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Èâàíîâà Í.Ë.
Êàôåäðà ìàòåìàòè÷åñêîé ñòàòèñòèêè è ñèñòåìíîãî àíàëèçà

Ïîñòóïèëà â ðåäàêöèþ 20.11.2009, ïîñëå ïåðåðàáîòêè 09.12.2009.

Ðàññìàòðèâàåòñÿ àêòóàðíàÿ ýâîëþöèîííàÿ ìîäåëü ôàêòîðà äîñòîâåðíî-
ñòè, ãäå ïàðàìåòðîì ðèñêà ÿâëÿåòñÿ èíòåíñèâíîñòü ïîñòóïëåíèÿ èñêîâ,
çàâèñèìûì îáðàçîì ìåíÿþùàÿñÿ âî âðåìåíè. Ñòðóêòóðà ðàññìàòðèâà-
åìîé çàâèñèìîñòè ïîðîæäàåòñÿ ñâåðòêîé ¾ïåðåêðûâàþùèõñÿ¿ êîìïî-
íåíò. Èññëåäóþòñÿ íåêîòîðûå ñâîéñòâà ïðåäëîæåííîé ìîäåëè, â ÷àñòíî-
ñòè, ïðèâîäèòñÿ ïðèìåð ñëàáî ñòàöèîíàðíîé ïîñëåäîâàòåëüíîñòè, îïðå-
äåëÿþòñÿ ïàðàìåòðû îïòèìàëüíîãî ëèíåéíîãî ïðîãíîçà äîñòîâåðíîãî
ñðåäíåãî, ïðåäëàãàåòñÿ ðåêóððåíòíàÿ ïðîöåäóðà îöåíêè ïàðàìåòðîâ ïðî-
ãíîçà.

We o�er the credibility model for claim numbers (evolutionary model),
where risk parameter is an intensity of a claim amounts, which is allowed to
vary by dependent way in successive period. The special type of dependency
structure is generated by convolution procedure with ¾overlapping¿ com-
ponents. We investigate some properties of o�ered model, in particular,
the example of weakly stationary sequence is considered, the expression for
parameters of the credible mean optimal linear forecast is obtained, the
recursive formula for linear forecast parameters is introduced.

Êëþ÷åâûå ñëîâà: ôàêòîð äîñòîâåðíîñòè, ýâîëþöèîííàÿ ìîäåëü, ìíî-
ãîìåðíîå ðàñïðåäåëåíèå Êîêñà.
Keywords: credibility, evolutionary cdedibility model, multivariate Cox
distribution.

Ââåäåíèå

Îäíèì èç âîïðîñîâ àêòóàðíîé òåîðèè ðèñêà ÿâëÿåòñÿ îöåíêà òàê íàçûâàåìî-
ãî äîñòîâåðíîãî ñðåäíåãî (credible mean), ó÷èòûâàþùåãî ïðåäûñòîðèþ óáûòî÷-
íîñòè êîíêðåòíîãî ðèñêà ïðè îïðåäåëåíèè âåëè÷èíû ñòðàõîâîé ïðåìèè íà òåêó-
ùèé ïåðèîä. Ýòà ïðîöåäóðà íàçûâàåòñÿ îöåíêîé îïûòà èëè ó÷åòîì äîñòîâåðíîñòè
(credibility).

Ââåäåì îñíîâíûå îáîçíà÷åíèÿ. Êàæäûé ó÷àñòíèê ïîðòôåëÿ èëè êîëëåêòèâà
ðèñêîâ õàðàêòåðèçóåòñÿ ïàðàìåòðîì ðèñêà θ. Ïðè çàäàííîì θ ñëó÷àéíàÿ ïåðåìåí-
íàÿ ïîä ðèñêîì ξ èìååò ðàñïðåäåëåíèå p(x|θ), îïðåäåëåííîå äëÿ x ∈ X (äèñêðåòíîå
èëè íåïðåðûâíîå).

