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1. Introduction

Throughout this paper, we examine a field of mathematics known as combinatorics
on words, which studies the structures and properties of sequences of symbols — referred
to as “words” — formed from a finite alphabet. This area, promoted by researchers such
as [2,7], is essential for understanding the complexity and patterns present in strings
of symbols. It also interacts with disciplines such as formal language theory, automata
theory, and number theory, among others.

In [16] (see also [14,23]), M. Lothaire considered an infinite word @ = yoy1 ... yn - - - ,
where each block y,, belongs to the set {a,ab,abb} = §(B). Since the substring bbb
is forbidden, every occurrence of the letter a in the sequence can be followed by at
most two b’s before the next a appears. The Fibonacci sequence, recursively defined by
Fo=0,Fi=1and F,, = F, _1+F,_ for alln > 3, has been generalised in several ways.
Consequently, there exists a corresponding special infinite word b over the alphabet
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B such that d(b) = a. Separately, Grimm and Uwe in 2001 [18] introduced several
important definitions concerning infinite square-free words and established bounds
related to them.

The concept of natural density for a set of positive integers was introduced in [12]
and is presented in Definition 1 for a set of positive integers.

Definition 1 (Natural Density [12]). Let A be a set of positive integers. The natural
density of A, denoted by §(A), is

5(A) = 1im 2A@) 1)

T—00 T

where A(x) := AN[1,z] and #X is the number of elements in X.

A nonempty finite set ¥ is called an alphabet. The elements of the set ¥ are called
letters. The alphabet consisting of b symbols from 0 to b — 1 will then be denoted
by ¥, = {0,...,b —1}. A word w is a sequence of letters. The finite word w can be
considered as a function of w : {1,---,|w|} — X, where w[i] is the letter in the *!
position. The length of the word |w| is the number of letters contained in it. The empty
word is denoted by . Then we introduce infinite words as functions w : N — 3. The
set of all finite words over ¥ is denoted by 3*, and X+ = ¥*\{e}; the set of all infinite
words is denoted by XN

The concatenation of the finite words U = U]Jl}---Un},|U = n and
w = w[l]---w[m], |w| = m is the word

s=Uw=U=U[l]---Un]w([l]---w[m], |s|=|u|+|w|=n+m. (2)

Let U and w be two words. If there are words S and v such that w = SUv, then
the word U is called a factor of the word w. The set of all factors of w is denoted by
Ly and it is called language generated by W. If s = ¢, then U is called a prefix of the
word w, if V = ¢, it is named a suffix. Duaa and Meisami [6] emphasize that the factor
wli]w[i + 1] - - - w[j] where i < j is denoted by wli-- - j].

Let A = {ag,...,an} be a finite alphabet, whose elements are called in the following
digits, and let A* be the set of finite words over A as provided by Lai and Loreti [4].
A substitution is a function o : A* — A* such that o(uv) = o(u)o(v) for all words
u,v € A* and such that o(a) is not the empty word for every letter a € A. The domain
A* of a substitution ¢ can naturally be extended to the set of infinite sequences AY
and to set of bi-infinite sequences A% by concatenation. In particular, according to (2)
if w=wjwy--- €AY, then, o(w) = o(wy)o(wy) -+ and if w = -~ w_1. wowy - - - € AL
then o(w) =+ o(w_1).o(wp)o(wy)---.

According to [2,4,6], in this paper we shall consider the alphabets A, := {1,...,m}
with m > 2. In 2013 Ramirez et al. [22] introduced k-Fibonacci word as an extension
of the classical Fibonacci word, generalizing its properties to higher dimensions. These
words were studied for their distinctive curves and patterns.

Ezample 1. The sequence of finite Fibonacci words is constructed using the substitution

(or morphism) o : {a,b} — {a,b}* where o(a) = ab and o(b) = a. Starting with Fy = b

and F| = a, we generate the sequence by applying the rule F,, = F,,_1F,,_o for n > 2.
The first few Fibonacci words are:

- Fy=b
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- Fi=a

- Fy=FFy=ab

— F3=Fy)F| = aba

- Fy = F3F5 = abaab

— Iy = FyF5 = abaababa

— Iy = F5F, = abaababaabaab

The infinite Fibonacci word, denoted F, is the limit of this sequence. Let’s analyze
the density of the symbol ’a’ in these finite prefixes. The density is the ratio of the
number of occurrences of ’a’ to the total length of the word.

