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Â ñòàòüå äîêàçàíî, ÷òî äëÿ ñëàáîé ñõîäèìîñòè ñàìîíîðìèðîâàííûõ
ñóìì íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ê íîðìàëüíîìó ðàñïðåäåëåíèþ
äîñòàòî÷íî, ÷òîáû ðàñïðåäåëåíèÿ ñëàãàåìûõ ïðèíàäëåæàëè îäíîìó òè-
ïó èç îáëàñòè ïðèòÿæåíèÿ íîðìàëüíîãî çàêîíà. Ýòî óñëîâèå ÿâëÿåòñÿ
íåîáõîäèìûì, åñëè ñëó÷àéíûå âåëè÷èíû ñèììåòðè÷íû.

In the paper it is proved that selfnormalized sums of independent random
variables weakly converge to the normal law provided that distributions of
the random variables belong to a type from the domain of attraction of the
normal law. This condition is necessary if random variables are symmetric.

Êëþ÷åâûå ñëîâà: ñàìîíîðìèðîâàííûå ñóììû, îáëàñòü ïðèòÿæåíèÿ
íîðìàëüíîãî çàêîíà, ñëàáàÿ ñõîäèìîñòü.
Keywords: selfnormalized sums, domain of attraction of the normal law,
weak convergence.

1. Ââåäåíèå

Èññëåäîâàíèþ àñèìïòîòè÷åñêèõ ñâîéñòâ ñàìîíîðìèðîâàííûõ ñóìì íåçàâèñè-
ìûõ ñëó÷àéíûõ âåëè÷èí ïîñâÿùåíî áîëüøîå ÷èñëî ïóáëèêàöèé, ñì., íàïðèìåð,
[1], [2] è óêàçàííóþ òàì ëèòåðàòóðó. Â óêàçàííûõ ñòàòüÿõ íàéäåíû êðèòåðèè äëÿ
ñëàáîé ñõîäèìîñòè ñàìîíîðìèðîâàííûõ ñóìì íåçàâèñèìûõ îäèíàêîâî ðàñïðåäå-
ëåííûõ ñëó÷àéíûõ âåëè÷èí. Â íàñòîÿùåé ñòðàòüå ìû îáîáùàåì ýòîò ðåçóëüòàò èç
ñòàòüè [1].

Ïóñòü íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷è-
íû Yn, n ∈ N = {1, 2, . . . } îïðåäåëåíû íà âåðîÿòíîñòíîì ïðîñòðàí-
ñòâå (Ω,F , P ). Ïóñòü äàíû ïîëîæèòåëüíûå ÷èñëà an, n ∈ N, òàêèå, ÷òî
0 < a = infn>1 an < supn>1 an = c < ∞. Ïîñòðîèì ïîñëåäîâàòåëüíîñòü {Xn}n>1

ñëó÷àéíûõ âåëè÷èí Xn = anYn. Îáîçíà÷èì Sn = X1 + · · ·+Xn, V 2
n = X2

1 + · · ·+V 2
n .

Ìû áóäåì èìåòü äåëî ñ ñàìîíîðìèðîâàííûìè ñóììàìè Sn/Vn. Óñëîâèìñÿ ñ÷èòàòü,
÷òî îòíîøåíèå Sn/Vn = 0, åñëè X1 + · · ·+ Xn = 0.

2. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Ñëåäóþùàÿ òåîðåìà îáîáùàåò òåîðåìó èç ñòàòüè [1] .
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Òåîðåìà. Äëÿ òîãî ÷òîáû

lim
n→∞

P
{Sn

Vn
< x

}
= Φ(x) =

1√
2π

∫ x

−∞
e−u2/2du, x ∈ R = (−∞,∞), (1)

äîñòàòî÷íî, ÷òîáû ôóíêöèÿ ðàñïðåäåëåíèÿ F (x) = P{Y1 < x}, x ∈ R, ïðèíàä-
ëåæàëà îáëàñòè ïðèòÿæåíèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ Φ è EY1 = 0. Ýýòî
óñëîâèå ÿâëÿåòñÿ íåîáõîäèìûì, åñëè F � ñèììåòðè÷íàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ ðàñïðåäåëåíèÿ F ïðèíàäëåæèò
îáëàñòè ïðèòÿæåíèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ Φ è EY1 = 0. Íèæå ìû äîêàæåì
äâà óòâåðæäåíèÿ: ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà Bn, n ∈ N, òàêèå, ÷òî

lim
n→∞

P
{ Sn

Bn
< x

}
= Φ(x), x ∈ R, (2)

lim
n→∞

V 2
n

B2
n

= 1 ïî âåðîÿòíîñòè . (3)

Èç ýòèõ óòâåðæäåíèé â ñèëó èçâåñòíîé òåîðåìû (ñì. [5], ñòð. 281) ñëåäóåò, ÷òî

lim
n→∞

P{Sn

Vn
< x} = lim

n→∞
P{ Sn

Bn

Bn

Vn
< x} = Φ(x), x ∈ R.

