ nε.

À ýòî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü un(x, t) ñõîäèòñÿ â B3
2,T ê ýëåìåíòó

u0(x, t) ∈ B3
2,T . Ýòèì ïîëíîòà è, ñëåäîâàòåëüíî, áàíàõîâîñòü ïðîñòðàíñòâà B3

2,T

äîêàçàíà.
Ôóíêöèÿ u(x, t), êàê ýëåìåíò ïðîñòðàíñòâà B3

2,T , â ÷àñòíîñòè, îáëàäàåò ñëåäó-
þùèìè ñâîéñòâàìè:

u(x, t), ux(x, t), uxx(x, t) ∈ C(DT ), uxxx(x, t) ∈ C ([0, T ]; L2(0, 1)) ;

u(0, t) = u(1, t), ux(0, t) = ux(1, t), uxx(0, t) = uxx(1, t) (0 ≤ t ≤ T ).

×åðåç E3
T îáîçíà÷èì ïðîñòðàíñòâî B3

2,T × C[0, T ] âåêòîð-ôóíêöèé z(x, t) =
= {u(x.t), a(t)} ñ íîðìîé

‖z‖E3
T

= ‖u(x, t)‖B3
2,T

+ ‖a(t)‖C[0,T ] .

Î÷åâèäíî, ÷òî E3
T ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì.

Òåïåðü ðàññìîòðèì â ïðîñòðàíñòâå E3
T îïåðàòîð

Φ(u, a) = {Φ1(u, a), Φ2(u, a)} ,

ãäå

Φ1(u, a) = ũ(x, t) ≡
∞∑

k=0

ũ1k(t) cos λkx +
∞∑

k=1

ũ2k(t) sin λkx, (41)
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Φ2(u, a) = ã(t), (42)

ãäå ũ10(t), ũik(t), k = 1, 2, . . .) è ã(t) ðàâíû ñîîòâåòñòâåííî ïðàâûì ÷àñòÿì (30),
(31) è (34).

Íåòðóäíî âèäåòü, ÷òî

sh(λkt)
ch(λkT )

< 1 (0 ≤ t ≤ T ),
ch(λk(T − t))

ch(λkT )
≤ 1 (0 ≤ t ≤ T ),

sh(λk(T + t− τ))
ch(λkT )

≤ 1 (0 ≤ t ≤ τ ≤ T ),
sh(λk(T − (t + τ))

ch(λkT )
≤ 1 (0 ≤ t ≤ τ ≤ T ),

sh(λk(T − (t− τ))
ch(λkT )

≤ 1 (0 ≤ t ≤ τ ≤ T ),
sh(λk(T − (t− τ))

ch(λkT )
≤ 1 (0 ≤ τ ≤ t ≤ T ).

Ó÷èòûâàÿ ýòè ñîîòíîøåíèÿ, ñ ïîìîùüþ íåòðóäíûõ ïðåîáðàçîâàíèé íàõîäèì:

‖ũ10(t)‖C[0,T ] ≤ |ϕ10|+ T |ψ10|+ 2T
√

T




T∫

0

|f10(τ)|2 dτ




1
2

+

+2T 2 ‖a(t)‖C[0,T ] ‖u10(t)‖C[0,T ] , (43)

( ∞∑

k=1

(λ3
k ‖ũik(t)‖C[0,T ])

2

)1
2 ≤ 2

( ∞∑

k=1

(λ3
k |ϕik|)2

)1
2

+

+2

( ∞∑

k=1

(λ2
k |ψik|)2

)1
2

+ 2
√

T




T∫

0

∞∑

k=1

(λ2
k |fik(τ)|)2




1
2

+

+2T ‖a(t)‖C[0,T ]

( ∞∑

k=1

(λ2
k ‖uik(t)‖C[0,T ])

2

)1
2

, (44)

‖ã(t)‖C[0,T ] ≤
∥∥h−1(t)

∥∥
C[0,T ]