1Ðàáîòà ïîääåðæàíà ÐÔÔÈ, ïðîåêò 08-01-00563.
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Äëÿ ðèñêà ñ èçâåñòíûì ïàðàìåòðîì θ íåòòî-ïðåìèÿ (èëè ÷èñòàÿ ïðåìèÿ) èìååò
âèä

m(θ) = E(ξ|θ) =
∫

x p(x|θ) dx.

Ïàðàìåòð ðèñêà èìååò ïëîòíîñòü u(θ), θ ∈ Θ; ïðåäïîëîæèì, ÷òî èçâåñòíû ñòà-
òèñòèêè, ñîîòâåòñòâóþùèå ñìåøàííîé àãðåãèðîâàííîé ïëîòíîñòè:

p(x) = Eθ(p(x|θ)) =
∫

p(x|θ)u(θ) dθ,

â ÷àñòíîñòè, àãðåãèðîâàííàÿ íåòòî-ïðåìèÿ

m = Eθ(m(θ)).

Öåíòðàëüíîé ïðîáëåìîé îöåíêè îïûòà èëè ôàêòîðà äîñòîâåðíîñòè ÿâëÿåòñÿ
îïðåäåëåíèå íåòòî-ïðåìèè äëÿ èíäèâèäóàëüíîãî ðèñêà íà îñíîâàíèè òîëüêî àãðå-
ãèðîâàííûõ ñòàòèñòèê è èíäèâèäóàëüíîé ïðåäûñòîðèè çà n ëåò:

x = {ξt = xt; t = 1, 2, . . . , n},
à èìåííî, îöåíêà âåëè÷èíû

E{ξn+1|x}.
Ðàçëè÷íûì ïîäõîäàì ê ðåøåíèþ ýòîé ïðîáëåìû ïîñâÿùåíî ìíîãî ðàáîò (ñì., íà-
ïðèìåð, [2], [3]).

1. Ýâîëþöèîííàÿ ìîäåëü äîñòîâåðíîñòè

Ðàññìîòðèì ÷àñòíûé ñëó÷àé ìîäåëè äîñòîâåðíîñòè, ãäå â êà÷åñòâå ïåðåìåííûõ
ïîä ðèñêîì ðàññìàòðèâàþòñÿ ñóììàðíûå êîëè÷åñòâà çíà÷èìûõ èñêîâ N1, . . . , Nn,
. . . , ñîîòâåòñòâóþùèõ ïåðèîäàì ñ íîìåðàìè 1, 2, . . . , n, . . . , êîòîðàÿ íàçûâàåòñÿ ýâî-
ëþöèîííîé ìîäåëüþ äîñòîâåðíîñòè (ñì. [1], [6]).

Ââåäåì ñïåöèàëüíóþ ôîðìó çàâèñèìîñòè âî âðåìåíè ïàðàìåòðîâ ðèñêà (èí-
òåíñèâíîñòåé çàÿâîê) Λi, i = 1, . . . , n, ñîîòâåòñòâóþùèõ ïåðèîäàì 1, 2, . . . , n. Åå
ñòðóêòóðà îïèñûâàåòñÿ ìíîãîìåðíûì èíäåêñîì (ñì. [4], [5])

in = (i1, . . . , in),

ñ ïîìîùüþ êîòîðîãî áóäåì îïèñûâàòü ïðîöåññ ðàçâèòèÿ óáûòêîâ.
Êîìïîíåíòû ik, k = 1, . . . , n èíäåêñà in ïðèíèìàþò äâà çíà÷åíèÿ: 1, åñëè

èñê ïîÿâèëñÿ â k-é ïåðèîä, è 0 â ïðîòèâíîì ñëó÷àå. Îáîçíà÷èì In ìíîæåñòâî
âîçìîæíûõ çíà÷åíèé n-ìåðíîãî èíäåêñà i,

Ik = {in ∈ In : ik = 1}, Ikl = {in ∈ In : ik = il = 1}
1k = {in ∈ In : ik = 1, ij = 0, j = 1, . . . , n, j 6= k},

1kl = {in ∈ In : ik = il = 1, ij = 0, j = 1, . . . , n, j 6= k, j 6= l},
|in| = i1 + · · ·+ in.