Äîêàæåì óòâåðæäåíèå (2). Îáîçíà÷èì Fn(x) = P{Xn < x} ôóíêöèþ ðàñïðå-
äåëåíèÿ ñëó÷àéíîé âåëè÷èíû Xn. Åñëè EY 2

1 < ∞, òî ìîæíî ïîëîæèòü B2
n =∑n

k=1 a2
kEY 2

1 . Äåéñòâèòåëüíî, â ýòîì ñëó÷àå ïðèìåíèìà öåíòðàëüíàÿ ïðåäåëüíàÿ
òåîðåìà, òàê êàê âûïîëíåíî óñëîâèå Ëèíäåáåðãà:

1
B2

n

n∑

k=1

∫

|x|>εBn

x2dFk(x) =
1

B2
n

n∑

k=1

a2
k

∫

|x|>εBn/|ak|
x2dF (x)

≤ c2

a2n
n

∫

|x|>εBn/c

x2dF (x) =
c2

a2

∫

|x|>εBn/c

x2dF (x) → 0, n →∞, ε > 0.

Äàëåå ïðåäïîëàãàåòñÿ, ÷òî EY 2
1 = ∞. Òàê êàê ôóíêöèÿ ðàñïðåäåëåíèÿ F ïðè-

íàäëåæèò îáëàñòè ïðèòÿæåíèÿ íîðìàëüíîé ôóíêöèè ðàñïðåäåëåíèÿ Φ, òî

lim
n→∞

P{Y1 + · · ·+ Yn

Dn
−An < x} = Φ(x), x ∈ R,

ïðè íåêîòîðîì âûáîðå âåùåñòâåííûõ ÷èñåë An è Dn > 0, n ∈ N. Ïî èçâåñòíîé
òåîðåìå (ñì. [4], ñòð. 36) ìîæíî ïîëîæèòü Dn = n1/2h(n), ãäå h(x), x ∈ (0,∞),
� íåêîòîðàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ, ìåäëåííî ìåíÿþùàÿñÿ â ñìûñëå Êàðàìà-
òà. Îòñþäà ñëåäóåò, ÷òî lim

n→∞
Dn = ∞. Ïî èçâåñòíîé òåîðåìå (ñì. [3], ñòð. 136)

âûïîëíÿþòñÿ óñëîâèÿ, äëÿ ëþáîãî ε > 0,

lim
n→∞

nP{|Y1| > εDn} = 0, (4)

lim
n→∞

n

D2
n

( ∫

|x|≤εDn

x2dF (x)−
( ∫

|x|≤εDn

xdF (x)
)2)

= 1. (5)
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Ìîæíî âûáðàòü ïîñëåäîâàòåëüíîñòü {εn}n>1 ïîëîæèòåëüíûõ ÷èñåë ñî ñëåäóþùè-
ìè ñâîéñòâàìè: lim

n→∞
εn = 0, lim

n→∞
εnDn = ∞ è

lim
n→∞

n

ε2
nD2

n

( ∫

|x|≤εnDn

x2dF (x)−
( ∫

|x|≤εnDn

xdF (x)
)2)

= ∞. (6)

Îáîçíà÷èì Cn = εnDn è äîêàæåì, ÷òî

lim
n→∞

n∑

k=1

P{|Xk| > Cn} = 0, (7)

lim
n→∞

1
C2

n

n∑

k=1

( ∫

|x|≤Cn

x2dFk(x)−
( ∫

|x|≤Cn

xdFk(x)
)2)

= ∞. (8)

Óñëîâèå (7) ÿâëÿåòñÿ ñëåäñòâèåì íåðàâåíñòâà P{|Xk| > Cn} ≤ P{|Y1| > εDn/c}
è óñëîâèÿ (4). Äàëåå, â ñèëó èçâåñòíîé òåîðåìû (ñì. ñòð. [3], 192) ïðèíàäëåæ-
íîñòü ôóíêöèè ðàñïðåäåëåíèÿ F îáëàñòè ïðèòÿæåíèÿ íîðìàëüíîãî ðàñïðåäåëåíèÿ
Φ âëå÷åò êîíå÷íîñòü àñîëþòíîãî ìîìåíòà E|Y1|α äëÿ ëþáîãî α ∈ (0, 2). Çàìåòèì,
÷òî ∣∣∣

∫

|x|<Cn

xdFk(x)
∣∣∣ ≤

∫ ∞

−∞
|x|dFk(x) = E|Xk| ≤ cE|Y1|.

