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Ðàññìàòðèâàåòñÿ ìîäåëü òîðãîâëè ïøåíèöåé, êîòîðàÿ ôîðìàëèçîâàíà
êàê çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ ôàçîâûìè îãðàíè÷åíèÿìè.

The model of wheat trading is considered, which is represented as the
problem of optimal control with state restrictions.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, îïòèìàëüíîå óï-
ðàâëåíèå, ôàçîâûå îãðàíè÷åíèÿ.
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Ïî ìåðå ðàçâèòèÿ õîçÿéñòâà óìåíüøàåòñÿ äîëÿ åñòåñòâåííûõ è âîçðàñòàåò ïðî-
ìûøëåííûõ ïðîäóêòîâ ïèòàíèÿ. Íî äî ñèõ ïîð îñíîâíàÿ ÷àñòü ìèðîâîãî íàñåëå-
íèÿ ïîòðåáëÿåò åñòåñòâåííîå è êóëüòèâèðóåìîå ïðîäîâîëüñòâèå. Ðîñò ïðîèçâîäñòâà
çåðíà � ãëàâíîãî âèäà ïðîäîâîëüñòâèÿ â ðàçâèâàþùåìñÿ ìèðå, ñòàë ñèëüíî îòñòà-
âàòü îò òåìïîâ ðîñòà íàñåëåíèÿ. Ìåíåå âñåãî ýòî êîñíóëîñü ðàçâèòûõ ñòðàí, ãäå
ïîòðåáëåíèå ïðîäîâîëüñòâåííîãî çåðíà äàâíî óæå íà÷àëî ñîêðàùàòüñÿ çà ñ÷åò ââå-
äåíèÿ â ïèùåâîé ðàöèîí äðóãèõ ïðîäóêòîâ. Îäíàêî è â çàïàäíûõ, áîãàòûõ ñòðàíàõ
÷àñòî ãîâîðÿò î ïðîäîâîëüñòâåííîé ïðîáëåìå.

Ñåëüñêîõîçÿéñòâåííûé ãîä â îòíîøåíèè áàëàíñà çåðíà íà÷èíàåòñÿ 1 èþëÿ è ïðè
åãî ñîñòàâëåíèè ó÷èòûâàåòñÿ óðîæàé êàê òåêóùåãî, òàê è ïðîøëîãî ãîäîâ. Òàêèì
îáðàçîì, â áóäóùåì îáúåìû ïðîäàæ áóäóò çàâèñåòü îò ðàçìåðà óðîæàÿ òåêóùåãî
ãîäà.

Ââåäåì îáîçíà÷åíèÿ. Ïóñòü x(t) � ëèáî ïîêóïàòåëüíàÿ, ëèáî òîðãîâàÿ ñòàâ-
êà. v(t) > 0 � ñðåäíÿÿ ñêîðîñòü çàêóïêè, v(t) < 0 � ñðåäíÿÿ ñêîðîñòü ïðîäàæè.
Äèíàìèêà èçìåíåíèÿ êîëè÷åñòâà ïøåíèöû îïèñûâàåòñÿ äèôôåðåíöèàëüíûì óðàâ-
íåíèåì

ẋ(t) = v(t)− d(t)− ax(t), (1)
ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè

x(0) = x0, (2)

ãäå d(t) � ïîêàçàòåëü ñïðîñà íà äàííûé ïðîäóêò, a � êîýôôèöèåíò ñêîðîñòè ïîð÷è
ïøåíèöû.

Áóäåì ðàññìàòðèâàòü ñêîðîñòü êóïëè-ïðîäàæè êàê óïðàâëÿþùèé ïàðàìåòð.
Îãðàíè÷åíèÿ íà ôóíêöèþ óïðàâëåíèÿ çàäàíû â âèäå äâîéíîãî íåðàâåíñòâà.

vmin ≤ v(t) ≤ vmax, (3)
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ãäå vmin � ìàêñèìàëüíàÿ ñêîðîñòü ïðîäàæè, vmax � ìàêñèìàëüíàÿ ñêîðîñòü çà-
êóïêè.

Ôàçîâûå îãðàíè÷åíèÿ, çàäàííûå äâîéíûì íåðàâåíñòâîì, âûòåêàþò èç ôèçè÷å-
ñêîãî ñìûñëà çàäà÷è.

0 ≤ x(t) ≤ w (4)

Çàäà÷à çàêëþ÷àåòñÿ â ïîëó÷åíèè ìàêñèìàëüíîé ïðèáûëè ñ ó÷åòîì òðàò íà õðà-
íåíèå ïøåíèöû. Òî åñòü öåëü óïðàâëåíèÿ ñîñòîèò â îòûñêàíèè ìàêñèìóìà ôóíê-
öèîíàëà J(v) íà ìíîæåñòâå äîïóñòèìûõ ïðîöåññîâ (1), (2) ïðè îãðàíè÷åíèÿõ íà
óïðàâëåíèå (3).

