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Iocmynuaa 8 pedaxyuro 15.05.2007, nocae nepepabomxu 14.06.2007.

OcHoOBHOIT pe3yabTaT pPabOTHI COCTOUT B TOM, YTO KOHCTAHTHBIE (hparMeH-
ol joruk K* (¢ K-MomanpuocThio u €8 «pedIeKCUBHO-TPAH3UTHBHBIM 38~
mbikanueMy ), PDL, a rakxke Hekoropbix apyrux apiastorca EXPTIME-
MOMHBIMY. JI0KA3aTETBCTBO COMEPKUT ONMUCAHUE JOBOJIBHO OOIel naen mo-
CTPOEHUS IOJMHOMHUAJIBHOIO IIOIPY2KEHNsI JIOTHK B uX (PPArMeHThl OT N Iie-
PEMEHHBIX (U Ja¥ke B KOHCTaHTHBIE (bparMeHThl, Kak B caydae K* u PDL).
B kaugecTBe cencTBua onrcanHoit KoHCTpyKInny nosydena EXPTIME-nos-
HOTa (PparMeHTOB OT OMHON EepPEeMEHHON JIOTHK 3HAHWSA C OIEepPaTOPOM BCe-
ob111ero 3HaAHUA.

The main result of the paper is in that the variable-free fragments of the
logics K* (with K-modality and its ‘reflexive and transitive closure’), PDL,
and some others are EXPTIME-complete. In the proof some quite general
idea how to construct a polynomial reduction of propositional logic to its
n-variable (and even variable-free in the case of K* and PDL) fragment is
presented. As a corollary we obtain that the one-variable fragments of logics
of knowledge with common knowledge operator are EXPTIME-complete.

KurroueBbie ciioBa: NpONO3UIUOHABHAS IUHAMWIECKAS JIOTHKA, CJIOMK-
nocts, EXPTIME-nonsOoTa, npobiiema pa3pernieHus.

Keywords: propositional dynamic logic, complexity, EXPTIME-comple-
teness, decision problem.

Beenenne. 3bIk npomno3unnuonanbHo guHaMu4deckoi gorunkn PDL mpemocras-
JisteT OoraTble BHIPA3UTENbHBIE CPe/CTBa, Oaromaps demy PDL u joruku, momobubre
PDL, maxonsaT MHOrO TPUJIOMXKEHWH B PA3JUYHBIX OOJACTSX 3HAHUS, B YACTHOCTHU, B
PA3MYHBIX WCCAEIOBAHUSX, CBSI3aHHBIX C KOMIBIOTEPHBIMEU BbraucaeHusMu. CBoero
posa «obpaTHON CTOPOHON» BBIPAZUTEIBLHOCTH A3BIKA SIBJSETCH BBICOKAST CIOXKHOCTD
guHamugeckoi sgorukm: xora PDL u paspemmma, npobrema paspemrenna mia PDL
asngerca EXPTIME-nonnoit [7].

OnHaKO 3aMeTUM, 9TO JIJIsT MPUJIOXKEHUH, KaK MPaBUIO, He TPeOyeTcst BCsS JIOTHKA:
B IIPUJIOXKEHUSTX OOBITHO MCIOJIB3YETCsT JTUINh HEKOTOPAs €€ 9acTh, (pparment. B gact-
HOCTH, JIJIsi TIPUJIOXKEHUH JOCTATOYHO PACCMATPUBATH (DPArMEHTHI JIOTUK B A3BIKAX C

1Pafora Boimonmena mpu mogmep:kke PODU, mpoextsr 06-06-80380, 06-01-72555-HITHMJI u
07-06-00318.
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KOHEYHBbIM (M JIa’Ke 3apaHee OrPAHUYEHHBIM) MHOYKECTBOM [EPEMEHHBIX. A 3HAYWUT, U
MHOTHE BOIIPOCHI — B TOM 9YHCJIE U MPOOJIEMY Pa3peleHnsa — PasyMHO PacCMaTpPUBATD
HE TOJIBKO JIJIsl JIOTUKHU B [I€JIOM, HO | JIJIs OJ00HBIX €€ hparMeHTOoB.

JlJist IPOIIOBUIMOHAJIBHOM JIOTMKY L ¥ HATYpPaJbHOrO Yucia n mocpencrsom L(n)
OymeM 0O03HAYATH (pparMeHT JOruku L, popMyIbl KOTOPOTO CTPOSTCA M3 KOHCTAHTHI
1 u mepemMeHHBIX P1, ..., Dy C MOMOIIBIO JOIMYECKUX CBA30K A3bIKa Joruku L. B gacr-
nocru, L(0) — 310 KOHCTaHTHBIHA dparment L.

OrmeruMm caenyioiree. Bo-mepBhIX, XOpOITO W3BECTHBI MPUMEPHI, KOTIa MTpodse-
Ma paspelieHus HeKOTOPO# JIOruKu L 10CTaTouHO CI0XKHA, a ¢dparmenTsl Buga L(n)
MIOJIMHOMUAIBHO Pa3penmMbl. Tak, mpobieMa BBIMOTHUMOCTH OyieBbix (opmyn NP-
nosna [6], a upobuema BbIIOJHUMOCTH OyJieBbIX GOPMYJI OT 1 II€PEMEHHbBIX [IOJUHOMU-
AJBHO PA3PeNnMa, TP JO0M (HDUKCHPOBAHHOM N: B KAYECTBE MOJMHOMUATHLHOTO AJI0-
PUTMA, PEIIAOINIErO 3Ty MpobIeMy, MOXKHO B3siTh AJITOPUTM, OCHOBAHHBIN Ha MTOCTPO-
eHuu TabIuIl HCTUHHOCTU (PUKCUPOBAHHOTO pasmMepa — cocrosmnmx u3 2" crpok. Ana-
JIOTUYHA CUTYAIlNs ¢ MPOOIeMOi BBITOTHUMOCTH OYIeBbIX (GOPMYJ ¢ KBAHTOPAMU: ITA
upobiiema PSPACE-nonna B ciyuae ga3bika ¢ GECKOHEUHBIM YMCIOM HepeMeHHbIX [18],
HO HECJIOJKHO TOHSATH, 9TO COOTBETCTBYIOIIAsT TTPodIeMa it (bOpMys B SI3BIKE C 1 TIe-
PEMEHHBIMU TTOJIMHOMHUAIBHO PA3PENINMa I KazxKA0r0 (huKCupoBanHoro n. [Ipumepno
TO K€ MOXKHO CKAa3aTh W O MpobjrieMe pa3perienns HEKOTOPhIX HEKJIACCUIECKUX JIOTHK:
Hampumep, npobaema S5-pemonanMocTrn NP-momma [12], a dparment S5(n) nmomuro-
MUAJIbHO pazperuM (miis a1boro 1), npobiemMa pasperieHus Jjid UHTYHAIMOHUCTCKON
noruku Int seasierca PSPACE-nonnoii [17], npu sTom dparment Int(1) nommaomuas-
HO paspemmM [13], mpobGiema pasperenus st Joruk u3 naTeppana [D, Grz] seasercs
PSPACE-Tpya#oii, cM. [12, 20], a ux KoHCTaHTHBIE (DPATMEHTHI TPUBUAIBHO TOJHHOMU-
AJIbHO Pa3pemmMbl (J1axKe ecjiu cama JIOIHKA IIPU 9TOM HepaspenuMa). Bo-Bropbix, oka-
3BIBaETCA, A1 MHOTHX HEKIacCHIecKuxX jJoruk ¢ NP-rpymmoi? mmn PSPACE-TpyamHoit
pobIeMoil pa3pemniennsa CI0KHOCTD IPoOIeMbl pa3perienns PParMeHTOB ITHX JIOTHK
oT n nepeMeHHbIx Takxke NP-rpynna wim, coorsercrsenno, PSPACE-rpynna. Tak, NP-
nosHoO# sienisercd mpobseMa BeimonauMoctd s GLLin(1), S4.3(2), Grz.3(2) [4],
PSPACE-Tpyauoii siBjgerca npobjeMa BbINIOJHUMOCTH g Bcex (dbparMeHToB) Jio-
ruk u3 wmarepsanos [K(0),K4(0)], [K(1), GL(1)], [K(1), Grz(1)], [Int(2), KC(2)] un
ap. [4, 9, 15, 16, 19].