‖h′′(t)− f(x0, t)‖C[0,T ] +

√
6

12

2∑

i=1

( ∞∑

k=1

(λ3
k |ϕik|)2

)1
2

+

+
√

6
12

2∑

i=1

( ∞∑

k=1

(λ2
k |ψik|)2

)1
2

+
√

6T

6

2∑

i=1




T∫

0

∞∑

k=1

(λ2
k |fik(τ)|)2dτ




1
2

+
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+
√

6T

6
‖a(t)‖C[0,T ]

2∑

i=1

( ∞∑

k=1

(λ2
k ‖uik(t)‖C[0,T ])

2

)1
2





. (45)

Ïðåäïîëîæèì, ÷òî äàííûå çàäà÷è (1)-(3), (14),(15) óäîâëåòâîðÿþò ñëåäóþùèì
óñëîâèÿì:
1. ϕ(x) ∈ C2[0, 1], ϕ′′′(x) ∈ L2(0, 1), ϕ(0) = ϕ(1), ϕ′(0) = ϕ′(1), ϕ′′(0) = ϕ′′(1).
2. ψ(x) ∈ C1[0, 1], ψ′′(x) ∈ L2(0, 1), ψ(0) = ψ(1), ψ′(0) = ψ′(1).
3. f(x, t), fx(x, t) ∈ C(DT ), fxx(x, t) ∈ L2(DT ),
f(0, t) = f(1, t), fx(0, t) = fx(1, t) (0 ≤ t ≤ T ).
4. h(t) ∈ C2[0, T ], h(t) 6= 0 ïðè t ∈ [0, T ].

Òîãäà èç (43)-(45) èìååì:

‖ũ(x, t)‖B3
2,T

≤ A1(T ) + B1(T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖B3
2,T

, (46)

‖ã(t)‖C[0,T ] ≤ A2(T ) + B2(T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖B3
2,T

, (47)

ãäå
A1(T ) = ‖ϕ(x)‖L2(0,1) + T ‖ψ(x)‖L2(0,1) + 2T

√
T ‖f(x, t)‖L2(DT ) +

+4 ‖ϕ′′′(x)‖L2(0,1) + 4 ‖ψ′′(x)‖L2(0,1) + 4
√

T ‖fxx(x, t)‖L2(DT ) ,

B1(T ) = 2T 2 + 2T,

A2(T ) =
∥∥h−1(t)

∥∥
C[0,T ]

{
‖h′′(t)− f(x0, t)‖C[0,T ] +

+
√

6
6
‖ϕ′′′(x)‖L2(0,1) +

√
6

6
‖ψ′′(x)‖L2(0,1) +

√
6T

3
‖fxx(x, t)‖L2(DT )

}
,

B2(T ) =
√

6
6

∥∥h−1(t)
∥∥

C[0,T ]
T.

Èç íåðàâåíñòâ (46), (47) çàêëþ÷àåì:

‖ũ(x, t)‖B3
2,T

+ ‖ã(t)‖C[0,T ] ≤ A(T ) + B(T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖B3
2,T

, (48)

ãäå

A(T ) = A1(T ) + A2(T ), B(T ) = B1(T ) + B2(T ).

Èòàê, ìîæíî äîêàçàòü ñëåäóþùóþ òåîðåìó:
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 1-4 è

(A(T ) + 2)2B(T ) < 1. (49)

Òîãäà çàäà÷à (1)-(3), (14),(15) èìååò â øàðå K = KR(‖z‖E3
T
≤ R = A(T ) + 2)

ïðîñòðàíñòâà E3
T åäèíñòâåííîå ðåøåíèå.
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Äîêàçàòåëüñòâî. Â ïðîñòðàíñòâå E3
T ðàññìîòðèì óðàâíåíèå

z = Φz, (50)

ãäå z = {u, a}, êîìïîíåíòû Φi(u, a) (i = 1, 2) îïåðàòîðà Φ(u, a) îïðåäåëåíû ïðà-
âûìè ÷àñòÿìè óðàâíåíèé (32),(34).