— In Fy = abaab: length is 5, number of ’a’s is 3, density of ’a’ = 3/5 = 0.6.
— In F5 = abaababa: length is 8, number of ’a’s is 5, density of ’a’ = 5/8 = 0.625.

— In Fg = abaababaabaab: length is 13, number of ’a’s is 8, density of 'a’ =
8/13 ~ 0.615.

As n — oo, the length of F), is the Fibonacci number f,, and the number of ’a’s is
frn—1. The density of ’a’s converges to:

lim [Fnla = lim Ina
n—o00 |Fn| n—oo  fp

1
= — =p—1~0618,
@

where ¢ = 1+2\/5 is the golden ratio. This demonstrates how the density of symbols in

the Fibonacci word is intrinsically linked to fundamental mathematical constants.

Recently, M. Rigo, et al. [15] presented the Thue-Morse sequence, which is the
fixed point of the substitution 0 — 01,1 — 10, and has unbounded 1-gap k-binomial
complexity for k > 2. Also, we note that for a Sturmian sequence and any integer g > 1,
all sufficiently long factors of the sequence are pairwise g-gap k-binomially inequivalent
for any k > 2.

This paper is organized as follows. In section 2 we introduce the basic concepts,
definitions and properties necessary to understand the paper structure, section 3 deals
with an introduction of the main topic of the research, and section 4 presents the main
results of this paper.

2. Preliminaries

In this section we consider the Fibonacci word, which is generated by the
substitution rules 0 — 01 and 1 — 0. This infinite sequence is a well-known object in
combinatorics on words. Its density properties — especially the frequency of symbols —
have been studied using various mathematical approaches, as formalized in Definition 6.
Furthermore, studies [9-13] can be viewed to contribute to strengthening the ideas
through this section.

The period length of the Fibonacci sequence modulo p is presented in Definition 2
and its use is shown in Example 2.
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Definition 2. The period length of the Fibonacci sequence modulo p, denoted 7 (p),
is the smallest integer m > 1 such that F(n +m) = F(n) mod p for all n > 0.
The restricted period length of the Fibonacci sequence modulo p, denoted a(p), is the
smallest integer m > 1 such that F(m) =0 mod p.

Ezxample 2. The Fibonacci sequence modulo 7 is
0,1,1,2,3,5,1,6,0,6,6,5,4,2,6,1,0,1,1,2,3,5,1,6,. ..

with period length 16.

In next Definition 3 we provide the definition of Lucas numbers due to their close
connection with Fibonacci numbers, which is relevant to the analysis of density.

Definition 3 (Lucas numbers). The sequence of Lucas numbers L(n) where n > 0 is
defined as L(0) =2, L(1) =1, and L(n+2) = L(n+ 1) + L(n) for n > 0.

According to Definitions 2 and 3 we present the following Definition 4 to emphasize
its properties.

Definition 4. Let p be a prime number, and let i € {0,1,...,7(p) —1}. We say that i
is a Lucas zero (with respect to p) if L(i) =0 mod p and a Lucas non-zero if L(i) £ 0
mod p.

Definition 5 (Fibonacci Sequence [24]). Let F) be the Fibonacci sequence given by
Fo=0,F,=1,...,Fx11 = Fy+ Fp_1 (k > 1). Then we define the following function

of its index:
n+1 n+1
L[ (vV5+1 1-V5
new(5) -5 ) e

wheranzﬁ(go"H—@”H), <p:‘/52+1, p=1—¢.

Our empirical analysis of the Fibonacci word fio9 (a finite prefix of the infinite
Fibonacci word) revealed a consistent pattern in the number of unique palindromic
subwords for lengths less than thirty. Specifically, we observed that for every odd length
L, there are exactly two unique palindromic subwords, and for every even length L,
there is exactly one unique palindromic subword. This pattern is summarized in the
table 1 below where we refer by SL to Subword Length and by NPS to Number of
Palindromic Subwords.