Kakosa cioxkuocts npobiembr paspernenus it PDL(n)? Tlonyuentbie panee pe-
3yJbTATHL MO3BOJISIOT YKa3aTh CJIEAYIONINE BepXHWE W HIKHHE TDaHWpbl: BBUAY [4]
s1a npobiema, kak MunuMmy™, PSPACE-rpynna, a BBuay [7] oHa Haxoaurcsd B Kiac-
ce EXPTIME. dpnserca mu ona EXPTIME-nonnoii? Ilociaenuuil Bomnpoc 3amaBaics
aBTOPY HA HAYYHBIX CEMUHAPAX, TJIe 00CYKIAIUCH TIOJIyYeHHBIE paHee OJIU3KIUE PE3YiIb-
TaThl, KOTOPBIE MOXKHO Hafith B [4, 15].

Ussectno [16], uro Bo MHOruX ciryuasx s gokaszarenscrsa EXPTIME-rpynaocru
pobIeMbI pa3peIieHns JJOTUKHU JTOCTATOYHO HCIIOJIb30BATH KOHCTAHTHBIE (DOPMYJIbI WU
dOpPMYJIBI OT OTHOI TEPEMEHHOMN, 8 TAKYKe JIBE HE3aBUCHMbIE MOJAJBHOCTH W OIHY
«CHJIBHYI0» MOIAJBbHOCTD, BPOJE YHUBEPCAIBHON MOJAJBHOCTH WA TAK HA3BIBAEMO-
ro orepaTopa Bceobirnero 3uanusd. [Ipu 3TOM IBYyX MOJATBHOCTEH — OTHOM «OOBITHOMN >
n omHON «cumbHONY — mma obocuoparmsa EXPTIME-tpyamocTn MoKeT HE XBaTaTh

(upu ycnosuu, uro PSPACE # EXPTIME, cm. [16]). enb nanuoii paborbr — npej-

2Nmeercs B BHAY, UTO TIPOGJEMd BBIIOIHEMOCTH (hOpMys sBiasercas NP-tpymmoift mmm coNP-
?
TPYIAHOMH.
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cTapuTh pemenne Bompoca o cnoxkuoctn PDL(n), a rakske momobHbIx dhparMenToB
HekoTOpbIX apyrux joruk ¢ EXPTIME-nonmoit mpobmemoit paspemtenns. VIMeHHO, HI-
ke OyeT IOKa3aHO, 9TO [IPY HAJIMYUU B f3bIKE JIOTUKYA KOHCTAHTHL L, mosHoro nabopa
OyJIeBBIX CBS30K W JBYX MOIAJBHOCTEH — MOMAIBHOCTU [, COOTBETCTBYIOMIE B MIKA-
smax Kpunke mpoussosibHOMY oTHOmEHU0 R, w mMomambaOocTH 0% cooTBeTCTBYyMOMIEH
pedIeKCUBHO-TPAH3UTUBHOMY 3aMbIKaHUI0 R, — mpobsieMa pa3penienusi JOTUKU siB-
asercs EXPTIME-rpynnoit. 910 o3Hadaer, B 4aCTHOCTH, 9TO TPOGIEMa pa3perneHus
ans kouctanTHoro pparmenra PDL apngerca EXPTIME-monHo# npu HATHYIAN BCETO
JIAIITB OJTHOM 3JTEMEHTAPHON TPOrPAMMBI ¥ OMEPAIUN UTEPAIVY TPOTPAMM, a TAKIKE UTO
dparment PDL(0) He aBasieTcs NOIMHOMUAILHO PA3PEITHMbIM.

OrmeruM, 910 puBoauMOe HUKE M0Ka3aresbcTBO0 EXPTIME-tpyanoctu ykasan-
HOI MPOOJIEMBI COAEPKUT OMUCAHNE HEKOTOPOTO JOCTATOYHO OOIIEro CIocoba moCTpo-
€HUsI TIOJIMHOMHUAJIBHOIO TIOTPY2KEHN TPOIO3UIHOHATIBHON JIOTUKU B €€ (PpAarMeHT OT
KOHEYHOTO YKCJIa, IEPEMEHHBIX.

1. Heobxoammbie onpegeseansi. Mbr Oymem paccMarpuBarh (GOPMYIIbI, KOTOPHIE
CTPOSITCH U3 MPONO3UINOHABHBIX TIEPEMEHHBIX Do, D1, P2, P3, . . - U KOHCTAHTHI L ¢ 110-
MOIIBIO ABYXMECTHBIX CBA30K A, V, —, a Tak»Ke OJHOMECTHBIX MomanbuocTeit O u OF.
Ompegermm —, T, «, O m O* kak obpranbie cokpamenus: (—p) = (¢ — L), T = (-1),
(0o B) = ((p = V) A — ), (09) = (~(T(~p))), (0°¢) = (~(O(~))). Tpu
zamucu popMysI OyIeM OMyCKATh HEKOTOPhIE CKOOKM, CUUTAsS CaMOM CHIBHON CBSI3KON —
¥ Jajiee o yOBIBAHUIO CHUJBI CBs3bBanusg — O, O O OF AV, - —.

B kauecTBe CeMaHTUKYM OMMCAHHOTO sI3bIKA, OYIEM MCIIOIh30BaTh ceMaHTuKy Kpur-
ke. Ion wxanot Kpunke moammaem napy § = (W, R), tae W — HemycToe MHOXKECTBO,
a R — ounapuoe oruorienne na W. Quementsl MuokecrBa W Oy/ieM HA3bIBATH MUPa-
MH, a OTHOIIeHHe KR — OTHOINEHWEM MOCTUXKUMOCTH. Kcau mis HekoTopeix x,y € W
BBIMOJTHEHO TRy, TO rOBOpUM, UTO M3 MUPA T JOCTUKUM MUD Y.