J(v) =

T∫

0

e−rt[−p(t)v(t)− h(x(t), t)]dt + e−rT Sx(T ) (5)

Çäåñü r(const) � äèñêîíòèðóþùèé ìíîæèòåëü; p(t) � ôóíêöèÿ öåíû, ïî êîòîðîé
ìû ëèáî ïðîäàåì, ëèáî ïîêóïàåì ïøåíèöó; S � êîíå÷íàÿ öåíà, êîòîðàÿ ìîæåò
áûòü íå ðàâíà p(t); h(x(t), t) � ôóíêöèÿ, îïðåäåëÿþùàÿ ñòîèìîñòü õðàíåíèÿ ïøå-
íèöû, äëÿ êîòîðîé âûïîëíåíû óñëîâèÿ:

h(0, t) = 0,
∂h(x, t)

∂x
≤ 0.

Â äàííîé ðàáîòå ôóíêöèÿ h(x, t) çàäàíà ëèíåéíîé ôóíêöèåé h(x, t) = h̄x(t).
Â ðåçóëüòàòå ôîðìàëèçîâàííàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñ ôàçîâûìè

îãðàíè÷åíèÿìè áóäåò èìåòü âèä:

J(v) =
T∫
0

e−rt[−p(t)v(t)− h̄x(t)]dt + e−rT Sx(T ) → sup, (6)

ẋ(t) = v(t)− d(t)− ax(t), x(0) = x0, (7)
x(t) ≥ 0, w − x(t) ≥ 0, (8)

v(t)− vmin ≥ 0, vmax − v(t) ≥ 0. (9)

Âûïèøåì ôóíêöèþ Ïîíòðÿãèíà è ôóíêöèþ Ëàãðàíæà äëÿ ïîëó÷åííîé çàäà÷è:

H(t, x, v, λ) = e−rt(−p(t)v(t)− h̄x(t)) + λ(t)(v(t)− d(t)− ax(t)).

L(t, x, v, λ, µ, ν) = e−rt(−p(t)v(t)− h̄x(t)) + λ(t)(v(t)− d(t)− ax(t)) +
+µ1(v(t)− vmin) + µ2(vmax − v(t)) + ν1x(t) + ν2(w − x(t)).

Ñôîðìóëèðóåì òåîðåìó î íåîáõîäèìûõ óñëîâèÿõ îïòèìàëüíîñòè äëÿ çàäà÷è
(6) - (9).

Òåîðåìà 1. Ïóñòü (x̄, ū) � îïòèìàëüíûé ïðîöåññ â çàäà÷å íà îòðåçêå [0, T ].
Ôóíêöèÿ ū(t) íåïðåðûâíà ñëåâà, çíà÷åíèå óïðàâëåíèÿ â òî÷êå ðàçðûâà çàäàåòñÿ
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ëåâûì ïðåäåëîì. Ïðåäïîëîæèì, ÷òî îïòèìàëüíîå óïðàâëåíèå ū(t) èìååò êîíå÷-
íîå ÷èñëî ðàçðûâîâ. Òîãäà ñóùåñòâóþò êóñî÷íî àáñîëþòíî íåïðåðûâíàÿ ñîïðÿ-
æåííàÿ ôóíêöèÿ λ : [0, T ] → R, êóñî÷íî íåïðåðûâíûå ôóíêöèè µ(t) : [0, T ] → R2,
ν(t) : [0, T ] → R2, âåêòîðû η(τ) ∈ R2, γ ∈ R2, íåðàâíûå íóëþ îäíîâðåìåííî äëÿ
ëþáîãî t ∈ [0, T ], òàêèå ÷òî âûïîëíÿþòñÿ óñëîâèÿ:

1. Ïî÷òè âñþäó íà [0, T ] âûïîëíÿåòñÿ ïðèíöèï ìàêñèìóìà, ò. å. îïòèìàëüíîå
óïðàâëåíèå îïðåäåëÿåòñÿ èç óñëîâèé:

v̄(t) =





vmin, −e−rtp(t) + λ(t)<0;
vmax, −e−rtp(t) + λ(t)>0;
γ ∈ [vmin, vmax], −e−rtp(t) + λ(t)=0.

(10)

2. Âûïîëíÿþòñÿ óñëîâèÿ ñòàöèîíàðíîñòè ïî u ôóíêöèè Ëàãðàíæà:

L̄u(t) = −e−rtp(t) + λ(t) + µ1(t)− µ2(t) = 0.

3. Ñîïðÿæåííàÿ âåêòîð-ôóíêöèÿ λ(t) ïî÷òè âñþäó ÿâëÿåòñÿ ðåøåíèåì äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ:

λ̇(t) = e−rth̄ + aλ(t)− ν1(t) + ν2(t).

4. Ïîëíûå ïðîèçâîäíûå ïî t ôóíêöèé Ïîíòðÿãèíà è Ëàãðàíæà ñîâïàäàþò âäîëü
îïòèìàëüíîãî ïðîöåññà è ðàâíû ÷àñòíîé ïðîèçâîäíîé ïî t ôóíêöèè Ëàãðàí-
æà:

dH̄[t]
dt

=
dL̄[t]
dt

= re−rt(p(t)v̄(t) + h̄x̄(t)).