Òàê êàê EY 2
1 = ∞, òî lim

λ→∞
∫
|x|<λ

x2dF (x) = ∞. Â ñèëó ýòîãî ìû ïîëó÷èì

n∑

k=1

(∫

|x|≤Cn

xdFk(x)
)2/ n∑

k=1

∫

|x|≤Cn

x2dFk(x)

≤ c2n
/ n∑

k=1

a2
k

∫

|x|≤Cn/c

x2dF (x) ≤ c2
/(

a2

∫

|x|≤Cn/c

x2dF (x)
)
→ 0 (9)

ïðè n →∞. Ïîýòîìó óñëîâèå (8) ýêâèâàëåíòíî ñëåäóþùåìó óñëîâèþ

lim
n→∞

1
C2

n

n∑

k=1

∫

|x|≤Cn

x2dFk(x) = ∞.

Îáîçíà÷èì IA èíäèêàòîðíóþ ôóíêöèþ ìíîæåñòâà A. Èç íåðàâåíñòâà
E(X2

kI{|Xk|≤Cn}) > a2E(Y 2
1 I{|Y1|≤Cn/c}) è èç óñëîâèÿ (6) ñëåäóåò, ÷òî

1
C2

n

n∑

k=1

∫

|x|≤Cn

x2dFk(x) =
1

C2
n

n∑

k=1

E(X2
kI{|Xk|≤Cn}) > a2n

C2
n

∫

|x|<Cn/c

x2dF (x) →∞.

ïðè n →∞. Óñëîâèå (8) äîêàçàíî.
Îáîçíà÷èì

B2
n =

n∑

k=1

( ∫

|x|≤Cn

x2dFk(x)−
( ∫

|x|≤Cn

xdFk(x)
)2)

.

Èç óñëîâèÿ (8) ñëåäóåò, ÷òî lim
n→∞

Cn/Bn = 0. Ïîýòîìó äëÿ ëþáîãî ε > 0 âûïîë-
íÿåòñÿ íåðàâåíñòâî Cn < εBn äëÿ âñåõ äîñòàòî÷íî áîëüøèõ n ∈ N. Äëÿ òàêèõ
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n âûïîëíÿåòñÿ íåðàâåíñòâî P{|Xk| > εBn} ≤ P{|Xn| > Cn}. Îòñþäà è èç (7)
ñëåäóåò, ÷òî

lim
n→∞

n∑

k=1

P{|Xk| > εBn} = 0. (10)

Ñ ïîìîùüþ èçâåñòíûõ ðàññóæäåíèé, ñì. [3], ñòð. 140-141, ìîæíî äîêàçàòü, ÷òî

lim
n→∞

1
B2

n

n∑

k=1

( ∫

|x|≤εBn

x2dFk(x)−
( ∫

|x|≤εBn

xdFk(x)
)2)

= 1, ε > 0. (11)

Óòâåðæäåíèå (9) îñòàíåòñÿ ñïðàâåäëèâûì, åñëè Cn çàìåíèòü íà εBn. Ïîýòîìó (10)
ýêâèâàëåíòíî ñëåäóþùåìó óñëîâèþ

lim
n→∞

1
B2

n

n∑

k=1

∫

|x|≤εBn

x2dFk(x) = 1, ε > 0. (12)

Ïî óæå óïîìèíàâøåéñÿ òåîðåìå (ñì. [3], ñòð. 136) óñëîâèÿ (10) è (11) äîñòàòî÷íû
äëÿ ñóùåñòâîâàíèÿ âåùåñòâåííûõ ÷èñåë An, n ∈ N, òàêèõ, ÷òî

lim
n→∞

P
{ Sn

Bn
−An < x

}
= Φ(x), x ∈ R. (13)

×èñëà An, n ∈ N, ìîæíî âûáðàòü (ñì. [3], ñòð. 132) ïî ñëåäóþùåìó ïðàâèëó

An =
1

Bn

n∑

k=1

∫

|x|<Bn

xdFk(x).

Äîêàæåì, ÷òî lim
n→∞

An = 0. Òàê êàê EXk = akEY1 = 0, òî
∫

|x|<Bn

xdFk(x) = −
∫

|x|>Bn

xdFk(x).

Èñïîëüçóÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, ìû ïîëó÷èì ñëåäóþùóþ îöåíêó äëÿ |An|:

|An| =
∣∣∣ 1
Bn

n∑

k=1

∫

|x|<Bn

xdFk(x)
∣∣∣

≤
n∑

k=1

(1− Fk(Bn) + Fk(−Bn)) +
n

Bn

∫ ∞

Bn

(1− F (x/c) + F (−x/c))dx.

Ïî èçâåñòíûì òåîðåìàì (ñì. [4], ñòð. 97, ñòð. 501) ñïðàâåäëèâî ïðåäñòàâëåíèå:

1− F (x) + F (−x) =
c(x) exp

{ ∫ x

α
ε(t)

t dt
}

x2
, x ∈ (0,∞).