Modeawvro Kpunxe naswvisaem zabop M = (F,v), rae § — mkana Kpunke, a v —
dyHKIIHA, COMOCTABISIONAA KaXKIOW MEPEMEHHON HEKOTOPOe MOIMHOXKECTBO MHOZKE-
cra W. ®@yuknuio v OyaeM HA3BIBATH OIEHKOH MMEPEMEHHBIX B MUPAX IIKAJIBI §.

IMycrs § = (W, R) — wkana Kpunke, MM = (F, v) — Monen, onpegenéunas Ha 3TOM
mkasie. Oboznagnm qepe3 R* pedmekCHBHO-TPAH3UTHBHOE 3aMbIKaHUe OTHOIeHus K.
s Besikoit (bopMysibl ( U BCAKOTO Mupa € W onpeneanm WHIYKTUBHO OTHOIIEHWE
(M, 2) | ¢

(M, z) b= L;

(M, z) = pi = 1z € v(p;), rie p; — MPONO3UIUOHABHAS TIepe-
MEHHA;

Mz) Eeny = M) kE=en (M) =P

Mz) Eevy = (Mz)E=pum (M) =Y

M) Fe—y = (Maz)fEpum (M) =Y

(M, x) = Ogp = jns Bcakoro y € W rtakoro, 9uro xRy, BbITOI-
nero (M, y) k= ¢;

(M, x) = O%p = nansa Beskoro y € W otakoro, aro x R*y, BeImon-

uwerno (M, y) = .

W3 npuBea€HHOrO ONpeeseHns CAEAyeT, 9TO JJid CBA30K, BBEIEHHBIX KAK COKPa-
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IIIeHNd, CIIPABEIJINBO Clle/IyIoniee:

(o, .7;) E e ~ (m,l‘) % 2

(M, z) = T;
M) Epeoyp <= (M) =@ Torga m TONBKO TOrAa, KOIja
(m’ “L) }: 3
(M, z) E Cp < cymecrByer mup y € W Ttakoii, uto xRy n
M, y) = ¢
(M, z) E O < cymecrByer Mup y € W rtakoil, uro xR*y u
(M, y) = ¢
Ecmn (MM, z) E ¢, To ToBopuMm, uto dopMyna ¢ MCTHHHA B Mupe & momenu I,

nHave — 4To opmya ¢ onposepraercs B mupe x moaenu M. Tosopum, 4yro popmyia
(0 UCTUHHA, B MOJeu M, eC/id  UCTUHHA B KAYKIOM MUPE ITON MOIEN; B ITOM CIyYae
numiem I = ¢. Tosopum, uro GopMya ¢ UCTUHHA B MUDPE T IIKAJILL §, €CJAU s
kot Momenm I = (F,v), onpenendanoil Ha MKaNe §, CIPABEJINBO YTBEPKICHAE
(M, x) E ¢; B 9TOM cayuae mamem (§,x) E ¢. ToBopum, at0 dopMyna ¢ HCTUHHA B
mIKaJe §, €CJan © UCTHUHHA B KaXKI0M MOIEHN, OIPEICTEHHON HA 9TOH IIKAJIE; MMHIIEM
3 E e

Onpenenum noruky K* kKak MHOXKeCTBO (DOPMYJI B ONMMCAHHOM SI3BIKE, MCTHHHBIX
BO Bcex mKkajiax Kpumke.

Hamomunm onpenenenna knaccos ciaoxkuoctn P u EXPTIME, a Takxke HEKOTOpBIE
[MOHSATHU, CBA3aHHDBIE C HUMU. MbI OrpaHnYInMCS PAaCCMOTPEHreM IPObJIeM PACIO3HABA-
HUST MHOYKECTB, T.e. TpodeM Buga «x € X 7», rme X — HEeKOTOpoe MHOMKECTBO (CJIOB).
B sTom ciyuae P — 310 kimace mpobiiem, permaeMbIX JeTepMUHUPOBAHHBIMU AJITOPUT-
MaM¥ 33 TTOJTMHOMHAJIBHOE BpeMs OT pasMepa BXoAubix maHubix, EXPTIME — xmacc
npobJieM, PernaeMbiX JeTePMUHUPOBAHHBIMY AJTOPUTMAMHE 3a SKCIIOHEHIIMATIBHOE Bpe-
MsA OT Pa3MepPa BXOIHBIX JAHHBIX.

[Ipobuiema «x € X 7» nasbiBaerca EXPTIME-TpyaHoii, eciin K Hell 1I0JIMHOMUAJIBHO
cBonutcs yirobas mpobimema u3 kiaacca EXPTIME, T.e. ecnin ans Besikoii mpobiiemMbr
«y € Y7» u3 knacca EXPTIME cymecTByer momMHOMUAIBHO BHIYUCTUMAS (DYHKITAS
f Takas, 94TO /Ui BCSIKOTO ¥ BBIMOJHSIETCS] 9KBUBAJIEHTHOCTD

yeY <= f(y) eX.

IIpobaema «x € X 7» nazbisaercs EXPTIME-nonHoit, eciii OHa NPUHAIJIEKUT KJIACCY
EXPTIME u sBasgerca EXPTIME-rpynHOit.

Bonee neranbrO IO BOpocaM, KACAIOMIMMCS TEOPUH BBIYUCIATETBHON CIIOKHOCTH,
YUTATE]b MOMKET IIPOKOHCYJILTUPOBATHCs, obparuBuch K [8, 11, 14, 18] (ormerum,
a1o [8] mMeeT pycckuii mepesox [1], a [18] umeer pycckuit nepeson, [2]).

2. CaoxkxHocTh KOHcTaHTHOTO (bparmenTa K*. Ilens manHoro paszgaena cocrout
B TOM, 9TOOBI JOKA3aTh CAEIYVIOMIYIO TEOPEMY.

Teopema 1. Ilpobaema paspewerus KOHCTAHMHO20 Ppazmenma aozuru K* aean-
emca EXPTIME-noanod.

HokasateaberBo. Tor dakr, uro npobaema pazpemenus ns K*(0) mpurame-
xkut kiaaccy EXPTIME, cremnyer u3 Toro, uro mpobseMa paspemrenns a1d Joruku K*
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apngerca EXPTIME-nonuoit [7] (cum. takske [3]). Ilokaxkem, aro npobreMa pa3pernieHns
g koucrantHoro ¢gpparmenta jgornku K* geiagerca EXPTIME-tpyamoit. I sToro
cHadaJ1a CBeIEM mpobseMy npuHaaiekHocTr jJoruke K* K mpobsieme nmpuHaIe2KHOCTH
sgoruke K* dopmyn cnenuaabHOTO BUIA.