Ñ÷èòàþùèé âåêòîð, çàäàþùèé êîëè÷åñòâî çíà÷èìûõ èñêîâ â êàæäûé èç ïåðè-
îäîâ 1, 2, . . . , n, îïðåäåëÿåòñÿ íàáîðîì îäíîìåðíûõ ñëó÷àéíûõ ïåðåìåííûõ N (i),
ãäå èíäåêñ in èäåíòèôèöèðóåò ïåðèîäû ñ íîìåðîì k âîçíèêíîâåíèÿ èñêà: ik = 1.
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Ïóñòü
1) äëÿ ðàçëè÷íûõ in = i (áóäåì îïóñêàòü âåðõíèé èíäåêñ n, êîãäà ÿñíî, î

ïðåäûñòîðèè êàêîé äëèíû èäåò ðå÷ü) ïåðåìåííûå N (i) óñëîâíî íåçàâèñìû ïðè
çàäàííûõ ïàðàìåòðàõ ðèñêà {Λ(i)};

2) Λ(i) íåçàâèñèìû è èìåþò ôóíêöèè ðàñïðåäåëåíèÿ U (i)(λ);
3) óñëîâíîå ðàñïðåäåëåíèå âåëè÷èí N (i) ïðè çàäàííûõ Λ(i) = λ � Ïóàññîíîâ-

ñêîå ñ ïàðàìåòðîì λ;
4) ñ÷èòàþùèé n-ìåðíûé âåêòîð Nn èìååò ñòðóêòóðó (ñì. [4], [5])

Nn = (N1, . . . , Nn) =
( ∑

i∈I1

N (i), . . . ,
∑

i∈In

N (i)

)
. (1)

Òîãäà ðàñïðåäåëåíèå j-é (j = 1, . . . , n) êîìïîíåíòû âåêòîðà Nn (èìåþùåãî ìíî-
ãîìåðíîå ðàñïðåäåëåíèå Êîêñà) ìîæåò âû÷èñëÿòüñÿ ñîãëàñíî

P (Nj = k) =
∫ ∞

0

. . .

∫ ∞

0︸ ︷︷ ︸
Ij

∑

k(i), i∈Ij, |i|>1
∑

i∈Ij
k(i)≤k

P

(
N (1j) = k −

∑

i∈Ij : |i|>1

k(i)

)
×

∏

i∈Ij : |i|>1

P (N (i) = k(i))
∏

i∈Ij

dU (i)(λ(i)). (2)

Ïðîèçâîäÿùèå ôóíêöèè âåðîÿòíîñòåé (PGF) è ìîìåíòîâ (MGF) äëÿ j-é êîì-
ïîíåíòû âåêòîðà Nn èìåþò ñîîòâåòñòâåííî âèä:

FNj (r) =
∏

i∈Ij

FN(i)(r) =
∏

i∈Ij

FΛ(i)(er−1), (3)

MNj (r) =
∏

i∈Ij

MN(i)(r) =
∏

i∈Ij

MΛ(i)(er − 1). (4)

Îïèñàííàÿ âûøå ïðîöåäóðà, ïîñòðîåííàÿ íà ñâåðòêå, îïðåäåëÿåò ôîðìó ñòðóê-
òóðíîé ôóíêöèè Un(λ1, . . . , λn) � ñîâìåñòíîé ôóíêöèè ðàñïðåäåëåíèÿ âåêòîðà
Λ = (Λ1, . . . , Λn).