5. Ìíîæèòåëè Ëàãðàíæà: âåêòîð-ôóíêöèè µ(t), ν(t) � óäîâëåòâîðÿþò óñëî-
âèÿì äîïîëíÿþùåé íåæåñòêîñòè:

µ1(t)(v̄(t)− vmin) = 0, µ2(t)(vmax − v̄(t)) = 0, µi(t) ≥ 0, i = 1, 2;
ν1(t)x̄(t) = 0, ν2(t)(w − x̄(t)) = 0, νi(t) ≥ 0, i = 1, 2.

6. Â êîíå÷íûé ìîìåíò âðåìåíè T âûïîëíåíî òåðìèíàëüíîå óñëîâèå òðàíñâåð-
ñàëüíîñòè:

λ(T−) = −e−rT S + γ1 − γ2,

ïðè ýòîì γi ≥ 0, i = 1, 2, γ1x̄(T ) = 0, γ2(w − x̄(T )) = 0.

7. Â ëþáîé òî÷êå τ , êîòîðàÿ ÿâëÿåòñÿ òî÷êîé êîíòàêòà òðàåêòîðèè ñ ãðà-
íèöåé, âûïîëíÿþòñÿ óñëîâèÿ ñêà÷êà äëÿ ñîïðÿæåííûõ ôóíêöèé è ôóíêöèè
Ïîíòðÿãèíà:

λ(τ−) = λ(τ+) + η1(τ)− η2(τ),
H̄(τ−) = H̄(τ+) + η1(τ)− η2(τ).
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Çäåñü
ηi(τ) ≥ 0, i = 1, 2,

η1(τ)x̄(τ) = 0, η2(τ)(w − x̄(τ)) = 0.

τ−, τ+ îáîçíà÷àþò ëåâûé è ïðàâûé ïðåäåëû ñîîòâåòñòâåííî.
Èñïîëüçóÿ óñëîâèå Êåëëè, äëÿ äàííîé çàäà÷è áûëî äîêàçàíî, ÷òî ðåæèì îñî-

áîãî îïòèìàëüíîãî óïðàâëåíèÿ ñóùåñòâóåò ïðè óñëîâèè v(t) = d(t).
Ïðåäïîëîæèì, ÷òî d(t) ≤ vmax. Òîãäà èç ñôîðìóëèðîâàííîé òåîðåìû âûòåêàþò

ñëåäóþùèå óòâåðæäåíèÿ.
Óòâåðæäåíèå 1. Íà âñåì ïðîìåæóòêå âðåìåíè [0, T ] îòñóòñòâèå çàïàñîâ ìî-
æåò èìåòü ìåñòî, åñëè ṗ(t) ≤ (r + a)p(t) + ∂h(0,t)

∂x

Óòâåðæäåíèå 2. Ïðåäïîëîæèì, ÷òî r + a > 0 è èçâåñòíû âåðõíèå è íèæíèå
ãðàíèöû öåí:

p ≤ p(t) ≤ p̄, ∀t ∈ [0, T ], p ≤ S ≤ p̄. (11)
Ïóñòü k > 0 � íèæíÿÿ ãðàíèöà öåíû õðàíåíèÿ h(x, t) ïðè x(t) > 0, òîãäà

ñóùåñòâóåò âåðõíÿÿ ãðàíèöà äëÿ ñîïðÿæåííîé âåêòîð-ôóíêöèè, îïðåäåëÿåìàÿ
ñëåäóþùèì îáðàçîì:

λ̇(t) ≤ 1
r + a

ln

(
p̄ + k

r+a

p + k
r+a

)
. (12)

Ñëåäñòâèå 1. Åñëè a = r = 0, hx(x, t) ≥ k > 0 ïðè x(t) > 0 è óñëîâèÿ (11)
âûïîëíÿþòñÿ, òî âûðàæåíèå (12) ïðåîáðàçóåòñÿ ê âèäó λ̇(t) ≤ p̄−p

k .

Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è ìîæíî èñïîëüçîâàòü ìåòîä øòðàôíûõ ôóíê-
öèé, ó÷èòûâàÿ ôàçîâûå îãðàíè÷åíèÿ â ôóíêöèîíàëå, è ìåòîä ïðîåêöèè ãðàäèåíòà.
Òîãäà öåëåâàÿ ôóíêöèÿ áóäåò èìåòü âèä

J(v) = −
T∫
0

e−rt[−p(t)v(t)− h̄x(t)]dt +
T∫
0

Ak[max{−x(t), 0}]2dt +

+
T∫
0

Bk[max{x(t)− w, 0}]2dt− e−rT Sx(T ) → inf.

Çäåñü Ak, Bk, k = 1, 2, . . . � øòðàôíûå ìíîæèòåëè.
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