IIycts ¢ — npoumssosibHast popmyna. [lycrs n — 9ucao NpONO3UITMOHATBHBIX TTEPE-
MEHHBIX, BXOAAIMUX B . Be3 orpanuvyenuit 0O0MIHOCTH MOXKEM CYUTATH, YTO (0 ABIAETCS
GbOpMyIIOi OT TEPEMEHHBIX P1, . . ., Pp. B 9TOM CIIydae MepeMeHHAs Py41 HE BXOIUT B Q.
Ucnonws3ys pn+1, A Kaxkaoi moadopmMyasl ¥ GopMyasl ¢ onpeaenum dopmyay P~
CIIEAYIOMMM 00pa30oM:

1* = 1;

3

*

pf = pi,tneie{l,...,n};
(V1 Ap2)™ = Y] AY3;
(V1 Vaha)* = Y] Vs,
(Y1 = 2)* = 7 — 3
(OY1)* = O(pn+1 — Y1)
(O"1)* = O (pas1 — 7).

Onpenennm hopMyIy o7, TOMOKIB

©* = (Ppy1 AD*(2Png1 — O =ppi1)) — 0"

Dopmyta @7 OTIHYAETCH OT @, TI0 CyTH, JIAIIL T€M, YTO BCE BXOZKIEHI MOJIAIb-
HOCTEl B ¢ 3aMEHSIIOTCS BXOMKJIECHUSMU COOTBETCTBYIOIINX «OTPDAHWUEHHBIX> MOIAJIb-
HOCTEH, T7ie B POJIU «OTPDAHWYEHUA> BBICTYITAET HOBAS NMEPEMEHHAS Py,+1. CHUMAsS 3TO
«OTpaHWYeHNe», MbI oy daeM (Hopmyiry, sKBuBaeHTHYO B K* ncxonuoit hopmyne ¢.
Boutee Touno, mycrs @ﬁ — bopMyna, TOTYHAONIALC U3 PP MOICTAHOBKOI bOpMY/IbI T
BMECTO MEPEMEHHON Py 41.

Jlemma 2. Jlaa 6caxod Gopmyavt © cnpasediuso caedyrousee: gpﬁ — p e K*.
JloKa3aTeJabCcTBO 3TOr0 YTBEP:KICHUST Mbl OCTABJISIEM YUTATEIIO. |

B nambreiimem pacemoTpenue GOPMyIB 07 BMECTO (@ JACT HAM HEKOTOPDIE <TeX-
HUYECKHEe» MPEUMYIIECTBA; 9TH MPEUMYIIeCTBa CTAHYT NOHATHBI HuxKe. Celfuac ke mo-
KaXkeM, 9TO IMPHHAIIEKHOCTh OmHOM u3 dtux (qopmyn moruke K* paBHOCHIbHA TIpH-
HAJJIEXKHOCTH BTOPOi opmysibr jgoruke K*.

Jlemma 3. /s ecaroll opmyast © umeem Mecmo cAedyoULas IKEUBAAEHTNHOCTD
peK* <= o7 c K"

HoxkazareabctBo. I[lycth ¢ — Hekoropas popmyna, p1, .. ., Py — €€ IepeMeHHbIE.
Ecmu ¢# € K*, o <pfff € K*, orkyna, cornacuo jsemme 2, moaygaem, uro ¢ € K*.

Iycrs teneps ¢ € K*. Ipennonoxum, aro ¢# ¢ K*. Torma cymecTyer mkamia
§ = (W, R) n momens M = (§F,v), ompenenéunas Ha 3Toi mkamne, Takas, aro (M, zg)
©# nna mexoroporo xg € W. Iycrs

Wi = {zeW:zgR'zu (O, 2) = pnt1}
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Bamernm, uro Wi — Hemycroe MHOXKeCTBO, T. K. g € W1. Ha muoxecrse Wi onpenennm
oTHOIeHne Ry, MONM0XKNUB A/ BCAKuX T,y € Wi

zR1y = zRy.

Iycrs §1 = (W1, Ry). B mkane §; onpeaenumM OLEHKY V1, MOJOXKHUB JJIs BCAKOH mepe-
MeHHO#H p u Beskoro © € Wi

x€v(p) = xev(p).

Mycrs My = (F1, v1)-
Nunykimeil mo nocrpoenuio noadopMysbl 1 GopMyabl ¢ (T.e. M0 YUCIy CBA30K
B 1)) TIOKayKeM, 94TO Jjisi BCAKOro & € Wi umeer MECTO SKBUBAJIEHTHOCTH

Cuyuaii, korma ¢ = 1 Tpusnanen. Eciau ¢ = p;, TO yKasaHHas 9KBUBAJIEHTHOCTH
BBITIOJTHSIETCST B CHJTY ONPEIETICHUSA OIEHKH 1.
IIyctb dopmydsibl ¥ 1 P2 TAKOBBI, 9TO JJisk BCAKOrO © € Wi HMeHT Mecro SKBUBa-

JIEHTHOCTH
My, 2) oy <= M 2) = 9r;
(M, 2) Ee = (M,2) =93

Ecmu ¢ = 1 A 19, 1O myist Besikoro © € Wi mMeeM CAEAYIONIYIO TENOYKY YKBUBA~

JEHTHOCTEI:
My, z) Fv <= (My,2) Evra (M,z) =
= (Mz) EYin (M) E Y3
= (Ma) v

Coyuam ¥ = 91 V iho 1 ¢ = 11 — )2 paccMaTPUBAIOTCA AHATIOTHIHO.

IIycrs ¢ = Oty u nyers © € W

Ecnu (M, x) £ ¢, To cymectsyer mup y € Wi takoii, uro xRy u (My,y) = ¥,
U, COIJIACHO MHAYKIMOHHOMY mpesmnonoxkenuto, (M, y) = ¥i. Ho y € Wy, nmosromy
(M, y) E pnt1, a crepoBarensuo, (M, y) = pnt1 — ¥7, a 7. k. xRy, nonydaem, 4ro
(f)ﬁ, .’L’) l# D(pn+1 - wik)a T. €. (m’ J]) l# P

Iycre Temeps (M, z) K ¢*. Torma cymecreyer mup y € W rakoii, uto xRy,
M, y) E pny1 u (M, y) ¥~ 7. Mockomsry (M, y) E ppt1, nonydaem, aro y € Wy,
U, 110 MHIYKIMOHHOMY Tpeanojokenuio, (M, y) K U1, a 7.x. xRyy, nomydaeMm, 4To
(M), 2) i .

IIycts ¢ = O*Yy u nycrs x € Wy,

Ecmu (9, x) [~ 9, TO aHATOrMYIHO MpepIAYIEeMy CIydat0 (IPOCTO 3aMeHsst B 110
kazarenbcrBe R ma R*) momyuaewm, aro (M, z) f& ™.