TABLE 1: Number of Palindromic Subwords

SL | NPS || SL | NPS
11
12
13
14
15
16

S| Y x| W DO|
I I e S e
N =N N
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SL | NPS || SL | NPS
7 2 17 2
8 1 18 1
9 2 19 2
10 1 20 1

21 2 26 1

22 1 27 2

23 2 28 1

24 1 29 2

25 2 30 1

Definition 6 (Density of Symbols). [9/ The Fibonacci word exhibits a precise
asymptotic density of 1’s equal to ﬁ, where ¢ = % is the golden ratio.

This arises because the ratio of 0’s to 1’s converges to ¢. Typically, this density
is uniform according to Definition 8 [10]: for any position ¢ and interval length m,
the proportion of 1’s in the substring wS™ converges uniformly to ﬁ as m — oo.
Paper [10] refers to any substring of length n, ensuring the density becomes increasingly
homogeneous for large n. Then, we have:

1. Critical Factorizations and Structural Properties While not directly
about symbol density, the Fibonacci word’s structural regularity influences its
density behavior. For example, Fibonacci words longer than five characters have
exactly one critical factorization — position where the local period equals
the global period [3]. This uniqueness contrasts with palindromes, which have at
least two critical points (see [9,11]).

2. Generalized Fibonacci Sequences and Density Studies on generalized
Fibonacci sequences (e.g., (r,a)-Fibonacci numbers) explore natural density in
number-theoretic contexts. While these sequences have zero natural density in
Z>1, such results differ from symbol density in the Fibonacci word, highlighting
distinct applications of “density” across mathematical domains (see [9,12]).

Definition 7. For n > 0, the Fibonacci sequence F(n)n>o is defined by the initial
conditions F(0) =0 and F(1) =1 and the recurrence

Fn+2)=F(n+1)+ F(n). (4)

It is well known that F'(n),>o is periodic modulo m.
In next Definition 8, we establish from (1) the concept of limiting density of the
Fibonacci sequence.

Definition 8 (Limiting density [10]). Let p be a prime number. The limiting density
of the Fibonacci sequence modulo powers of p is

lim [{F(n) mod p* : n > O}|

dens(p) =: 1 (5)

A—00 p

Definition 9 (Arithmetic closure [6] ). Let w = (an),,5¢ € YN, The arithmetic closure
of w is the set

A(W) = {ai@itdtitaq - Qivka | d > 1,k > 0} . (6)
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Actually, based on equations (4), (5), and (6), we introduce the following subsection
to examine the topic of Infinite Square-Free Words in more detail.

2.1 Infinite Square-Free Words

Glen et al. state in [3] that any infinite word having exactly n + 1 distinct
subwords of length n for every n € N is a Sturmian word. In other words,
an infinite word is Sturmian if and only if p(w,n) = n + 1, n > 0. Note
that this condition obviously implies p(w,1) = 2, meaning the word uses
exactly two different letters. The Fibonacci word sequence is generated as follows:
S(0) = a,S(1) = ab, S(2) = aba, S(3) = abaab, S(4) = abaababa, . ..

Figure 1 below shows representation of these subwords.

aa aab aaba
0

abaa

Fic. 1: The subwords of the Fibonacci word.

Proposition 1. The infinite word of Thue-Morse has square factors.

In fact, the only forecourt-free words over two letters a and b are:{a, b, ab, aba, bab}.
On the opposite, there will be infinite square-free words over three letters, as we show
that in Definition 10 and in Proposition 2.

Definition 10 (Morphism). Let A = {a,b}, B = {a,b,c} be two alphabets. We define
a morphism ¢ : B* — A* by §(c) = a,d(b) = ab,d(a) = abb.

Proposition 2. For any infinite word b = bgb1bs ... over the alphabet B, the image
5(b) = 0(bo)d(b1) ...d(by) is a well-defined infinite word over A, and it begins with the
letter a.

Square-free words are defined in Definition 11.

Definition 11 (Square-Free Words). A word is called square-free if it contains no
factor of the form xx (square), where x is a nonempty word.

Definition 12 (Binary Square-Free Words). Binary square-free words are words over
a binary alphabet. They are limited to short sequences.