Îïðåäåëèì âåêòîð ñðåäíèõ è êîâàðèàöèîííóþ ñòðóêòóðó âåêòîðà ïàðàìåòðîâ
ðèñêà ñ êîìïîíåíòàìè

Λj =
∑

i∈Ij

Λ(i), j = 1, . . . , n :

E(Λj) =
∑

i∈Ij

m(i) := mj ; Var(Λj) =
∑

i∈Ij

σ(i) := σj = σjj ;

Cov(Λj ,Λk) =
∑

i∈Ijk

σ(i) := σjk,

ãäå
m(i) = E(Λ(i)), σ(i) = Var(Λ(i)), j, k = 1, . . . , n.
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Òåïåðü âåêòîð ñðåäíèõ è êîâàðèàöèîííàÿ ìàòðèöà âåêòîðà ïåðåìåííûõ ïîä
ðèñêîì Nj ïåðåïèñûâàþòñÿ â òåðìèíàõ ÷èñëîâûõ õàðàêòåðèñòèê âåëè÷èí Λi è
Λ(i) ñëåäóþùèì îáðàçîì:

E(Nj) = mj ; Var(Nj) = σj + mj ; Cov(Nj , Nk) =
∑

i∈Ijk

(σ(i) + m(i)). (5)

Ñâîéñòâî 1. Ëèíåéíàÿ îöåíêà êîëè÷åñòâà çíà÷èìûõ èñêîâ Nn+1 â ïåðèîä n+1
îòíîñèòåëüíî ïðåäûñòîðèè N1, . . . , Nn

fn(N1, . . . , Nn) = a0(n) +
n∑

j=1

aj(n)Nj , (6)

ìèíèìèçèðóþùàÿ âûðàæåíèå

E(Nn+1 − fn(N1, . . . , Nn))2, (7)

ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé ñèñòåìû óðàâíåíèé:

a0(n) = E(Nn+1)−
n∑

j=1

aj(n)E(Nj) = mn+1 −
n∑

j=1

aj(n)mj

n∑

j=1

Cov(Ni, Nj)aj(n) = Cov(Ni, Nn+1), i = 1, n. (8)

2. Ïðèìåð ñëàáîé ñòàöèîíàðíîñòè àïðèîðíîé ïîñëåäîâàòåëüíîñòè

Ðàññìîòðèì ñèòóàöèþ äëÿ ïîäìíîæåñòâà An ìíîæåñòâà In:

An = {in, in ∈ In : |in| ≤ 2},
ñîîòâåòñòâóþùóþ âàðèàíòó, êîãäà èñê ìîæåò ïîÿâëÿòüñÿ íå áîëüøå, ÷åì â äâóõ
ïåðèîäàõ.

Òîãäà k-ÿ êîìïîíåíòà ñ÷èòàþùåãî âåêòîðà Nn = (N1(n), . . . , Nn(n)) ìîæåò
áûòü çàïèñàíà â âèäå

Nk(n) = N (1k)(n) +
n∑

j=1,j 6=k,|k−j|≤M

N (1kj)(n),

ãäå ` = |k − j| îïðåäåëÿåò çàäåðæêó óðåãóëèðîâàíèÿ, ` ≤ M , M � çàäàííàÿ ìàê-
ñèìàëüíî âîçìîæíàÿ çàäåðæêà.

Ñ÷èòàþùèå âåêòîðà äëÿ ïåðèîäîâ äëèíû n è n + 1 ñâÿçàíû ñîîòíîøåíèåì

Nn+1 =
(
Nn,

∑

in+1∈An+1

N (in+1)(n + 1),
)

ãäå

N (i)(n) = N (1kj)(n) =

{
N (1k)(n + 1) + N (1k(n+1))(n + 1), k = j,

N (1kj)(n + 1), k 6= j.
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Îïðåäåëèì ñòðóêòóðó çàâèñèìîñòè äëÿ âåêòîðíîãî ïàðàìåòðà ðèñêà Λ.
Äëÿ ýòîãî ââåäåì ìíîæåñòâî èíòåíñèâíîñòåé äëÿ íåçàâèñèìûõ êîìïîíåíò {Λ(i), i ∈
A}, ïî îòíîøåíèþ ê êîòîðûì ïðèìåíÿåòñÿ ñâåðòêà.