IMycrs Tenepn (M, x) = *. Torma cymecrsyer mup y € W takoii, aro xR*y,
(M,4) = poss 1 (M,y) o 9. Tockomsy (MM, ) = pus, momysae;, aro y € Wi,
[Tokaxkem, uro xR]y. YTBepxKaenue xR*y o3na4uaeT, 9TO BBIIOJIHEHO XOTs Obl OJHO W3
CJHEYIONINX YCJIOBHUIA:

°* =y

* rRy;
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m

o

a

j
|
N

Puc. 1: Hlxana §,,

2
m
1
A
0
am

® CYIIECTBYIOT Z1,...,2, € W Takue, uto xRx1 R ... Ry, Ry.

fcHo, uTo B IepBoM 1 BTOpoM ciaydasx xRy. Paccmorpum Tperuit ciyuaii. [Tokaxewm,
9To T1,...,Tr € Wi. Ilpeamonoxum, 9ro 310 HE Tak, T.e. x; € Wi i HEKOTOpO-
ro i € {1,...,k}. Ho rorma (M, x;) = pni1. Hockomeky (M, x0) = ¥, momyuaewm,
aro (M, zg) &= pri1 A O*(—pry1 — O*—ppi1). Tlocmennee, B 9aCTHOCTH, O3HAYAET,
gyro (M, ;) E —Ppne1 — O —ppi1, 1 u3 toro, aro (M, x;) E —ppy1 nomydaem, 4To
(M, z;) &= O*—pyy1, a caenosarensho, (M, y) &= P41, 9TO HEBOZMOKHO, T.K. iy € Wi.
Takuwm obpazom, 21, ..., 2, € Wi, a 3naquT, u B Tperhem caydae zR]y. Ocramnocs 3ame-
TUTh, 9TO, 110 UHYKIIMOHHOMY npeanooxenuio, (My,y) = 1, a suauur, (Mq, z) FE .

13 pokasannoro ciemyer, aro (I, zq) = ¢, 410 HEeBO3MOXKHO, T.K. ¢ € K*. Caeno-
BaTenbHO, 7 € K*. O

OTMeTHM emg OIHO CBOHCTBO (hOPMYILI (7 .

JTemma 4. Ecau o ¢ K*, mo cywecmeyem modeav I = (F,v), onpedeaénmnas
na nexomopoti wxare § = (W, R), maxas, wmo M = 0¥ uv(ppi1) = W.

JoxkazarennctBo. Ecim ¢# ¢ K*, To, cormacuo memme 3, ¢ ¢ K*, u, cormacuo
JeMMe 2, goﬁ ¢ K*, oTkyna cjeayer CipapBeljiuBOCTh JOKA3BIBAEMOrO YTBEPYKICHUS.

a

J171s1 BCSIKOTO MOJIOKUTETHHOTO HATYPAJBHOIO YHCIA 1M ONPEIETUM CTAHIAPTHBIM
obpazoM cokpatrerne O Oly = O, OF Ly = OOFY. s kaxaoro m > 0 ompe-
nestiM POPMYJIBL Qyy U By, CIEAYIOMKUM 00pa30oM:

Q= OMOLA-CTHIOL AC(OT ADOT);
ﬂm = <>am-
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Kpowme Toro, qs kazxkmoro m > 0 onpemenuM mKany §m = (W, Ry, ), nomoxus

Wo = {d%,al ...;am}uU{b,};
tRyy = mboz=al,y=al uwi<j,
6o x = al,, y = by,
b0 T =y = by,.

HIkana §,, u3obpakena Ha puc. 1; 9EpHBIE KPYKKA COOTBETCTBYIOT UPPedIeKCUBHBIM

vupaM al,, ..., a", CBeTAbIH — PedICKCHBHOMY MUDPY by,, OTHOMEHHE JOCTHKEMOCTH

TPaH3UTUBHO.

Jlemma 5. ,ZZ./Lﬂ BCAKUL NOAOHCUMEADHBIL HATNYPAADHBIT YUCEN k um umeem me-
cmo c./ledymugaﬂ IKBUBANEHITTIHOCTND!

Fmr)EFar <= k=muxz=ad,.

JlokazaTesIbcTBO COCTOUT B TPUBUAJILHON MPOBEPKE YKA3AHHOTO YCJOBUS U TIpe-

JOCTABJIAETCA YATATETIO. [l
Onpenennm apz& KakK (POPMYITY, Oy YAIOIIYIOCS TIOACTAHOBKON hopMyt 1, . .., Bnt1
B (POPMYIY (7 BMECTO TIEPEMEHHBIX D1, ..., Pp41 COOTBETCTBEHHO.

Jlemma 6. Hmeem mecmo caedytouas IK6USLAEHTIHOCTIL:
peK* = ¢ €K*.

JoxkaszarteabctBo Ilycrs ¢ € K*. Torma, mo aemme 3, ¢ € K*, a m0CKOIb-
Ky opmyia ga? SBJISETCS TTOJCTAHOBOUHBIM TIPUMEPOM (DOPMYIIBI (7, TIOTydIaeM, UTo
992& e K*.

Iycrs ¢ ¢ K*. Torna, cornacuo gemme 3, o7 ¢ K*. CienoBaTebHO, CYMIECTRYET
mozens MM = (F,v), onpenenéunas ua Hekoropoil mkase § = (W, R), takas, 4To
dbopmyma ¥ omposepraercs B HEKOTOPOM MEpe o 9T0i Momesn. CormacHo gemme 4,
MOXKEM CIUTATH, 9T0 M = pp41. [locTponM mKamry, B HEKOTOPOM MEPe KOTOpOi Oymer
OmpoOBepraThest hopMyJIa w?.

Bes orpanndenuii 00ITHOCTH MOKEM CYUTATH, UTO MHOYKECTBA MUPOB 1Kaa Kpurke
8,81, -, 8ny1 monapHo He nepecekatorca. Iycers §g = (W3, Rg), rue

Wg = WuWwiuU---UWp4q;

rRgy = gmubo x,y € W u xRy,
mubo x,y € W, ans wekoroporo m € {1,...,n+ 1} u xRy,
o x € W, (M, z) Epr uy = al.

s Beskoit nondopmynst ¢ bopmyast ¢ obo3HaduM depes ¢g bopMyILy, MOJIydalo-
Iytocs u3 ¥* moacranoBKoit hbopmymn B, . . ., Bn41 BMECTO P1, . .., Ppt1 COOTBETCTBEHHO.
Muaykumeii 110 nocrpoeruto 10a¢opMyJibl ¥ (POPMYJIbl ¢ HOKAXKEM, YTO JJisd BCSIKOIO
reW

B 7) Evs <= (Maz) =y

Ecmm ¢ = 1, To ¥* = 1L u 93 = L, nodToMy yKasaHHas SKBHBAJICHTHOCTDH BBIIOJI-
HSAETCS TPUBUAIIBHO.
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Iycrs ¢ = pg, rae k € {1,...,n}. B arom cayaae ¢* = py, g = Gi.

Oycts € W u (M, z) = pr. B srom cayuae zRgal. Toraa, cormacho mem-
ve 5, (§k,al) E ag; scno, aro takxe (Fg,ah) E ag, a nosromy (Fg,z) E Oy,
T. €. (Sﬁ,x) ': ﬂk.