ãäå α � ïîëîæèòåëüíîå ÷èñëî, ôóíêöèè c(x) è ε(x), x ∈ (0,∞), óäîâëåòâîðÿþò
óñëîâèÿì lim

x→∞
c(x) = c∞ > 0 è lim

x→∞
ε(x) = 0. Îòñþäà ñëåäóåò, ÷òî

z(x)
2

≤ c(x) exp
{ ∫ x

α

ε(t)
t

dt
}
≤ 2z(x), z(x) = c∞ exp

{ ∫ x

α

ε(t)
t

dt
}
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äëÿ ëþáîãî x > x0, áîëüøå èëè ðàâíîãî íåêîòîðîãî ÷èñëà x0 > 0. Ïîýòîìó íàé-
äåòñÿ n0 ∈ N òàêîå, ÷òî äëÿ âñåõ n > n0 áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

|An| ≤
n∑

k=1

(1− Fk(Bn) + Fk(−Bn)) +
n

Bn

∫ ∞

Bn

z(x)
x2

dx. (14)

Ñ ïîìîùüþ ïðàâèëà Ëîïèòàëÿ ìû ïîëó÷èì

lim
y→∞

∫ ∞

y

z(x)
x2

dx
/

(z(x)/x) = lim
y→∞

1
1− ε(y)

= 1.

Îòñþäà ñëåäóåò ñóùåñòâîâàíèå ÷èñëà y0 > Bn0 òàêîãî, ÷òî äëÿ âñåõ y > y0 âûïîë-
íÿåòñÿ íåðàâåíñòâî

∫ ∞

y

z(x)
x2

dx ≤ 2z(y)
y

≤ 4y
h(y)
y2

= 4y(1− F (y) + F (−y)).

Îòñþäà è èç (14) ñëåäóåò, ÷òî

|An| ≤
n∑

k=1

(1− Fk(Bn) + Fk(−Bn)) + 4
n∑

k=1

(1− Fk(aBn) + Fk(−aBn)).

Çäåñü ìû âîñïîëüçîâàëèñü ñîîòíîøåíèÿìè 1−F (Bn) + F (−Bn) = P{|Y1| > Bn} =
P{|Xk| > akBn} ≤ P{|Xk| > aBn}. Âûøå îòìå÷àëîñü, ÷òî lim

n→∞
Cn/Bn = 0. Ïîýòî-

ìó âûïîëíÿåòñÿ íåðàâåíñòâî (1+a)Cn < Bn äëÿ âñåõ n ∈ N, íà÷èíàÿ ñ íåêîòîðîãî
n′0. Åñëè n > n′0, òî P{|Xk| > Bn} ≤ P{|Xk| > Cn} è P{|Xk| > aBn} ≤ P{|Xk| >
Cn}. Îòñþäà è èç (7) ñëåäóåò òðåáóåìîå óòâåðæäåíèå

lim
n→∞

|An| ≤ 5 lim
n→∞

n∑

k=1

P{|Xk| > Cn} = 0.

Óòâåðæäåíèå (13) è óñëîâèå lim
n→∞

An = 0 âëåêóò (2).
Äîêàæåì óòâåðæäåíèå (3). Åñëè EY 2

1 < ∞, òî óòâåðæäåíèå (3) âûïîëíÿåòñÿ
ïî òåîðåìå Ðàéêîâà (ñì. [3], ñòð. 152). Äàëåå ïðåäïîëàãàåòñÿ, ÷òî EY 2

1 = ∞. Äëÿ
ëþáûõ ïîëîæèòåëüíûõ ÷èñåë ε è δ ìû èìååì, ÷òî

P
{∣∣∣V

2
n

B2
n

− 1
∣∣∣ > δ

}
≤ P

{∣∣∣V
2

B2
n

− 1
∣∣∣ > δ, max

1≤k≤n
|Xk| > εBn

}

+ P
{∣∣∣V

2
n

B2
n

− 1
∣∣∣ > δ, max

1≤k≤n
|Xk| ≤ εBn

}
.

(15)

Ïåðâîå ñëàãàåìîå ñïðàâà â ñèëó óñëîâèÿ (10) ñòðåìèòñÿ ê íóëþ ïðè n → ∞, òàê
êàê

P
{∣∣∣V

2
n

B2
n

− 1
∣∣∣ > δ, max

1≤k≤n
|Xk| > εBn

}
≤ P{ max

1≤k≤n
|Xk| > εBn} ≤

n∑

k=1

P{|Xk| > εBn}.
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Îöåíèì âòîðîå ñëàãàåìîå â (15). Çàìåòèì, ÷òî E(X2
kI{|Xk|≤εBn}) =∫

|x|≤εBn
x2dFk(x). Â ñèëó (12) âûïîëíÿåòñÿ íåðàâåíâî

∣∣∣ 1
B2

n

n∑

k=1

E(X2
kI{|Xk|≤εBn} − 1

∣∣∣ < δ/2

äëÿ âñåõ n, íà÷èíàÿ ñ íåêîòîðîãî n0. Äëÿ n > n0 ñïðàâåäëèâî:

P
{∣∣∣V

2
n

B2
n

− 1
∣∣∣ > δ, max

1≤k≤n
|Xk| ≤ εBn

}

≤ P
{∣∣∣ 1

B2
n

n∑

k=1

(X2
kI{|Xk|≤εBn} − E(X2

kI{|Xk|≤εBn}))
∣∣∣ >

δ

2

}
.