Åñëè èñêè ïðîÿâëÿþòñÿ îäèí ðàç â íàáëþäàåìîé ïîñëåäîâàòåëüíîñòè, òî:

Λ(1k)(n) = Λ(0) + Λ−(n, k,M) + Λ+(n, k, M),

ãäå Λ(0) � èíòåíñèâíîñòü èñêîâ, êîòîðûå óðåãóëèðóþòñÿ çà îäèí ðàç; Λ−(n, k, M) �
èíòåíñèâíîñòü èñêîâ, âîçíèêøèå â íåíàáëþäàåìîì â èìåþùåéñÿ ïðåäûñòîðèè ïðî-
øëîì

Λ−(n, k, M) =





M∑

`=k

Λ(`), k ≤ M,

0, èíà÷å,
çäåñü Λ(`) � èíòåíñèâíîñòü èñêîâ, èìåþùèõ çàäåðæêó äëèíîé `, áóäåì ïðåäïîëà-
ãàòü, ÷òî ýòà âåëè÷èíà çàâèñèò òîëüêî îò äëèòåëüíîñòè çàäåðæêè; èíòåíñèâíîñòü
áóäóùèõ èñêîâ Λ+(n, k, M), ò. å. èñêîâ, êîòîðûå ïðîÿâÿòñÿ â íåíàáëþäàåìîì â èìå-
þùåéñÿ ïðåäûñòîðèè áóäóùåì:

Λ+(n, k, M) =





M∑

`=n−k+1

Λ(`), k + M > n,

0, èíà÷å.

Èñêè ñ èíäåêñàìè 1kj , k 6= j ïðîÿâëÿþòñÿ äâà ðàçà â íàáëþäàåìîé ïîñëåäîâà-
òåëüíîñòè, èõ èíòåíñèâíîñòü îïðåäåëÿåòñÿ ñîãëàñíî

Λ(1kj)(n) =

{
Λ(|k − j|), |k − j| ≤ M,

0, èíà÷å

Ïðè ââåäåííûõ òàêèì îáðàçîì ïàðàìåòðàõ èíòåíñèâíîñòè ïàðàìåòð ðèñêà íå
çàâèñèò îò íîìåðà ïåðèîäà k, k = 1, . . . , n, òàê êàê

Λk(n) = Λ(1k)(n) +
n∑

j=1,j 6=k

Λ(1kj)(n) =
M∑

`=−M

Λ(`).

Îïðåäåëèì äëÿ ââåäåííîé ìîäåëè ÷èñëîâûå õàðàêòåðèñòèêè ïàðàìåòðà
ðèñêà � âåêòîð ñðåäíèõ è êîâàðèàöèîííóþ ìàòðèöó.

Îáîçíà÷èì
E(Λ(`)) = m`, Var(Λ(`)) = r`

� ñðåäíåå è äèñïåðñèþ âåëè÷èíû Λ(`),

E(Λk(n)) =
M∑

`=−M

m` := m, Var(Λk(n)) =
M∑

`=−M

r` := r,

� ñðåäíåå è äèñïåðñèþ êîìïîíåíò çàâèñèìîãî âåêòîðà ïàðàìåòðîâ ðèñêà;

Cov(Λk(n), Λj(n)) = Var(Λ(|k − j|)) =

{
r|k−j|, |k − j| ≤ M,

0, èíà÷å
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� êîâàðèàöèþ êîìïîíåíò âåêòîðà Λ.
Òîãäà ìîìåíòû êîìïîíåíò Nk ñ÷èòàþùåãî âåêòîðà âûðàæàþòñÿ â òåðìèíàõ

ìîìåíòîâ è ñîñòàâëÿþùèõ ïàðàìåòðîâ ðèñêà ñëåäóþùèì îáðàçîì:

E(Nk(n)) = m, Var(Nk(n)) = m + r,

Cov(Nk(n), Nj(n)) =

{
m|k−j| + r|k−j|, |k − j| ≤ M,

0, èíà÷å,

Cov(Nk(n), Nn+1(n + 1)) =

{
mn+1−k + rn+1−k, n + 1− k ≤ M,

0, èíà÷å.