Mycre © € W u (88, 2) |= Br. Torga cymecrsyer mup y € Wp takoit, 1uro xRy u
(88,y) E ak. Bamernm, uro y ¢ W. [deiictBurensbro, npeanonoxuM, uto y € W. Torma
yRzal ,, (mockombky M = pny1), mostomy (Fg,y) e ~OFOL, n cnenosarensho,
(88,y) = ag. lonywaem npormsopedune, a 3uauut, y ¢ W. 3nauur, y € Wy, ana
nekoroporo m € {1,...,n+ 1}, u B cuxy aemmbr 5, y = af). Ocranock 3aMeTUTh, 4T,
10 onpe/iesiennio oTHomenus R, xRgal Tonmbko B ToM ciryyae, korna (M, z) | pr.

IIycts mondopmynbr X u £ GOPMYIBI ¢ TAKOBBIL, 9TO st BCAKOTO 2 € W

(Sﬁvz) ':Xﬁ ~ (Dﬁ,z) ':X*§
§p2) & = (M 2) =&

Mycts ¥ = x A&, x € W. Torma uMer0T MeCTO CAEAYIONINE IKBUBAJIEHTHOCTH:

Bpx) Fvs = (Fpr) Exsu (§s7) FEs
= (M) Ex*u (M) =&
= (Mz) =y~

Cutygam, korma ¢ = x V& u ¢ = x — £, pacCcMaTpUBAIOTCH AHAJIOIHYHO.

Mycrs ¢ = Oy, x € W. Ecam (M, z) £ (Ox)*, o cymecrsyer mup y € W ra-
Koit, uro xRy, (M, y) | pnt1 v (M,y) = x*. [To UHAYKIMOHHOMY MPEIIIOIOXKEHUIO,
(35,y) ¥~ xp- C apyroit croponsl, T.x. (M, y) = pny1, nomydaem, aro yRgal, |, or-
Kyna caenyert, 910 (Fg,y) = Bnt1. Suaunt, (§3,Y) & Ont1 — X3, U CIEIOBATENBHO,
(88, 2) = O(Bns1 — xp), e (33, %) = g

IIycts Teneps (§g,x) = 1g. Torma cymecrsyer mup y € Wy Takoi, uro xRgy,
(88,9) E Bn+1 u (88,v) = xs. Herpymmo ybemurbest, 910 (3,41 OIpOBEpraercs B
KaXKJIOM MUPe KaXKI0M U3 MKAJI §1, - . - Sn1, OTKYIA HECJIOKHO 3aKJII0UYUTh, 4T0 iy € W.
CrnenoBarenpHO, IO WHAYKIUOHHOMY mpenmonokernto, (MM, y) = x*. YuurbbBas, aro
m ‘: Pn+1, HOJyHdaeM, 9TO (m7 y) l;é Pn+1 — X*v a 3Ha4uT, (m7 y) Fé D(pn+1 - X*)a
e (M, y) & v*.

Curyuaii, korma ¥ = 0%y, paccMaTpUBAETCS AHAJIOTTIHO.

Teneps Bepuémcsa K dopmyre p*. W3 Toro, uro (MM, xg) F ¢*, caemyer, uro
(M, 20) & prg1 A DO (pry1 — O*ppy1) m (P, zg) = ¢*. Tocnenree, ¢ yaérom
JIOKA3aHHOrO BBINE, Aaét, 910 (§g,%0) = pp. Kpome TOro, HETPYAHO BUAETH, UTO
(88, %0) = Bny1 A O*(=0n+1 — O —Bn11), a 3maunt, (§3,x0) gpg. CueioBaresbHO,

# *
e ¢ K*. d
JIJ1st 3aBepIneHust TOKAa3aTeIbCTBa TeOPEMbI 1 0CTaIoch 3aMeTHTh, 1TO hopMyIIa gp?

cTpouTcs 1o (popMysIe ¢ MOTMHOMHUAIHHO. (|

Hexkoropsbie ciaeactBud. [IpuBesém HECKOTBKO CAEACTBUH TeOpeMbl 1, a TakKe
KOHCTPYKIINH, UCIOJB3YEMOI B JIOKA3aTEIBCTBE TEOPEMBI 1.

CuaeacrBue 7. ITpobaema paspewenusa oas PDL(0) aeasemes EXPTIME-noanot.
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HokazaTeabcTBo. HocraTouHo mpouHTeprnpernpoBaTh B a3bike PDL mMomanb-
HOCTh O XAk [, a MmomampHOCTE O* — Kak [a*], rme o — HEKOTOpas 3MEMEHTAPHAS
Lporpamma. U

Jloruka K* morpy:xaercst ve Tosibko B PDL, #Ho u B npyrue joruku. B kadecTse
IPUMEPa PACCMOTPHUM JIOTWKW 3HAHUS C OMEPATOPOM BCeOOIEro 3HAHHS. ITO JOTUKU
C M OJHOTHUIIHLIMU HE3ABUCUMBIMH MoOzaabHOCTsMu K7, ..., K, (paccMarpuBaeMbiMu
KaK OlepaTOpbl 3HAHUS B CUCTEME C 1 ar€HTAMU 3HAHM ), 8 TAKXKe ¢ MOAaiabHOCTbio C
(omeparopowm Bceobiero 3uanus), KOropoil Ha mkanax Kpuike coorpercrsyer rpan3u-
THUBHOE 3aMbIKAHUE OObEIMHEHUHA OTHOLIEHHH JOCTH2KUMOCTH, COOTBETCTBYIONIMX MO-
JanbHOCcTM K7, ..., K5 monpoGree M., HampuMmep, [10].

Canepncrsue 8. Ilpobaema paspewenua oaa KC(0) npun > 1 u daa K4S (0) npu
n = 2 asasemca EXPTIME-noanot.

OTMeruM, 94TO JOTHKA, K41C 9KBUBAJEHTHA MOHOMOJAIbHOM jtoruke K4 B TOM cMBIC-
ae, aro K1 «— Cp € K4f. 9T0, B 9ACTHOCTH, O3HAYALT, YTO MPOOIEMa PA3PEIIeHNs
anst korcrantHoro dparventa K49 apisercs PSPACE-nonnoit [4].