For example, the only square-free words over the alphabet a, b are a, b, ab, ba, aba,
and bab. Any longer binary word necessarily contains a square.
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Definition 13 (Ternary Square-Free Words [17,19]). Owver a three-letter alphabet,
square-free words can be infinitely long, and the number of such words grows
exponentially with their length. The language of ternary square-free words is

A={JAm) cs.

n>0

Building on Definition 13, we now state Proposition 3, which provides bounds on
the number of ternary square-free words.

Proposition 3. [19-21] The number s(n) of ternary square-free words of length n is
bounded by
6-1.032" < s(n) < 6-1.379™.

Brandenburg [19] noted in 1983 that for any n > 3, this upper bound can be
systematically improved by calculating a(n) for values of n that are as large as possible.
Using the count a(90) = 258,615,015, 792, the upper bound becomes

s < 43102502 63255 = 1.320829 ...
The value a(110) yields an improved upper bound of

5 <8416 550317 9847108 = 1.317277 ...

2.2 Sturmian Morphisms

A morphism is a function that maps words (finite sequences) to other words while
preserving the structure of the sequences.

Definition 14 (Number of Occurrences). Let A be an alphabet and let a € A be a
symbol. For a word w € A* (where A* denotes the set of all words over A), we denote
by |w|, the number of occurrences of the symbol a in w. Similarly, |w|, denotes the
number of occurrences of the symbol b in w.

Sturmian morphisms specifically refer to the transformations that generate
Sturmian sequences from simpler words.

Observation 1. A morphism ¢ = A* — A* is Sturmian if the infinite word ¥ (z) is
Sturmian for any Sturmian word z.

F. Mignosi et al. [1| define a morphism v to be Sturmian if and only if it belongs to
the monoid generated by the morphisms E, ¢, and ¢ in any number and order; that is,
¥ € {E, ¢, ¢}*. Furthermore, a morphism is called standard if, for every characteristic
Sturmian word z, the image ¥ (x) is also a characteristic Sturmian word. Sturmian
morphisms can be employed to generate infinite families of graphs. By applying these
morphisms to base graphs, one can create complex structures that exhibit properties
similar to those found in Sturmian sequences, such as balance and aperiodicity.

Definition 15. Strings or sequences that contain subsets of characters that can create
palindromic structures are referred to be scattered palindromic. Sporadic palindromic
structures are more flexible than standard palindromes, which have tight symmetry
requirements.
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For scattered palindromes, we can define them in terms of their indices. In Lemma 1
we present scattered palindromic conditions.

Lemma 1. Let w be a word of order n. A sequence s1,S2,...,8x, 1 <k <mn is
scattered palindromic if there exists some mapping such that:

si=s; wherej=k+1—1 forsomesd,j.

These results are best consolidated in Theorem 1. We will, in turn, apply this
theorem to obtain a refined method for calculating the density of the Fibonacci word.

Theorem 1. Let w be a word over an alphabet A. Then every palindrome v € A*
is a subword of some word x € A* if and only if the following holds: whenever
V= a1a2...an,0; € A and n > 0, there exist letters yo,y1,---,Yn € A such that
X = Y9a1y10a2 - - - Ynapn. Moreover, the following inequality is satisfied:

Ip(w)| < |sp(w)

S

for all w € 3 where sp(w) = > ;7 sp(w) and t is the length of the word w.

3. Ergodic Theory

In this section, a sequence (sn,)n>0 of real numbers is said to be equidistributed
or uniformly distributed on a non-degenerate interval [a, ], if the proportion of terms
that fall into a sub-interval is proportional to the length of this interval, i.e., if for any
sub-interval [c, d] of [a, b] we have

lim #({s1,.--,8n ) N[e,d]) _ d—c. X

n—o00 n b—a

The theory of uniform distribution modulo 1 deals with the distribution behavior
of sequences of real numbers. The factor complexity of a finite or infinite word W is
the function k — pyw (k), which, for each integer k, gives the number py (k) of distinct
factors of length n in that word.

It is clear that the factor complexity is between zero and (#X)k. If py (k) = (#X)F,
then the word W is said to have full factor complexity. This kind of words are called
disjunctive words.

It is also easy to see that the factor complexity of any infinite word is a non-
decreasing function, and the complexity of a finite word first increases, then decreases
to zero.

Definition 16. [6] The arithmetic complexity of an infinite word is the function
that counts the number of words of a specific length composed of letters in arithmetic
progression (and not only consecutive). In fact, it’s a generalization of the complexity
function.