Ïðàâóþ ÷àñòü ìîæíî îöåíèòü ïîìîùüþ íåðàâåíñòâà ×åáûøåâà:

P
{∣∣∣ 1

B2
n

n∑

k=1

(X2
kI{|Xk|≤εBn} − E(X2

kI{|Xk|≤εBn})
∣∣∣ >

δ

2

}

≤ 4ε2

δ2B2
n

n∑

k=1

E(X2
kI{|Xk|≤εBn}) ≤

4ε2

δ2
(1 +

δ

2
).

Â ðåçóëüòàòå ìû ïîëó÷èëè ñëåäóþùóþ îöåíêó âåðîÿòíîñòè ñëåâà â (15):

lim sup
n→∞

P
{∣∣∣V

2
n

B2
n

− 1
∣∣∣ > δ

}
≤ 4ε2

δ2

(
1 +

δ

2

)
.

Òàê êàê ÷èñëî ε > 0 ìîæíî âûáðàòü ïðîèçâîëüíî ìàëûìá òî

lim
n→∞

P
{∣∣∣V

2
n

B2
n

− 1
∣∣∣ > δ

}
= 0.

Òåì ñàìûì óòâåðæäåíèå (3) äîêàçàíî.
Äîêàæåì íåîáõîäèìîñòü óñëîâèÿ ïðè ïðåäïîëîæåíèè, ÷òî ñëó÷àéíûå âåëè÷èíû

Yn, n ∈ N, ñèììåòðè÷íû. Èç (16) è ëåììû 3 ñëåäóåò, ÷òî

lim
n→∞

E
(Sn

Vn

)4

=
∫ ∞

−∞
x4dΦ(x) = 3. (16)

Ìàòåìàòè÷åñêîå îæèäàíèå ïîä çíàêîì ïðåäåëà ìîæíî çàïèñàòü â ñëåäóþùåì âèäå

E
(Sn

Vn

)4

=
n∑

k=1

E
(X4

k

V 4
n

)
+ 6

∑

1≤i<j≤n

E
(X2

i X2
j

V 4
n

)
+ 8

∑

1≤i<j≤n

E
(XiX

3
j

V 4
n

)

+36
∑

1≤i<j<r≤n

E
(XiXjX

2
r

V 4
n

)
+ 24

∑

1≤i<j<r<k≤n

E
(XiXjXrXk

V 4
n

)
.

Ïî ëåììå 4 âñå ñóììû, êðîìå ïåðâûõ äâóõ, ñòðåìÿòñÿ ê íóëþ ïðè n →∞. Ïîýòîìó
(17) ðàâíîñèëüíî ñëåäóþùåìó óòâåðæäåíèþ

lim
n→∞

( n∑

k=1

E
(X4

k

V 4
n

)
+ 6

∑

1≤i<j≤n

E
(X2

i X2
j

V 4
n

))
= 3.
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Âûðàæàÿ âòîðîå ñëàãàåìîå ÷åðåç ïåðâîå, ïîëó÷èì:

lim
n→∞

n∑

k=1

E
(X4

k

V 4
n

)
= 0.

Îáîçíà÷èì W 2
n = Y 2

1 + · · ·+ Y 2
n . Ïðèâëåêàÿ íåðàâåíñòâî

X4
k

V 4
n

=
X4

k

W 4
n

W 4
n

V 4
n

> a4

c4

Y 4
k

W 4
n

, k = 1, . . . , n,

ìû ïîëó÷èì

E
(max1≤k≤n Y 4

k

W 4
n

)
≤

n∑

k=1

E
( Y 4

k

W 4
n

)
≤ c4

a4

n∑

k=1

E
(X4

k

V 4
n

)
→ 0 ïðè n →∞.

Èçâåñòíî (ñì. [6] ), ÷òî óñëîâèå

lim
n→∞

E
(max1≤k≤n |Yk|

Wn

)
= 0

ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ïðèíàäëåæíîñòè ôíêöèè ðàñïðåäåëå-
íèÿ F (x) = P{Y1 < x}, x ∈ R, îáëàñòè ïðèòÿæåíèÿ íîðìàëüíîé ôóíêöèè ðàñïðå-
äåëåíèÿ Φ. Òåîðåìà äîêàçàíà.

3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Äàëåå ìû äîêàæåì óòâåðæäåíèÿ, êîòîðûìè âîñïîëüçîâàëèñü âûøå. Âñå íåîá-
õîäèìûå óòâåðæäåíèÿ ìû ñôîðìóëèðóåì â âèäå ëåìì.
Ëåììà 1. Äëÿ ëþáîãî n ∈ N ñïðàâåäëèâî íåðàâåíñòâî

E
(Sn

Vn

)2

≤ 2
(
c2 +

c4

a4

)
max

{
1, max

1≤j≤n
|
(
E

∣∣∣Sj

Vj

∣∣∣
)2}

. (17)

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà, ÷òî E(YiYj/W 2
n) > 0 äëÿ i 6= j, 1 ≤ i, j ≤ n.