Yro kacaercs MOJAJIBHBIX JOTUK, comepxamumx dopmyny T (ans kaxkaoil mo-
JajbHocTd Tuina <O B Cilydae LOJMMOAAJIBHBIX JIOTUK), TO HECJIOXKHO LIOHHATH, Y4TO UX
KOHCTAHTHBIE (DPArMEHTHI MOJHHOMUAILHO PA3PEITUMbBI, T.K. HaJU4Iue 3TOH (hopmy-
JIbI B JIOTMKE TO3BOJISIET «CTUPAThy MOAAJbHOCTH O u & B KOHCTAHTHBIX (POPMYJaxX.
Tewm e MeHee, I8 MHOTHX JIOTUK OMUCAHHYIO KOHCTPYKIMIO MOYKHO ITPOBECTH, UCTOIb-
3y GOpPMYJIbL OT OJHON IEPEMEHHOl, HAIpUMED, HpeJioyKeHHbie B [4] na obocHoBa~
ausa PSPACE-rpynnocru npobaeMbl paspemenus dparmentos T(1), S4(1), Grz(1l) n
HEKOTOPBIX JIPYTUX JIOMMK ([IPUMEHUTENBHO K ONUCAHHON BBINIE KOHCTPYKIMH, HYK-
HO B3sITh OTPHIAHNST COOTBETCTBYIOMMX dhopmya u3 [4]). B peaynbrare nomyuaem erng
OJTHO CJIEJICTBUE.

Caepacrsue 9. IIpo6aema paspewenusa daa TS (1) npu n > 1 u daa S45(1) npu
n = 2 asagemca EXPTIME-noano.

OTmernM, 9TO CHTyaIHs C S4lc AHAJIOIMYHA CUTYAIUH C K410: JIOTHKA, S4lc 9KBU-
BaJIeHTHA Jioruke S4 B ToM cMbicie, 4yro Kip «— Cyp € S410, OTKY[a CJIEIYeT, 4TO
npobaema paspemenns s S4¢ (1) apnserca PSPACE-nonnoii [4].

3. Caoxuocth kKoHTPMOAeJeli. QOObIMHO HADIIOIAETCS CBSI3b MEXKIY CJIOXKHO-
cThI0 (B CMBICIE TPYIHOCTH B Kjaccax cioxuocru tuna NP, PSPACE, EXPTIME)
HEKJIACCUYIECKUX JIOTHK W CJIOKHOCTHIO KOHTPMOJIENEH [T HeMPUHAIIEIKAIIX ITUM
sorukam dopmyn. Caemys [5], 1iag npono3unnoHaibHOR Joruku (MHOXKeCTBa HOPMYII)
L onpegemnm caemyromyoo GyHKImAo f1,(n):

fr(n) = max min |F|,

lpl<n S =L
edL SFEv

rae |§| — MOmHOCTb MHOXKECTBA MEPOB WIKAJIBL §, a |¢| — mnuna dhopmybl ¢. @yHKIHIO
fr(n) 6ynem HasbBaTh DYHKIMEH CIOKHOCTH JOrUKE (MHOXKecTBa dhopmy) L.

DOyHKIUSA CJAOXKHOCTH JJisi L MO3BOMAET ONEHUTH CIOXKHOCTH MPOBIEMbI pa3perie-
must L. Tak, oHA JaéT BO3MOMKHOCTD TOJIYYATHh BEPXHUE TPAHUIIBI HEKOTOPBIX BHIUHUC-
JIUTETIBHBIX PECYPCOB (HAPAMED, BPEMEHHBIX ), 3aTPAIHBAEMBIX ANTOPATMAMHE, Pa3pe-
maomumMy L myTéM IOuCKa KOHTPMOZEEH I TECTHPYEMbIX (DOPMYIL.
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Kax npasumno, Gyakmns croxuocTH f,(N) MOIMHOMAATBHA B cIydae, Koraa L nme-
er NP-nonmyto mpobimeMy paspeltienusi, 1 SKCIIOHEHIINAIbHA B CIyYIae, KOraa mpobreMa,
paspemenust L sisagercsa PSPACE-nosnnoit. @yHKIns CI0KHOCTUA OCTAETCH YKCIOHEH-
mranbhoil n st PSPACE-nonubix dparmentos euga L(n), cM. [4, 15]. TTockonbky
dbparventsr K*(0), PDL(0), K&(0), K45(1), TS (1), S49(1) comepxar PSPACE-
nosabie bparMenTsl — B 3apucumoctu ot goruku 310 K(0), K4(0), T(1) nm S4(1), —
TO BBHUAY [4] CpaBeIMBO CJeAyIOIIee YTBEPIKICHHE.

Caeacreue 10. Dyuxyua crooenocmu daa K*(0), PDL(0), KC(0), K49 (1),
TC(1), S45(1), 2de n > 1, ozparunena chusy sxcnonenmor.

Ha camom mene GpyHKIHIO CA0KHOCTH [JIA TOJAO0HBIX (PPATMEHTOB MOYKHO OTPAHM-
YUTh YKCIIOHEHTON HE TOJBKO CHU3Y, HO U CBEPXY, cM., Hanpumep, [10]. Tem ne menee,
Jlayke 1Py, Ka3ayoch Obl, OJMHAKOBBIX OIDAHUYEHUAX HA (DYHKIUIO CJIOXKHOCTH IIPO-
osnema pazpemenust qys goruk tuna K, T, K4, S4 u ap. asasercs PSPACE-nonmoii,
a mns goruk tuna K*, K¢ u np. — EXPTIME-nonsoi. IIpuuuvas Bo BHUMAHEE TO,
gT0 QyHKIWs CMOKHOCTH f1(n) TO3BONSAET ONEHUTH TPAHUIBI BEMUCIUTEIBHBIX De-
CYPCOB, 3aTPAYNBAEMBIX AJTOPUTMAMH, PA3PEMIAIOIIUMEA L, MbI IPUXOIUM K BOIIPOCY O
pazanyuu koutpmogeneii B ciaydae PSPACE-nosabix 1 EXPTIME-nosnabix J0ruK. 910
pa3nuyre W3BECTHO: XOTS MOIMHOCTH KOHTPMOIETEH B 000UX CIIyUasX MOXKET ObITh «I10-
YTH OJUHAKOBOH» — 3IKCIIOHEHIIHAJIBHON, — TeM He MeHee, B ciaydae PSPACE-mosnbx
noruk, spoge K, T, K4, S4, pricora® xonTpMomeneil n1sa GOPMYILI ¢ MOMKET GBITH
Or'pPaHMYEHA CBEPXY JUHEHHON (PYHKIHEH OT MOTAIbHON Fﬂy6I/IHbI4 ©, B TO BpeMs KakK
BBICOTA, KOHTPMOJEJIeH a1 ¢ B caydae joruk, spoge K*, PDL, K¢ moxer 6birh
OTPAHUYEHa CHU3Y IKCIOHEHTOI.

JleficTBUTETHLHO, PACCMOTPUM CJIeyotre (hOPMYJIBL OT MPOTO3UITHOHATBLHBIX TIEpe-
MEHHBIX D1, ..., Pn, CM. [3]:

n
AS = —pr— [Op A A (i = Opi) A (=pi — B-pi))];
=2
& k
Ay = pei AN pe —
i=1
k n
=[O AN pe) A N ((pi = Ops) A (=ps — B-pi))]
i=1 1=k+2

roe ke {1,...,n—1}.