Proposition 4. [/ For every m > 2 the substitution o4 is called Fibonacci substitution
and the substitution o3 is called Tribonacci substitution.
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We use the symbol |w| to denote the length of a finite word and we define the weight
|w|; of a word w with respect to the i-th letter of A, namely the number of occurrences
of the letter a; in the word w. According to (7) we present Definition 17 for bi-infinite
word.

Definition 17 (Uniform frequency). [4] Let w be an infinite (bi-infinite) word and
leti=1,...,m. If for all k >0 (k € Z) the limit

lim [t Wetnly (8)
n—o0o n

exists uniformly with respect to k, then it is called the uniform frequency f;(w) of the
digit a; in w. Equivalently, if above limit exists, we can define

sup{|wl|; | w is a subword of length n of w}

fi(w) := lim

n— oo n

(9)

The Perron-Frobenious eigenvalue of a substitution is defined as the largest
eigenvalue of its adjacency matrix. We denote by p,,, the Perron-Frobenious eigenvalue
of 0,,. A substitution o is a Pisot substitution if its Perron-Frobenious eigenvalue is
a Pisot number, namely an algebraic integer greater than 1 whose conjugates are less
than 1 in modulus.

Proposition 5. [4] For all m > 2, o, is a Pisot substitution.

In particular, the Perron-Frobenious eigevanlue p,, of o,, is the Pisot number whose
minimal polynomial is A™ — A™~1 — ... — X\ — 1. Moreover the vector

d’rn = (p;],l7' M 7p771m)
is a left eigenvector associated to p,, whose ¢y norm is equal to 1.

Definition 18 (Equidistributed modulo 1). A sequence (an),, of real numbers is
said to be equidistributed modulo 1 or uniformly distributed modulo 1 if the sequence of
fractional parts of (an),~q is equidistributed in the interval [0,1].

Actually, Theorem 2 states Weyl’s criterion, a fundamental result in number theory
and combinatorics. It is a key tool for analyzing distribution properties of sequences,
especially for establishing equidistribution modulo 1.

Theorem 2 (Weyl's criterion [5]). A sequence (an),, is equidistributed modulo 1 if
and only if for all non-zero integers N,

n

: 1 2wiNa,; __
nlgr;o - Ze i =0. (10)

Jj=1

Lemma 2. [8] The fractional part of the sequence (log(n!))n>o is dense in [0, 1].

Proposition 6. If k is any positive integer having m digits, there exists a positive
integer n. such that the first m digits of n! constitute the integer k.
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Also we can state this result for any arbitrary base. Let d., ... d, be a word over X
with d,,, # 0. There exists n such that the base ; expansion of n! starts with d,, ... d,.

3.1 Statement of the problem

The infinite word § = §p = (p fn)7120 is defined by concatenating non-negative
base-b > 2 representation of the recursive n!.
For example by concatenating base-10 representation of the recursive n! we have:

= (fa) o = 112624120720504040320 - - - .
Problem 1. What is the factor complexity of the §, i.e. pg(k)?
Problem 2. What is the arithmetic complezity, i.e., az(k)?

Problem 3. What is the density of arithmetic complezity, i.e., az(k)?

4. Main Results

The concept of Fibonacci density, based on the fundamental principles of density,
was first presented by one of the authors at the 65th Conference of the Moscow Institute
of Physics and Technology in 2021. In Theorem 4 we state our main result. Since
Sturmian words admit several equivalent characterizations and exhibit a wide range of
combinatorial properties, their structure — in particular, their palindromic or return
word properties — can be used to distinguish them. Moreover, according to Definition 9,
both Proposition 7, Proposition 8, and Observation 2 follow directly as its immediate
consequences.

Proposition 7. The arithmetic complexity of w is the function aw mapping n to the
number aw (n) of words with length n in A(w).

Observation 2. If aw(k) = (#X)*, then the word w is said to have full arithmetic
complexity.