Ïðèâëåêàÿ ðàâåíñòâî ∫ ∞

0

λm−1e−λadλ =
(m− 1)!

am
, (18)

ñïðàâåäëèâîå äëÿ ëþáûõ ÷èñåë m ∈ N è a > 0, ìû ïîëó÷èì

E
(YiYj

W 2
n

)
= E

∫ ∞

0

YiYje
−λW 2

ndλ =
∫ ∞

0

E(Yie
−λY 2

i )2Ee−λ(W 2
n−Y 2

i −Y 2
j )dλ > 0.

Çäåñü ìû âîñïîëüçîâàëèñü òåîðåìîé Ôóáèíè è òåì, ÷òî ñëó÷àéíûå âåëè÷èíû
Y1, . . . , Yn íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû. Äàëåå íàì ïîíàäîáèòñÿ ëåãêî
ïðîâåðÿåìîå ðàâåíñòâî E(YiYj/V 2

n ) = E(Y1Y2/V 2
n ) äëÿ ëþáûõ i 6= j, 1 ≤ i, j ≤ n.

Îáîçíà÷èì [n/2] öåëóþ ÷àñòü ÷èñëà n/2,

S(1) =
[n/2]∑

k=1

Xk, S(2) =
n∑

m=[n/2]+1

am−[n/2]Ym,
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W 2(i) =
[n/2]∑

j=1

Y 2
(i−1)[n/2]+j , i = 1, 2.

Çàìåòèì, ÷òî S(1) = S[n/2],W
2(1) = W 2

[n/2]. Ïðèâëåêàÿ íåðàâåíñòâà W 2(i) ≤
W 2

n , i = 1, 2, è ðàâåíñòâî

E
(S(1)S(2)

W 2
n

)
=

[n/2]∑

i=1

n∑

j=[n/2]+1

E
(Xiaj−[n/2]Yj

W 2
n

)
=

[n/2]∑

i=1

n∑

j=[n/2]+1

aiaj−[n/2]E
(YiYj

W 2
n

)

ìû ïîëó÷èì
(
E

∣∣∣ S[n/2]

W[n//2]

∣∣∣
)2

=
(
E

∣∣∣ S(1)
W (1)

∣∣∣
)2

> E
(S(1)S(2)

W 2
n

)
= a2n(n− 1)E

(Y1Y2

W 2
n

)
.

Áûëî èñïîëüçîâàíî òî, ÷òî ñë.â. S(1)/W (1) è S(2)/W (2) îäèíàêîâî ðàñïðåäåëåíû
è íåçàâèñèìû. Ñ ïîìîùüþ ïðåäûäóùåãî íåðàâåíñòâà ìû ïîëó÷èì

E
( Sn

Wn

)2

= 1 + 2
∑

1≤i<j≤n

E
(XiXj

W 2
n

)
≤ 1 + c2n(n− 1)E

(Y1Y2

W 2
n

)

≤ 2max
{

1, c2n(n− 1)E
(Y1Y2

V 2
n

)}
≤ 2max

{
1,

c2

a2

(
E

∣∣∣ S[n/2]

W[n/2]

∣∣∣
)2}

.

Òàê êàê

E
( Sn

Wn

)2

= E
(Sn

Vn

Vn

Wn

)2

> 1
c2

E
(Sn

Vn

)2

, E
∣∣∣ S[n/2]

W[n/2]

∣∣∣ = E
∣∣∣S[n/2]

V[n/2]

V[n/2]

W[n/2]

∣∣∣ ≤ 1
a
E

∣∣∣S[n/2]

V[n/2]

∣∣∣,

òî

E
(Tn

Vn

)2

≤ 2c2 max
{

1,
c2

a4

(
E

∣∣∣ Sn/2]

V[n/2]

∣∣∣
)2}

≤ 2
(
c2 +

c4

a4

)
max

{
1,

(
E

∣∣∣ Sn/2]

V[n/2]

∣∣∣
)2}

.

Îòñþäà ñëåäóåò (18). Ëåììà äîêàçàíà.
Íàïîìíèì, ÷òî ïîñëåäîâàòåëüíîñòü {Sn/Vn}n>1 íàçûâàåòñÿ ñòîõàñòè÷åñêè îãðà-
íè÷åííîé, åñëè lim

λ→∞
supn>1 P{|Sn/Vn| > λ} = 0.