Mostcumm «ycrpoiictsoy dopmyn Al . Ecau cmorpers Ha HabOp 3HAYEHNH TTepeMeH-
HBIX Dp,...,P1 KaK Ha AsoudHoe uucio (rae p; coorBercrByer nudpe «1», a —p; —
mudpe «0»), To Kaxkyio hopmyay A MOXKHO NOHUMATH KAK OIMUCAHUE OLEPALUN TIPH-
6aBJIeHUs €UHUIIBI K IBONYHOMY 9UCITY, 3AKAHYUBAOIIEMYCS HA 1 €IUHUII, TIePe] KOTO-
PBIMH CTOUT HOJb. Pe3yabrar 3T0i omepaiun OymeT ONMUCBIBATHCSA HAOOPOM 3HAYMEHHI
[IEPEMEHHBIX Py, ..., 1 B MHUDPE, JOCTHKHMOM K3 MHUPA, B KOTOPOM HUCTHHHA (DOPMY-

3T. e. MaKCHMAJIbHAA [JIMHA Ieneif, COCTOAMUX U3 HONAPHO PA3IMYHBIX MIPOB.

Mogambras rrybuna GOPMYITBI — 3TO MAKCHMAIBLHOE THCIO «BJIOYKEHHBIX» MOJaIbHOCTEH. Bosee
TOYHO, MOJaJbHasd rIybuna 6e3MonaabHbIX (bopMyn paBHa 0, MogaibHasd TUIyOUHA JJI1s1 KOHBIOHKIIUY,
OU3BIOHKIUA ¥ UMIIHKAIUA (POPMYJI OIPEHesseTcs KaK MAaKCAMYM MOSAJIBHOH IyIyOMHBI COequHsIe-
MBIX (POPMYJI, & HaBeIINBaHUe Ha (HPOPMYIy MOJAJBbHOCTH YyBEJIHINBAET MOJIAJbHYIO IVIyOuHy Ha 1.
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ma Al Hecnoxuo ybeaurbes, 970 B 3TOM ciaydae hopMyna

n

n—1
on = ﬁ( A —pi A OOT A O A A;'L)
i=1 i=1
TpebyeT A1 CBOErO OIIPOBEPIKEHIS MOIEIH, YNCIO MEPOB B KOTOPOi He MeHee, deMm 2",
B TO BpeMsd Kak JuinHa (GOpMyJl ;, OIPAHUYEHA CBEPXY [IOJUHOMOM (BTODOH CTEIeHH )
oT M.
Bosmoxkna jin ananoruvynas KoHCTpykius B cayuae K*(n)? a, npuuéM yxke 1pu
n = 0: 70CTaTOYHO PACCMOTPETh (HDOPMYJIBI (<pn)zgé Hecoxuo mouaTh, 910 DOPMYJIBL,
TIOA00HBIE ¥, , MOKHO TIOCTPOUTD U /1 ApyTrux ynoManyThix Boiie EXPTIME-moambix
soruk. B pe3ysbrare mosyvaem emé OAHO CJIe[CTBUE MPUBEAEHHON KOHCTPYKITUH.

Caencrsue 11. ITycmov L — odun us caedyrouwuz dpaemenmos: K*(0), PDL(0),
K¢(0), K4,C;+1(O), TY(1), S4§+1(1), 2de n > 1. Tozda 0as 6CAK020 HAMYPAALHOZ0
yucaa k 6 aswke Ppaemenma L cywecmeyem dopmyan @i, He npunadaescawan L
u mpebyowan dan ceoezo onposepocenus modeau, Kpunxe, codepoicawseti yens u3 e
menee wem 28 pazauvnmx mupos, npu amom dauna Gopmys O O2paMUNEHa CEEPTY
HEKOTNOPBLM NOAUHOMOM OTh k.

Crucok aurepatypbl

[1] M.D'spu, . dxxoHcoH. Berauciaurenbable MalldHbl U TPYAHOPELIAEMbIE 3a/a49H.
M., Mup, 1982.

[2] JI. Crokmeiiep. Kuaccudukanus Bbraucaurenbuoil caoxkuoctu npobiem. Kubep-
merwdeckuii cOopuuk, BhII. 26, 1989, c. 20-83.

[3] P.Blackburn, M. de Rijke, Y. Venema. Modal Logic. Cambridge University Press,
2001.

[4] A.V.Chagrov, M.N.Rybakov. How many variables one needs to prove PSPACE-
hardness of modal logics? Advances in Modal Logic, vol. 4, 2003, p.71-81.

[5] A.V. Chagrov, M. V. Zakharyaschev. Modal Logic. Oxford University Press, 1997.

[6] S.A.Cook. The complexity of theorem-proving procedures. In Proceedings of the
Third Annual ACM Symposium on the Theory of Computation, 1971, p. 151-158.

[7] M.J.Fisher, RE.Ladner. Propositional dynamic logic of regular programs.
J. Comput. Syst. Sci., vol. 18, No. 2, 1979, p. 194-211.

[8] M. R. Garey, D.S. Johnson. Computers and Intractability, A Guide to the Theory
of NP-completeness. San Francisco, 1979.

[9] J.Y.Halpern. The effect of bounding the number of primitive propositions and the
depth of nesting on the complexity of modal logic. Artificial Intelligence, vol. 75,
No.2, 1995, p.361-372.

[10] J.Y.Halpern, Y. Moses. A guide to completeness and complexity for modal logics
of knowledge and belief. Artificial Intelligence, vol. 54, 1992, p. 319-379.



CJIOYKHOCTDb KOHCTAHTHOI'O ®PATMEHTA IIPOITO3UITMOHAILHOI. .. 17

[11] N.Immerman. Descriptive Complexity. Springer, 1999.

[12] R.E.Ladner. The computational complexity of provability in systems of modal
logic. STAM Journal on Computing, vol. 6, 1997, p. 467-480.

[13] I.Nishimura. On formulas of the one variable in intuitionistic propositional
calculus. The Journal of Symbolic Logic, vol. 25, 1960, p. 327-331.

[14] C.H.Papadimitriou. Computational Complexity. Addison—-Wesley Publishing
Company, 1995.

[15] M.N.Rybakov. Complexity of intuitionistic and visser’s basic and formal logic in
finitely many variables. Advances in Modal Logic, vol. 6, 2006, p.393-411.

[16] E.Spaan. Complexity of Modal Logics. PhD thesis, University of Amsterdam,
Department of Mathematics and Computer Science, 1993.

[17] R.Statman. Intuitionistic propositional logic is polynomial-space complete.
Theoret. Comput. Sci., vol.9, No.1, 1979, p. 67-72.

[18] L. Stockmeyer. Classifying the computational complexity of problems. The Journal
of Symbolic Logic, vol. 52, No. 1, 1987, p. 1-43.

[19] V. Svejdar. The decision problem of provability logic with only one atom. Arch.
Math. Logic, 2003, p. 1-6.

[20] M. Zakharyaschev, F. Wolter, A. Chagrov. Advanced modal logic. In D. M. Gabbay
and F.Guenthner, editors, Handbook of Philosophical Logic, vol.3, p.83—-266.
Kluwer Academic Publishers, 2nd edition, 2001.