Proposition 8. Let r denote the number of 1 ’s. For any subword of length n, its
density satisfies:

ré¢? —n
= pe
Proposition 9. Let W € XV and #X = k. Then for all n € N, according to
Definition 9 we have

< % (11)

1 < pw(n) < aw(n) < K™

Theorem 3.  [13] Let p # 2 be a prime number, and define e = v,(F(p — ¢€)).
According to Definition 8 let define N(p) = |{F (i) mod p¢}| where i is a Lucas non-
zero, and let Z(p) be the number of Lucas zeros i such that F (i) Z F(j) mod p® for
all Lucas non-zeros j. Then

dens(p) = + (12)
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Proof. To clarify this, we denote the density by dens(p). Consider a prime p # 2, and
let e = vp(F(p — €)) is the coeflicient, where v,(a) denotes the p-adic assessment of
a, and F is a Lucas sequence evaluated at p — e (with € a small integer, here e = 1).
Returning to Definition 8, we define N(p) = [{F' (i) mod p°®}|, where i runs over the set
of “Lucas non-zero” indices. If F(i) # F(j) mod p° for all Lucas non-zeros j, then in
particular F'(i) # 0 (mod p°). Let N(p) represents the cardinality of distinct residue
classes modulo p¢ and Z(p) is the number of “Lucas zero” indices i.

For all Lucas positive number j, if F (i) =0 (mod p®) then F (i) Z F(j) (mod p°).
Consequently, the density is given by

N(p) n Z(p)
pe 2prip+1)

As desire. 0

dens(p) =

Theorem 4. Let 3, = {0, -+ ,b— 1} be the alphabet for base- b, then we have
(i) &b is disjunctive, meaning its factor complexity is full: pFy(k) = b* for all k > 1.
(ii) The arithmetic complezity of Fb is also full: aFp(k) = b for all k > 1.

Proof. The infinite word § is constructed by concatenating the base-b representations
of the sequence n! for n =0,1,2,.... We will prove each part of the theorem based on
the properties of this specific construction.

(i) Proof of Full Factor Complexity:

A word is said to have full factor complexity if its set of factors of length k, denoted
L1.(Fp), has size b* for every k > 1. This is equivalent to saying the word is disjunctive,
meaning every possible finite word over the alphabet ¥, appears as a factor in .

The fact that §p is disjunctive is a well-established result in combinatorics on words.
It follows from a more general principle regarding sequences formed by concatenating
function values. Specifically, for any given word W € ¥; of length k, we need to show
that W appears as a factor in §p.

This property is a direct consequence of the result by H. G. Senge and E. G. Straus
on the digits of numbers in different bases, and was later extended and popularized.
A key result, as stated by authors like M. Dekking, states that for any word W € 3,
there exists an integer m such that the base-b representation of n! begins with the
word W.

Let W be an arbitrary word of length k. Since there exists an n such that the base-b
expansion of n! starts with W, the word W is a prefix of the block corresponding to n!.
As §, is the concatenation of all such blocks (... ((n —1)D)p(n!)y...), W is necessarily
a factor of §. Since this holds for any arbitrary word W € ¥, it means that the set
of factors of § is . Therefore, for any length k, all b¥ possible words of that length
are present, and the factor complexity is full:

p&b(k) ="

(ii) Proof of Full Arithmetic Complexity:

The arithmetic complexity, aw (k), counts the number of factors of length k that
can be extracted from a word w by taking letters at indices forming an arithmetic
progression i,i + d,i + 2d,...,i + (k — 1)d.
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By definition, the set of factors (which corresponds to d = 1) is a subset of the set
of arithmetically extracted words. This gives the fundamental inequality:

pw (k) < aw(k).

Additionally, the number of possible words of length k over an alphabet of size b is b¥,
so we have:
Pw(k) < aw(k) < b

From part (i) of this proof, we have established that the factor complexity of §, is full,
ie., pg, (k) = b*.
Substituting this result into the inequality, we get:

v < ag, (k) < b

This inequality can only be satisfied if both sides are equal. Therefore, the arithmetic
complexity must also be full:
ag, (k‘) = bk.

This completes the proof. O

Actually, Lemma 3 concerns a semigroup A constructed within the infinite word
Sp- Theorem 5 then gives a result about density that follows from the framework
established in Theorem 4.

Lemma 3. Let (a1, as,...,a,) be a sequence of words where a; € A, among all the
words A € Ezr that we formed in Fy, i.e., Fp[i---j] = A for semi-group A.