3. Îöåíêà ïàðàìåòðîâ ëèíåéíîãî ïðîãíîçà ýâîëþöèîííîé ìîäåëè ôàê-
òîðà äîñòîâåðíîñòè

Íàéäåì âûðàæåíèå äëÿ îïòèìàëüíîãî ëèíåéíîãî ïðîãíîçà â ïðèâåäåííîé ñè-
òóàöèè.

Îáîçíà÷èì

a(n) = (a1(n), . . . , an(n))′, ã(n) = (an(n), . . . , a1(n))′,

C(n) = (Cov(Nj , Nk))j,k=1,n = (ckj), ckj =





m + r, k = j,
mk−j + rk−j , |k − j| ≤ M,
0 èíà÷å,

q(n) = (q1, . . . , qn) =

{
(m1 + r1, . . . , mM + rM , 0, . . . , 0)′, M < n,

(m1 + r1, . . . , mn + rn)′, èíà÷å,

q̃(n) = (qn, . . . , q1).

Ñâîéñòâî 2. Âåêòîð îïòèìàëüíûõ êîýôôèöèåíòîâ ëèíåéíîãî ïðîãíîçà (6) ñ
ó÷åòîì ôàêòîðà äîñòîâåðíîñòè èìååò âèä

a(n) = C−1(n)q̃(n). (9)

Ìèíèìàëüíîå çíà÷åíèå ñðåäíåêâàäðàòè÷íîé îøèáêè (7) ëèíåéíîãî ïðîãíîçà
Nn+1 ïðè çàäàííîé ïðåäûñòîðèè N1, . . . , Nn ðàâíî

s(n) = r + m− q(n)′ã(n).

Äëÿ ñëó÷àÿ ñëàáîé ñòàöèîíàðíîñòè ââåäåì ðåêóððåíòíóþ ñõåìó äëÿ îöåí-
êè ïàðàìåòðîâ îïòèìàëüíîãî ëèíåéíîãî ïðîãíîçà ýâîëþöèîííîé ìîäåëè ôàêòîðà
äîñòîâåðíîñòè.

Îáîçíà÷èì
k(n) = qn+1 − q(n)′a(n), n ≥ 1.
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Ñâîéñòâî 3. Êîôôôèöèåíòû a0(n + 1), a(n + 1) ëèíåéíîãî ïðîãíîçà äîñòî-
âåðíîãî ñðåäíåãî fn+1(N1, . . . , Nn+1) óäîâëåòâîðÿþò ñëåäóþùèì ðåêóððåíòðûì
ñîîòíîøåíèÿì:

a0(n + 1) =
(

1− k(n)
s(n)

)
a0(n), a1(n + 1) =

k(n)
s(n)

,

(a2(n + 1), . . . , an+1(n + 1))′ = a(n)− k(n)
s(n)

ã(n),

ãäå íà÷àëüíûå çíà÷åíèÿ çàïèñûâàþòñÿ â âèäå

a1(1) =
m1 + r1

r + m
, a0(1) = m(1− a1(1)).

Ñðåäíåêâàäðàòè÷íàÿ îøèáêà ïðîãíîçà îïðåäåëÿåòñÿ ñîãëàñíî

s(n + 1) = s(n)− k2(n)
s(n)

, n ≥ 1; s(1) = r + m− (r1 + m1)2

r + m
.
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