Ëåììà 2. Åñëè ïîñëåäîâàòåëüíîñòü {Sn/Vn}n>1 ñòîõàñòè÷åñêè îãðàíè÷åíà, òî

M = sup
n>1

E
∣∣∣Sn

Vn

∣∣∣ < ∞, (19)

sup
n>1

E
( Tn

Wn

)2

≤ 2
( c4

a2
+

c6

a6

)
max{1,M2}, (20)

ãäå Tn = Y1 + · · ·+ Yn.
Äîêàçàòåëüñòâî. Îò ïðîòèâíîãî: ïðåäïîëîæèì, ÷òî M = ∞. Îáîçíà÷èì

nl = min
{

n ∈ N : E
∣∣∣Sn

Vn

∣∣∣ >
√

l
}

, l ∈ N.
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Òàêèå ÷èñëà nl, l ∈ N, ñóøåñòâóþò, òàê êàê lim sup
n→∞

E|Sn/Vn| = M. Òàê ïîñòðîåííûå
÷èñëà îáðàçóþò íåîãðàíè÷åííóþ ïîñëåäîâàòåëüíîñòü, ò.å. lim

l→∞
nl = ∞. Ñ ïîìîùüþ

íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî ìû ïîëó÷èì, äëÿ ëþáîãî d > 0,

E
∣∣∣Sn

Vn

∣∣∣ = E
(∣∣∣Sn

Vn

∣∣∣I{|Sn|/Vn≤d}
)

+ E
(∣∣∣Sn

Vn

∣∣∣I{|Sn|/Vn>d}
)

≤ d +
(
E

∣∣∣Sn

Vn

∣∣∣
2)1/2(

P
{∣∣∣Sn

Vn

∣∣∣ > d
})1/2

.

Ïîëîæèì çäåñü n = nl è dl = 2−1E|Snl
/(Vnl

|. Â ðåçóëüòàòå ìû ïîëó÷èì, ÷òî
(
P

{∣∣∣Snl

Vnl

∣∣∣ > dl

})1/2

> E|Snl
/Vnl

|
2(E|Snl

/Vnl
|2)1/2

.

Ïîëîæèâ n = nl â (16), ìû ïîëó÷èì

E
∣∣∣Snl

Vnl

∣∣∣
2

≤ 2
(
c2 +

c4

a4

)(
E

∣∣∣Snl

Vnl

∣∣∣
)2

.

Èç ýòîé îöåíêè è èç ïðåäûäóùåãî íåðàâåíñòâà ñëåäóåò, ÷òî
(
P

{∣∣∣Snl

Vnl

∣∣∣ > dl

})1/2

> a2

2
√

2(a4c2 + c4)
> 0, l ∈ N.

Ýòî îçíà÷àåò, ÷òî ïîñëåäîâàòåëüíîñòü {Sn/Vn}n>1 íå îáëàäàåò ñâîéñòâîì ñòîõà-
ñòè÷åñêîé îãðàíè÷åííîñòè. Ìû ïðèøëè ê ïðîòèâîðå÷èþ è, ñëåäîâàòåëüíî, óòâåð-
æäåíèå (20) ñïðàâåäëèâî.
Äîêàæåì (21). Äëÿ ëþáîãî n ∈ N ìû ïîëó÷èì

E
( Tn

Wn

)2

≤ c2

a2
E

(Sn

Vn

)2

. (21)

Îòñþäà ñ ó÷åòîì (18) è (20) ñëåäóåò (21). Ëåììà äîêàçàíà.
Ëåììà 3. Åñëè ïîñëåäîâàòåëüíîñòü {Sn/Vn}n>1 ñòîõàñòè÷åñêè îãðàíè÷åíà, òî

sup
n>1

E
(Sn

Vn

)6

< ∞.

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ îöåíêîé

E
(Sn

Vn

)6

= E
( Sn

Wn

Wn

Vn

)6

≤ 1
a6

E
( Sn

Wn

)6

.

Ìîìåíò øåñòîãî ïîðÿäêà ñïðàâà ìîæíî çàïèñàòü â ñëåäóþùåì âèäå

E
( Sn

Wn

)6

=
∑ 6!

m1! · · ·mn!
E

(Xm1
1 · · ·Xmn

n

W 6
n

)
,

ãäå ñóììèðîâàíèå ðàñïðîñòðàíÿåòñÿ íà âñå íåîòðèöàòåëüíûå öåëûå ÷èñëà
m1, . . . , mn, óäîâëåòâîðÿþùèõ óñëîâèþ m1 + · · · + mn = 6. Âîñïîëüçóåìñÿ èç-
âåñòíîé îöåíêîé (ñì. [1], ëåììà 2.1). Äàëåå ìû ñ÷èòàåì, ÷òî n > 6. Ïóñòü
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mi1 > 1, . . . ,mir
> 1 äëÿ íåêîòîðîãî r ∈ N, r ≤ 6. Îáîçíà÷èì s ÷èñëî ÷èñåë ñðåäè

mi1 , . . . , mir , êîòîðûå ðàâíû åäèíèöå. Â ñèëó óïîìÿíóòîé îöåíêè ìû ïîëó÷èì
∣∣∣E

(Xm1
1 · · ·Xmn

n

W 6
n

)∣∣∣ ≤ c6
(
E

∣∣∣ T[n/r]

W[n/r]

∣∣∣
)s( 6!

mi1 ! · · ·mir !
)
)−1/2

[n/r]−r.