Theorem 5 provides us with a practical application for calculating the density of a
Fibonacci word through Fibonacci numbers, establishing a strong and close connection
between these equivalent relations.

Theorem 5. Let F be the infinite Fibonacci word generated by the substitution
o(a) = ab and o(b) = a. The asymptotic density of the letter ’a’ in F, denoted dens(a),
exists and is given by:

dens(a) = lim

where F,, is the n-th finite Fibonacci word, |F,| is its length, |F, |, is the number of

1+v5
2

occurrences of the letter ’a’ in Fy,, and p = 18 the golden ratio.

Conclusion

The study establishes foundational results on the density and complexity properties
of Fibonacci words, integrating combinatorial, algebraic, and dynamical perspectives.
The Fibonacci word is confirmed as a Sturmian word, characterized by its minimal
factor complexity p(n) = n + 1. This aligns with its generation via substitutions
and hierarchical subword structure. The asymptotic density of a specific letter in the
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Fibonacci word converges to ¢ — 1 ~ 0.618, where ¢ = 1+T\/g This arises from the
recursive ratio
lim ————

)

directly tied to the golden ratio. Both factor complexity and arithmetic complexity of
the infinite Fibonacci word §, are proven to be full (b* for base b), demonstrating that
all possible subwords and arithmetic progressions appear infinitely often. For primes
p # 2, the density dens(p) is derived via counts of Fibonacci residues modulo p® and
Lucas zeros, combining combinatorial enumeration with modular arithmetic.

These results deepen the understanding of Fibonacci words as prototypical
Sturmian systems, with applications in symbolic dynamics, number theory, and coding.
The explicit density formulas and complexity proofs provide tools for analyzing pattern
distributions in substitutive sequences.
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O INIOTHOCTU U SPTOANYECKUNX CBOMCTBAX
BECKOHEYHOTI'O CJIOBA ®UUBOHAYYN

Xammyna ., Aoaynma .

MockoBckuit bu3nKo-TeXHUIECKU HHCTUTYT (HAIMOHAJIBHBIA UCCIIe0BATEIIbCKUI
yHuBepcurer), T. Joaronpyzasiit, MockoBckast 001

Hocmynuaa 6 pedaryuro 17.04.2025, nocae nepepabomiu 11.10.2025.

B sroit crarbe ucciemyrorcss KoMOMHATOPHBIE CBOMCTBA cjioB PuboHATIN 1
ux 0000ITeHns B paMKax KOMOMHATOPUKH CJIOB. B pabore paccMaTpuBaroT-
cs1 GECKOHEYHBIE [TOCIeI0BATEIHHOCTH, H3MEPSIeTCsT pa3Hoobpasue moJICI0B
B ciioBax OuboHAYTIN, IEMOHCTPUPYETCS HEYOBIBAIOIINI POCT 1151 OECKOHE -
HBIX ITOCJIeIoBaTesbHOCTe. Mbl pacimpsieM (hpakKTOPHBINA aHAJIM3 Ha apud-
MEeTHUYECKUe IIPOIPECCUN CHMBOJIOB, BbLIEJIsIsl 0OOOIIEHHbIE PACIIPE/Ie/ICHIS
narrepHoB. [locyeauue pe3yabrarsl cBa3bBaoT LIITypMOBCKue TOCTEI0BA-
resbHOCTH (BKJO4as cyioBa PuboHAUYN) ¢ HEOrPAHUYEHHOH OGUHOMUAIbL-
HOW CJIOXKHOCTBIO M HEIKBUBAJECHTHOCTHIO MTPOMEKYTKOB, 9TO MMeeT 3Ha-
JeHue i Teopur (pOPMAJIBHBIX SI3BIKOB U aBTOMATOB. B 1maHHOI pabore
GeckoHeaHOE CJIOBO § = §p := (p fn)n>0 OIpeJIeNISIeTCS My TeM KOHKaTeHa-
[N HEOTPUIIATEJIbHBIX OA3UCHBIX b > 2 mpejcTaB/IeHull PEKyPCUBHOTO Nn!

KuarodeBble cjioBa: mIOTHOCTD, C/TOBO PubOOHAYYIN, IPTOIUIECKAsT TEOPHSI,
[TOCJIEIOBATEIHHOCTb.
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