Ðàññìîòðèì îïåðàòîð Φ(u, a) â øàðå K = KR èç E3
T . Àíàëîãè÷íî (48) ïîëó÷àåì,

÷òî äëÿ ëþáûõ z, z1, z2 ∈ KR ñïðàâåäëèâû îöåíêè:

‖Φz‖E3
T
≤ A(T ) + B(T ) ‖a(t)‖C[0,T ] ‖u(x, t)‖B3

2,T
, (51)

‖Φz1 − Φzs‖E3
T
≤ B(T )R(‖a1(t)− a2(t)‖C[0,T ] + ‖u1(x, t)− u2(x, t)‖B3

2,T
). (52)

Òîãäà èç îöåíîê (51) è (52), ñ ó÷åòîì (49), ñëåäóåò, ÷òî îïåðàòîð Φ äåéñòâóåò
â øàðå K = KR è ÿâëÿåòñÿ ñæèìàþùèì. Ïîýòîìó â øàðå K = KR îïåðàòîð Φ
èìååò åäèíñòâåííóþ íåïîäâèæíóþ òî÷êó {u, a}, êîòîðàÿ ÿâëÿåòñÿ åäèíñòâåííûì
â øàðå K = KR ðåøåíèåì óðàâíåíèÿ (50), ò.å. {u, a} ÿâëÿåòñÿ â øàðå K = KR

åäèíñòâåííûì ðåøåíèåì ñèñòåìû (32), (34).
Ôóíêöèÿ u(x, t), êàê ýëåìåíò ïðîñòðàíñòâà B3

2,T , íåïðåðûâíà è èìååò íåïðå-
ðûâíûå ïðîèçâîäíûå ux(x, t) è uxx(x, t) â DT .

Òåïåðü èç (26) è (27), ñîîòâåòñòâåííî, èìååì:

‖u′′10(t)‖C[0,T ] ≤ ‖a(t)‖C[0,T ] ‖u10(t)‖C[0,T ] + 2
∥∥∥‖f(x, t)‖C[0,T ]

∥∥∥
L2(0,1)

,

( ∞∑

k=1

(λk ‖u′′ik(t)‖C[0,T ])
2

)1
2 ≤

√
3

3

( ∞∑

k=1

(λ3
k ‖uik(t)‖C[0,T ])

2

)1
2

+

+
√

3
2

∥∥∥‖a(t)ux(x, t) + fx(x, t)‖C[0,T ]

∥∥∥
L2(0,1)

.

Îòñþäà ñëåäóåò, ÷òî utt(x, t) íåïðåðûâíà â DT .
Ëåãêî ïðîâåðèòü, ÷òî óðàâíåíèå (1) è óñëîâèÿ (2), (3),(14) è (15) óäîâëåòâîðÿ-

þòñÿ â îáû÷íîì ñìûñëå. Ñëåäîâàòåëüíî, {u(x, t), a(t)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
(1)-(3), (14),(15). Â ñèëó ëåììû 3, îíî åäèíñòâåííîå. Òåîðåìà äîêàçàíà.

Ñ ïîìîùüþ ëåììû 2 äîêàçûâàåòñÿ ñëåäóþùàÿ
Òåîðåìà 2. Ïóñòü âûïîëíåíû âñå óñëîâèÿ òåîðåìû 1,

∫ 1

0

f(x, t)dx = 0 (0 ≤ t ≤ T ),
1
2
(A(T ) + 2)T 2 < 1

è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ
∫ 1

0

ϕ(x)dx = 0,

∫ 1

0

ψ(x)dx = 0, ϕ(x0) = h(0), ψ(x0) = h′(T ).

Òîãäà çàäà÷à (1)-(5)èìååò â øàðå K = KR(‖z‖E3
T
≤ A(T ) + 2) ïðîñòðàíñòâà

E3
T åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå.
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Çàêëþ÷åíèå

Â ðàáîòå äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ îäíîé îáðàòíîé
êðàåâîé çàäà÷è äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ ïåðèîäè÷åñêè-
ìè êðàåâûìè óñëîâèÿìè. Ïîëüçóÿñü ýòèìè ôàêòàìè äîêàçàíî ñóùåñòâîâàíèå è
åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ îäíîé îáðàòíîé êðàåâîé çàäà÷è äëÿ ýë-
ëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ èíòåãðàëüíûì óñëîâèåì.
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