Ïðèìåíÿÿ ïîñëåäîâàòåëüíî íåðàâåíñòâî Ëÿïóíîâà è íåðàâåíñòâî (21) ìû ïîëó÷èì
ñëåäóþùóþ îöåíêó

E
∣∣∣ T[n/r]

W[n/r]

∣∣∣ ≤
(
E

( T[n/r]

W[n/r]

)2)1/2

≤
(
2
( c4

a2
+

c6

a6

)
max{1, M2}

)1/2

.

Îáîçíà÷èì D = c6
(
2
(

c4

a2 + c6

a6

)
max{1, M2}

)3

. Óòâåðæäåíèå òåïåðü ñëåäóåò èç ïðè-
âåäåííûõ âûøå îöåíîê

E
( Sn

Wn

)6

≤ 6!D
6∑

r=1

n(n− 1) · · · (n− r + 1)[n/r]−r ≤ 6!D
6∑

r=1

rr. (22)

Ëåììà äîêàçàíà.
Ðàñïðåäåëåíèå F íàçûâàåòñÿ ñèììåòðè÷íûì, åñëè F (X) = 1− F (−x + 0).
Ëåììà 4. Åñëè âûïîëíÿåòñÿ (16) è Y - ñèììåòðè÷íàÿ ñëó÷àéíàÿ âåëè÷èíà, òî

lim
n→∞

∑

1≤i<j<r<k≤n

E
(XiXjXrXk

V 4
n

)
+

∑

1≤i<j<r≤n

E
(XiXjX

2
r

V 4
n

)
+

∑

1≤i<j≤n

E
(XiX

3
j

V 4
n

)
= 0,

(23)
Äîêàçàòåëüñòâî. Ëþáàÿ ñèììåòðè÷íàÿ ñëó÷àéíàÿ âåëè÷èíà X ìîæåò áûòü ïðåä-
ñòàâëåíà â âèäå ïðîèçâåäåíèÿ íåîòðèöàòåëüíîé ñëó÷àéíîé âåëè÷èíû J è äèñêðåò-
íîé ñëó÷àéíîé âåëè÷èíû Z, êîòîðàÿ ïðèíèìàåò çíà÷åíèÿ -1 è 1 c îäèíàêîâîé âåðî-
ÿòíîñòüþ. Òàêèì îáðàçîì, èìååò ìåñòî ïðåäñòàâëåíèå äëÿ ëþáîãî i ∈ N, Xi = JiZi.
Î÷åâèäíî, ÷òî EZi = 0. Çàìåòèì òàêæå, ÷òî X2

i = J2
i . Îòñþäà:

V 4
n = (X2

1 + · · ·+ X2
n)2 = (J2

1 + · · ·+ J2
n)2 = H4

n

ëåììà îäèíàêîâî äîêàçûâàåòñÿ äëÿ âñåõ ñëàãàåìûõ èç (24). Íàïðèìåð:

E

(
XiXjX

2
r

V 4
n

)
= E

(
JiZiJjZjJ

2
r

H4
n

)
= EZiE

(
JiJjZjJ

2
r

H4
n

)
= 0

Ëåììà äîêàçàíà.

Çàêëþ÷åíèå

Ñàìîíîðìèðîâàííûå ñóììû íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí âîçíèêàþò åñòå-
ñòâåííûì îáðàçõîì â öåëîì ðÿäå çàäà÷ ìàòåìàòè÷åñêîé ñòàòèñòèêè. Îãðàíè÷èìñÿ
óïîìèíàíèåì òîëüêî îäíîãî ïðèìåðà � ñòàòèñòèêè Ñòüþäåíòà, îíà èãðàåì âàæíóþ
ðîëü ïðè ïðîâåðêå ñòàòèñòè÷åñêèõ ãèïîòåç, ïðè ïîñòðîåíèè äîâåðèòåëüíûõ èíòåð-
âàëîâ. Â òåîðèè âåðîÿòíîñòåé ðàñïðåäåëåíèå Ñòüþäåíòà ñëóæèò àïïðîêñèìàöèåé
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öåëîãî ðÿäà ôóíêöèé îò íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Ñòàòèñòèêà Ñòüþäåí-
òà ìîæåò áûòü çàïèñàíà ÷åðåç ñàìîíðìèðîâàííûå ñóììû íåçàâèñèìûõ îäèíàêîâî
ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí.

Àâòîð âûðàæàåò áëàãîäàðíîñòü ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ ïðîôåññîðó
Â.Ì. Êðóãëîâó çà ïîñòàíîâêó çàäà÷è è çà ïîëåçíûå ñîâåòû ïðè åå ðåøåíèè.
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